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ISOLATION AND DAMPING

SPECIFICATION OF DAMPING MATERIAL PERFORMANCE

D.I.G. Jones and J.P. Henderson
Air Force Materials Laboratory

Wright Patterson AFB, Ohio 45433

In this paper a simple reduced - temperature nomogram is
applied to developing a specification for controlling damping
material performance, and the resonant beam test tech-
nique is discussed as a possible standard method for
measuring complex dynamic moduli of damping materials

INTRODUCTION

Now that damping materials are be- Many techniques have been proposed
coming extremely widely used for in- and used for measuring damping proper-
dustrial and aerospace vibration and ties of elastomeric or other energy
noise control applications, the problems dissipating materials [1-7]. Some -

of specifying damping properties of examples of commercially available mea-
materials for specific environments and surement systems are the Rheovibron [1],
of establishing, by measurement, that the Viscoelasticimetre [2], the Bruel
materials supplied by vendors meet these and Kjaer Complex Modulus Apparatus
specifications have become extremely (a resonant beam technique) [3], Fitz-
acute. First, the user is burdened with gerald's Rheometer [4] or the duPont
the task of evaluating and selecting the DMA system. These techniques can give
proper materials, from innumerable reliable data when used properly, with
sources and often without sufficient due attention being paid to sources of
knowledge of their damping properties, error. However there is considerable
and of verifying that the vendor has evidence to lead one to believe that
met requirements. And, secondly, the such care is not taken often enough.
vendor has problems of quality control We shall not attempt to evaluate such
and of proving, again by measurement, techniques in general, in this paper,
that each batch of material supplied but will confine attention to one parti-
actually meets the agreed-upon defini- cular technique which we have used for
tions of performance. The result is, many years, namely the vibrating beam
as might be expected, chaos! The legal technique.
and technical problems involved are well
known, and a solution is urgently While most measurement techniques,
needed. when properly used, lead to useful data,

the resonant composite beam technique
In this paper, we propose a possible [3] is one of the most successfully andg3 -

approach toward the problem. It in- widely used. For example, it forms the
volves (i) the establishment of an basis of a German standard for measuring
appropriate and adequate method for dynamic moduli of relatively stiff elas-
measuring the data needed, namely a tomeric materials, used for free layer
particular form of the well known damping treatments (6]. Furthermore,
resonant beam technique, and (ii) the the technique can be used, in conjunction
specification of the required material with appropriate beam geometries, to
properties in terms of a complex modulus- measure the dynamic moduli of soft elas- S
reduced temperature nomogram with allow- tomeric materials, such as those used in
able limits superimposed. It is shown constrained layer damping treatments.
that reliable data can be obtained by Therefore, depending on the range of
this technique, and that batches of values of the dynamic modulus of the
damping material can be easily and quick-f specific damping material being evaluated, li
ly shown to meet, or fail to meet, the one should select a suitable specimen
selected criteria. geomqtry, and apply appropriate criteria

to each test measurement in order to con-
2. SPECIFICATION OF MEASUREMENT firm the validity or otherwise of that

TECHNIQUE measurement.

2.1. Need for a standard technique

W_.
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2.2 Resonant Beam Measurement If JE I is between 104 lb/in2 (6.89 x
Techniques 107 Ným2) and 106 lb/in2 (6.89 x 109

N/m2 ), then the "Oberst" (non-symmetric)
The types of specimen used in the or "modified Oberst" (symmetric beams are

vibrating beam tests are illustrated in usable with required h /h increasing as
Figure 1. A typical block diagram is E falls toward the lower limit.
shown in Figure 2. In the tests, the D
beams are often excited by means of a If IE.Iis between 5 lb/in2 (3.45 x 104
magnetic transducer and the response N/m2 and 5 x 105 lb/in2 (3.45 x 109 N/m2 ),
picked up by a miniature accelerometer, the symmetric sandwich beam is useful,
although any methods of excitation and since it relies on shear of the damping
pickup are usable provided that the material between the two supporting beams L.V
modes are strongly excited.Response spec- and requires far lower dynamic muduli to
tra comprising graphs of transverse have an appreciable effect on system
acceleration versus frequency are plotted response. It will be noted that some
using the recorder and the resonant fre- overlap does exist between the useful
quencies, fr' and half power bandwidth, ranges of each type of beam specimen.

Af , noted for many temperatures. For
reliable results with commercial versions X
of this system, it is often necessary to
use beams made of a relatively low modu-
lus metallic material with machined roots . S
as indicated in Figure 3 for reduced root (a) UNIFORM BEAM
damping. The beam is often made of alu - L__EI
minum or steel and is usually not more St-
than about 0.080 inches thick (2.0 mm) ; 1  ) R P
nor shorter than about 7 inches (178 mm). _....... )0SPECIMEN
The root must be clamped in a fixture _____LhP

which does not move significantly. This sis usually accomplished by using a rela- 6XhD

tively heavy fixture with no resonances I :h (c) MODIFED
of its own in the frequency range of •h0 "OBERST"TYPE

ntrs.L SPECIMEN Iinterest. S DWC
h h ).SANDWICH TYPEAn advantage of the method is that 0 d.SPECIMEN

it is reasonably simple to use, errors L J
can be estimated and kept within limits h

and a wide band of frequencies and temp- Figure 1. Vibrating beam test specimens
eratures can be covered with a single __-

specimen. A disadvantage is that only
low-strain-level data are obtainable.

By means of the vibrating beam test, ACCELEROMETER (•PCKU
one can determine the complex Young's
modulus E (l+in ) of the applied layer
or the shear modulus G (l+in') for the ' ' TRSM (D)
damping material in thp coreof the sand-
which beam. The values of G and n' or r M0
E and T) are calculated froR the measured OSCILLATOR/ ,j.

resonant frequencies and modal damping
(half-power bandwidth) at each selected
temperature. While the procedure de-
scribed seems simple, great care should
be taken in measurement because it is
easy to introduce small errors in the
measured quantities, and this can lead
to very large errors in the calculated
values of G and il' or E and n as
will be dispussed ppesently. d nD' as

The homogenous beam type specimen ,
is used for stiff materials, such as !CORDER' A .
epoxies and plastics, which are self A C.VOLTMETER

F ~supporting at ordinary temperaturesipe., have Youdng's tempdu reratere taFigure 2. Block diagram of test system 7i.e., have Young's moduli greater than -.
10 6psi

JEDI 10 61b/in2 or 6.89 x 109 N/m 2

""-W, . - --
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2.3 EXTERNALLY COATED BEAMS where Z2=(l+2p n/p)(f /fo)2 and nD and
n are defined Rs before.mIn these for-

2.3.1 Equations and Criteria mulae Z2 and n are determined as before.

For the beam with the damping 2.3.2 Sources of Errors for externally
material ccated on one side only, coated beams
the complex Young's modulus is derived
from formulae due orginally to Oberst For the vibrating beam tests, as
[7], these are: for any other measurement technique,

errors in the measured complex moduli
++ne2+n2n)+e2n4 of the material being evaluated can •;

Z211+D D]arise from several possible sources,

..h fl+ne (1) including

2 32 4(a) specimen perparation e.g. pooz
"m en 3+6n+4n2+2en3+en adhesion, voids, slipping in

S... . . ..- fixture grips non-uniform thick- N

l+enL+2en(2+3n+2n2)+e2n4] ness, etc.

(2) (b) temperature control - the speci-
where er=ED/E and n=h /h. In these for- men temperature may not be thatmulae, Z2 is calculated from the indicated by the thermocouple,

measured resonance frequencies, f , of there may be thermal lag (in-
the mth mode of the damped beam ald the sufficient time for thermal
measured frequencies, f , of the un- equilibrium to be reached)
damped beam and e is thSn deduced from or there may be non-uniformity
equation (1). n is then calculated of temperature distribution
from equation (2?, this value of e, and within the specimen.
the measured value of the modal damping
nm. In fact, after some algebraic (c) Errors in measuring resonant
manipulation, the following equation frequencies - these can arise
for e in terms of Z2 and n can be de- because of too high a frequency
rived sweep rate, nonlinear response

(especially of the undamped
2 2beam) and distortion of measured

_Z). + (Zn2 2 2 44
2  /2

4
[-(4+6n+4n-Z)n + •.+42)2+4 (Z-1)]/2. signals (hence the need to al-

(3) ways monitor "input" and "out-
put" signals for proper wave a

In order to obtain satisfactory test form).
results by this method, the beam length

should not be less than 7 inches (178 (d)Errors in measuring modal damping-N
mm) and the thickness should not be less arising from closely spaced
than about 0.05 inches (1.27 mm) be- modes, extraneous sources of
cause of machining difficulties. For damping (e.g. damping in grips),
ambient temperature tests (below 30GOF/ and erroneous interpretation of
149 0 C) aluminum beams would normally be non-linear response in terms of
used, while for high temperature tests apparently increased damping.
(up to 2000*F, 10931C) steel or super-
alloy beams would normally be used. (e) Error magnification - the effectOn the other hand, for the sandwich beam of unstable regions in the equa-
test, steel or aluminum beams could be tion being used to derive the

used, as will be discussed presently, complex moduli from the measured
-• quantities. As an example, in

the "Oberst" equations (1) and
(2), or the "modified""Oberst"
equations (4) and (5), the term

For the beam with the damping ma- (Z 2-1)-l acts to magnify errors
terial coated symmetrically on both in ,_ or f and as Z2-4I, this
sides, the complex Young's modulus is fact&r becomes infinitell
derived from the simpler formulae [8]: ?%SOne must therefore be con-

E =E(Z2-l)/[8n3+12n2+6n], (4) stantly aware of these and other
D possible sources of erroneous

data and apply every possible
precaution both in obtaining

lD=TmZ2/(Z-1), (5) the data and in interpreting and ,%i
utilizing it. Figure 3 shows the
typical variation of error mag-
nification w3th Z2 for a speci-

3
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fic value of n for a non-sym-
metric externally coated beam, Eh3  g*
based on equation 3 (see (EI)*=•- + Eh(h+h )2
reference 8 for symmetric beam).

(f) Long term changes in humidity when (EI)* is the equivalent complex
can be a factor for some cases; flexural rigidity of the three layer
materials should be stored in a sandwich [=-(EI) (1+in )] and g* is the
constant humidity environment shear parameteregivenmby:
until ready for evaluation.
Once a sandwich beam is assembled, G*L2

typically the humidity effects g*= -D (7)
are insignificant. However, EhhDE2m
this may not be the case for
externally coated beams. Equation (6) and (7) may be solvel to

(g) Pgive simple algebraic equations for GDg)Positioning of pickup and ex- and 01'D' namely:
citation points - at some

temperatures, certain modes may
not be well conditioned for [A-B)-2(A-B) 2 -2(Arm )2] [EhhDEm/L2]accurate observation. Moving GD=
the points can help improve the
signal to noise ratio. (l-2A+2B) 2+4(Anm))2 (8)

x I Ibs -1 n'D=Anm/[A-B-2 (A-B) 2-2 (Anm)2] (9)

"-d .•c nd0.,1 V.- where

A=(fm/fom) 2 (2+PDhD/Ph) (B/2)=BZ2  (10)
20

and

Z 2=(l+pDhD/2ph)(fm/fom)2 (11)

B=I/6(l+hD/h) 2  (12)

It should be noted that bending of the
viscoelastic core is neglected in equa-
tion (5). However, for most cases
where the core is not too stiff or thick,
these terms are not significant. The

0 I I I eigenvalues g define the relationship
2 ZZ 3 2 5 between the rWsonant frequencies of the

n2 uncoated individual beams, and the modu-
Figure 3. Errors as function of Zlus E, by the classical relationship

2.4. SANDWICH BEAM TEST METHOD
2.4.1. Equations Phw2°mL4 /(Eh 3/12)=gm4 (13)

The sandwich bea-m test is appropri-
- ate for measurements on elastomeric The first six eigenvalues of the canti-

materials in the range 5 lb/in2 (3.45 x lever beam system are:
105 N/m2 E <1- 5 x i05 lb/in2 (3.45 x 109 2 Ze
N/m2 ) and U.o01<nS2.0, provided that care 3.515
is taken in regaid to choice of specimen 2
demensions and specimen preparation. 22.0345

2
For the symmetric sandwich beam C3 = 61.6970

(Figure 1), the approach is based on a 2
set of eqr'ations due to Kerwin and 4 = 120.902
others, reduced to an uncoupled form. 2
The shear modulus, G , and loss factor, &5 = 199.866
n', of the viscoelastic material may 2
tRen be derived from the equations. The C6 = 298.56
now classical equation of Ross, Kerwin
"and Ungar are, for the symmetric sand- Finally, it should be noted that for
wich beam in the current notation [9]: most elastomeric materials, ED = 3GD and

4-
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""i ' [10], so that results from hD=0.005 ins to 0.05 in - 0.001 in *

s~ndwiBh and externally coated beams (0.127mm to 1.27mm±0.025mm)
can be compared. b-0.45 ins ±0.001 in (11.43mm ±0.03mm)

2.4.2. Source of errors for sandwich For the thickness h the tolerances are
beams especially important, since the two

aluminum beams .must form a matched pair,
The sources of error are precisely having very close resonant frequencies

the same as delineated for the exter- when tested individually. For example,
nally ccated beams, although the magni- if h =0.070"+0.0005 and h2 +0.070"-
tudes may be somewhat different. For 0.0005, the nth resonant frequency of

example, Figure 3 shows the effect of each beam will differ by the ratio
errors in the frequency parameter Z2 on
the GD, as a function of Z2 . It is seen 0.070+0.0005 = 0.0705 -1.0144N

that, in this case, errors are magnified 0.070-0.0005 = 0.0695 =
for values of Z2 near 1.0.

which represents a difference of over !i
1.4%. If fm= 1 0 0 0 Hz nominally, the
difference could be as high as 14 Hz

Furthermore the combination in in this case, which is significant.e
perimental errors and approximations in What this part of the specification means,
the derivation of equation (6) usually therefore, is that the tolerances of
result in unacceptable errors in data each pair of beams, while lying within
obtained from the first bending mode. the above limits, at all points along
Therefore, this- mode should normally be the beam, must do so as a pair i.e., if
omitted when testing sandwich beams. hI is oversize, so must h2 be by an

2.4.3. Tolerances and recommended equal amount. this means that, as beams
dimensions are made, they must be matched in pairs.

A vibration test is needed to verify
In conducting tests with the sand- this matching.

wich technique, it is vital that each
metal beam be matched, i.e., that dimen- Each metal beam must Le vibration
sions are matched extremely closely and tested at several temperatures to deter- -
that the resonant frequencies f of the mine the first four or more resonant
individual beams be well matche8 also frequencies (f 01 ' f 02 ' f 03 ' f 04 " " ")
(within 1%). Beam thicknesses less which must be within 1.0% of each other
than 0.05 inches (1.27 mm) should be at all temperatures of concern.
avoided, again mainly because of machin- a lt s o
ing difficulties. The thickness h of 2eathe damping material being evair t~d 2.4.4. Surface preparation and fabrica-

should not be less than 0.005 inches
(0.127 mm), and preferably much more, The matched pair of metal beams must

because of difficulties in controlling be cleaned and degreased. The surface
the dimensions of the composite specimen. should be primed, where appropriate.

The thickness of the primer should not
exceed 0.0005 inches (0.0127mm) under
any circumstances. The damping material,
in a thickness from 0.005 ins. (0.127mm)

00 to 0.05 inches (1.27mm), is then clamped
"-S> KITOSIbetween the two beams in an appropriate

fixture and bonded directly in place with
PAZ 04, K PA-"CL TO bheat and modest pressure, as needed

"n L" •"(see Figure 5). The spacer, equal in
tool_ thickness to the damping material, should

7 00000 - L - be glued in place at the same time as the
-I _damping material is set in place. A

"P`A" 0* 00 MPfaENG. LFor example a cyano-acrylate adhesive can
Figure-" 4. ,•thin layer of good adhesive will be used. -r

Figure 4. Sandwich beam specimen be used up to about 200OF (100 0 C). If .-
"Sanwichbean specimen an epoxy adhesive is needed for any parti- •

* Recommended specimen dimensions for sand- cular case e.g. at higher temperature,
wic. beams (figure 4) ar'e: its cured thickness should not exceed

L=7 ins ±0.0C2 ins (177.8mm±0.05mm) 0.002 inches (0.051mm), and care should A
=1=.125 ins ±1/64 in (28.58mm±0.4Cmm) be taken to insure this, and h, should

hs =hs"=0.25 ins ±0.005 in (6.35mm±0.12mm) not be less than 0.01 ins (0. 54 nm).

n=0.07 ins ±0.0005 in (l.778mm±0.018mm)
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These tests should be conducted at
several temperatures, so that the Young's
modulus E of the beam material can be
calculated from equation (13), for each
point, and inserted in Table I (seeSi • l a t e r ) .

BEAM

0 2.5.2. Testing of Composite Beam k:

BONDED oThe tests are conducted in exactly
JOINT Ithe same way as for the individual

. aluminum beams. Typical spectra obtained
Tusing an accelerometer for pickup are* shown in Figure 6. ..

WT At temperatures far removed from the
temperature of peak damping of the com-
posite beam, sharp peaks should be ob-

BEA served as in Figure 6, whereas, near the
optimum damping temperature, the peaks
are far less pronounced. -

2)BONDED JWS TO For good results each peak should be
E W O EP R O distinct and rise above the "background"

W" SETTNCGEMENT by 10 db or more. If the peak is less
1) ELASTOWtR THICM$SS3)SMCER/1EAM JOIT" than 10 db above the background the data

TO BE INFORM AND THICPSS TO EQUAL in a given mode may be difficult to ob-
NOTE: BTWEN 5-10 MLS ELASAOMER TWKNESS tain in a satisfactory manner, especially

if the peak is highly "unsymmetrical".
Figure 5. Composite beam assembly If such "bad" points are obtained one

can attempt the following remedies be-
,.~ 2.5. TEST AND DATA ANALYSIS PROCEDURES fore rejecting the test data outright.

a. Carefully check the system for
2" *.1 dmdbemloose clamps, bad transducers or cables,i• 2.5.1I. Undamped beam

or malfunctioning electro? Ics.
b. Integrate the acceleration signalEach beam should be set in the Erliel eetoial.Ti a h feto,• and Kjaer complex modulus apparatus (or electronically. This has the effect of

andKjar cmplx mduls apartus(or looking at "velocity" instead of *accelera-
equivalent system) and excited through a. liongs tion
magnetic transducer or shakcr. The pick- c. Try another pickup position on the 4
up should be by means of an accelerometer c. Tio
or another transducer. A small soft iron b .
disc 60.i gm weight) should be glued on nessd Tr ampnoteri(usally loer t
the beam under the transducer so as to h o m a l
provide the appropriate magnetic interac- e. Try filtering the output signal -

tions. A microminiature accelerometer but this must be done very carefully intion. A•tico~tniatre ccelromter order not to obscure a problem!••;
(e.g. Endevco type 22) with lightweight
cable should generally be used for pick-
up except at very high temperatures. The 3
accelerometer must weigh less than 0.25 't 33 '4
grams. An accelerometer is generally more
sensitive than another magnetic transducer
for pickup, and avoids the problems of I
cross-coupling of the driving and pickup
signals.

The vibration test system must produce
plots of amplitude (velocity or accelera- .•r• tion) versus frequency. From these, one so " -•••
can identify the first four (or more)
resonant frequencies f f' fnf f ";', i

.', The modal damp4ng of ti inividgil bL, 'A
Sdefined as (f -f )/f ' must be leps L;J owjthan 0._002 t"'evgly m~e. Here f~m•'

and f are the frequencies at whic•mthe
ampliAde is 0.707 times the maximum ampli-
tude at the frequency f (3 db below). " Su

From this data, one can 0 'elect the matched to " a M•• -•M. am

beams, having all relevent values of f i
within ±1.0%. om Figure 6. Typical response spectra

6
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Other methods of measuring the modal nomograms directly. For example, it is
damping n are also usable. For example, possible to display the data directly on
Sone couldplot a graph of the real part a cathode ray screen, as discussed in
of the response versus the imaginary reference [111.
part (Nyquist diagram) and estimate n
from the circular arc trace near eachn An important step in evaluating the
resonant frequency. Equally, the sig- validity of the data being generated by
nals to the driver, and from the accele- the test is the plot of n , f and f m
rometer, can be treated as analoy voltage against temperature. Figure I showsOm
or they may be handled digitally. The such a plot, generated from the test
end results, provided that the signals data for a specific damping material
are adequate, should be identical. How- given in Table 2. Ideally, of course,
ever, it is not the purpose of this paper one would wish to generate such graphs
to discuss test techniques in detail, automatically as testing proceeds, but

in any event the subjective evaluation
2.5.3. Data Acquisition of the "raw" test data in this way is

a most important step. The appearance
For each "good" point, obtained as of "bad" data at this point should be

described already, the resonant frequency used as an indicator of the need to
f is measured for each mode (m72,3,4) pinpoint problems in the test system be-
aid temperature. Also measured are the fore too much effort is invested.
frequencies fm and f for which the
amplitude of the v•ltmeter signal is
3db (0.707 times) lower than the maxi- 1.0
mum amplitude at f . Note the results
in Table 1. The fiequencies should be
read on the frequency counter. The
precision of measurement should be 0_1
±0.1 Hz, and at least one repeat cycle
of the counter should be observed before 0
writing down the figure.

-- The waveforms should be noted on
the oscilloscope. If a nor-sinsuosoidal
shape is noted on the oscilloscope, re- 001
ject the point and check the system.

-- For each temperature, a response So
spectrum such as in Figure 6 should be
obtained to verify that the peaks are
"good" as described above, and to avoid 400

spurious peaks caused by the line pick-
ing up stray voltages (usually multiples
of 60 Hz) or fixture resonances. Some WO
such peaks can be seen in Figure 6. They
must be watched out for! 200 - f l 1 1

2.5.4. Data Reduction s 0uP,, 0 00

No matter which beam type of specimen Figure 7. Typical graphs of 'm' fm &
is used, each test "point" consists of a fom versus temperature
set of simultanously measured values of
temperature, mode number, resonant fre- 2.5.5. Test temperatures
quency and modal damping. Along with
the corresponding figures for the un- The tests should be conducted in an
damped beams, the complete set of data ordered sequence of selected temperatures.
points can be tabulated as in Table I. For example 75 0 F, 500 F, 250F, 0F, repeat
The last two columns represent the cal- 0"F, 25 0 F, 50-F, 75 0 F, 1000 F, repeat 1000 F, .
culated values of (E and n ) or GD and 73OF (11 points total) might be used for
n' , obtained from tRe apprgpriate equa- a room temperature damping material. A
ti~ns and beam and treatment dimensions. 15 minute soak should be allowed after
The set of values of temperature, damped thermal equilibrium has been reached, i.e.,
resonant frequency, GD or ED and n'D after two successive readings of tempera-
comprise the raw test data for the ture at 1 minute intervals are within about
damping material being evaluated. ±2°F (I°C) of each other. Temperature V

should be measured by a thermocouple -
When digital data reduction techni- embedded in the specimen at the root. An "

ques are used, it is possible to auto- initial check-out of the oven should veri-
mate the entire process and obtain the fy that temperatures are uniform (±2*F) at

•' W••- - -' -* ,,, . . . _ .. .. V ... .... _• -.
.~ A .* *,*,* ~* = ** ~ 7



all points along the beam, at all tempera- or not measured test data does or does
ture settings. not lie within this specification.

Clearly, wisdom and judgement is needed
3. SPECIFICATION OF MATERIAL PROPERTIES to use such a specification, but that

problem has always existed so far as W.,
The final product of the test program, specifications are concerned.if successful, is a matrix of values of

G and n' or E and nD at several dis- '4 ..
cpete tem~eratu~es and frequencies. It
is not the purpose of this paper to des- _____.___---

cribe all the available approaches toward _4,
analyzing this data. For purposes of
verifying whether a candidate material /meets the specific requirements, however,

one must compare the data with that al- i
ready known from prior batches of the
material. Ad

In seeking to rationally collapse
this data into a useful form, one would
first generate a graph of En (or G ) and W W 7 s n
n versus a reduced frequen y fa Uhare "" _

a is a "shift factor" depending on temp- Figure 8. Reduced temperature nomogram
e~ature [12]. This somewhat tedious task for material with hypothetical
can be circumvented by utilizing a "re- acceptance limits added
duced temperature" nomogram, as des-
cribed in reference [13]. In this nomo- SUMMARY AND CONCLUSIONS
gram, one has superimposed a series of
diagonal lines with non-uniform spacing, Details of the utilization of a
each line representing a fixed tempera- resonant beam technique, particularly
ture. The development of this nomogram with a sandwich configuration, have t
is described in reference [13], but its been presented of soft viscoelastic I
use is extremely simple. For each mea- materials. Recommended specimen geo-
surem~ent point (simultaneous values of metries and testing procedures have been
temperature, frequency, E and nD) one described.
"simply looks along the loser hor.zontal
axis to choose a diagonal line represent- Finally use has been made of a new-
ing the temperature, then along the diago- ly developed "reduced temperature" nomo-
nal line until the horizontal frequency gram to create a simple process for spe':i-
line is cut, as in Figure 8. From this fying the required damping properties of
intersection point X one then moves a material, based on resonant beam tests
vertically up or down to plot the mea- for an initial or reference "batch" or
sured values of E and n,. One selects "sample". Such a specification allows
the temperature scale arBitrarily, but one to set rational goals in regard to
only one temperature scale will collapse quality and batch control, but must be
the data properly, so some judgement is used with the same care as all specifi-
needed just as in drawing a "reduced fre- cations, since over-or-under specifica- O
quency" curve. Figure 8 shows a plot for tion is always a potential source of
3M-467 adhesive, based on test data given unexpected problems.
in Table 2.
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Jr., "Damping of plate flexural vibra- W mth circular frequency of damped
tions by means of viscoelastic lami- m beam
nae", Structural Damping, ed. J.E.
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NOMENCLATURE 

ba

A,B non-dimensional parameters

b breadth of beam

D suffix denoting damping material

e ED/E - modulus ratio

E Young's modulus of metal beam
material

E real part of complex Young's
modulus of damping material

f frequency (Hertz)

f mth natural frequency of undamped
beam
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TABLE 1 - SUGGESTED DATA COLLECTION
SYSTEM

'4 ,t~d1 li~*e¶*U Cond~Cte by

•.te ?.lp Mode Cn t~.p~d UCI ( UrSOalint E sot.a f f.-z %
•req•on req.e If 8s s q(:) s:q(2)

f I
I

y,

ti.t.- .**,

TABLE 2 - SANDWICH TEST SYSTEM DATA

Temp. Mode fo fi 'm GD m j gT

00 No.m Hl Hz psi N/M
2  (T0 =150-F,660C)

2 290.0 597 0.027 10140 6.99E7 0.334 I.0X10
5

3 798 1609 0.039 18012 1.24E8 0.339 I
4 1566 3043 0.058 21245 1.47 0.343

_.,, 25 -4 2 288.6 537 0.164 2009 1.39E7 0.807 6x10
3

3 795 1397 0.208 3623 2.50 0.828
4 1559 2521 0.285 4149 2.86 0.994 ,

9o 50 10 2 287.5 462 0.311 711 4.90E6 1.113 500

n 75 241 2 286.6 374 0.394 240 1.65E6 1.469 90

"3104 40 2 285.9 313 0.244 72.5 5.o005 1.599 15
3 787.5 854 0.154 189 1.30E6 1.021 - -

S4 1544 1629 0.119 251 1.73 1.065
15 2527 2645 0.091 357 2.46 0.906

133 56 2 285.1 299 0.137 41.5 2.86E5 1.361 2.0
3 785.3 814 0.082 91.1 6.28 0.970
"4 1540 1572 0.062 118 8.10 1.063

o0 5 2520 2583 0.050 21 .51E6 0.756 0
o 153 67 2 284.5 293 0.078 28.5 1.96E5 1.061 0.9
" 3 783.6 798 0.049 55.3 3.87 0.899 .' '

4 1537 1550 0.034 1 70.9 4.89 0.927
5 2515 2550 0.028 149 1.03E6 0.597 --

66 19 2 286.9 414 0.410 374 2.58E6 1.499 200 •.
o 3 790.4 1042 0.279 802 5.53 0.904

Z4 125 52 2 285.3 296 0.116 33.6 2.32E5 1.378 3.5 .O
3 785.9 804 0.077 63.9 4.40 1.2474 1541 1548 0.050 55.5 3.83 1.728

2 -17 2 289.5 588 0.026 7881 5.43E7 0.250 8xI0 
4

c! -25 -32 2 290.5 600 0.008 12031 7.79E7 0.105 2x10 6

S,3 800.2 164 9 0: 00007 30600 2.13E8 0 8 '•'

4 1569 3194 0.017 45342 3.13E8 0.169
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DISCUSSION

Mr. Wada.(Jet :opulsion Laboratory):
In relation to the first resonant frequency
in the calculation of damping, physically why
do you throw out the first mode of a cantiliever
beam?

Mr. Henderson: For years we did that because

the data never looked good. More recently I
have been given another explanation which I am
still in the proces3 of checking out through
usually reliable sources. Looking back to

what Ross, Ungar and Kirwin'did in their initial
equations, they expanded the mode shapes in
terms of sinusoidal functions for a pin-pin
beam and they made certain approximations in
their equations as a result of this. I think

that really the reason is the first mode shape
in a cantilever beam is not accurately described

by this kind of expansion. You run into a
mathematical problem of using the simplifications
that Ross, Ungar and Kirwin applied to a canti-
lever beam as opposed to a pin-pin beam.

Mr. Wads: So its not really in the data it is
in the mathematical representation.

Mr. Henderson: That is whWt I am hearing now
and I tend to believe it but I have to go back

and check that myself.

(1) D. Ross, E.E. Ungar and E.M. Kerwin, J.R.

1959, Structural Damping, American Society of
Mechanical Engineers 49-87.
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A RErIUCED-TEMPERA'IURE NKt4GRAM FOR QIAACTERIZATION09

OF DA•FING MATERIAL BEHAVIOR

David I.G. Junes •••
Air Force Materials Laboratory---Wright-Patterson Air Force Base, Ohio 45433

An adaptation of the well known "reduced-frequency" concept for linear Po
damping materials is made, so as to produce a "teduced-temperature" nomo- I. 7
gram. This simple nomogram has the advantage of allowing one to directly
read off the complex modulus properties of damping materials at any given
temperature and frequency, without the need for intermediate calculations

1. INTRODUCTION illustrating the development and use of typical

It has been known for many years that most, ooa
if not all, elastomeric type materials used for 2. MODELIZATION OF LINEAR RHEOLOGICAL BEHAVIOR
vibration control and isolation have dynamic
properti es which depend strongly on temperature 2.1 Characterization of Linear B&havior
and frequency. It is also well accepted that (COmplex ?Aduli)
the temperature ,uid frequency variables can be
combined into a single oariable, called the For many rubberlike or linear rheological
reduced frequency fa , so that the shear modu- materials, the hysteresis locp of the stress,-
lusGr (or Young's lDlusus ) and the loss strain relationship is not thin but is close to
facto •n depend only on fac. Such "universal being an ellipse. The shape of the loop does
curves" ire constructed. using experimental not change greatly with amplitude, within a ____

data for each material at many discrete tempera- certain range, and the area enclosed by the
tures and frequencies, by empirically choosing loop is nearly prcportional to the square of
a for each temperature T in such a way as to the strain amplitude, other things being equal.
give the "best fit" of the data. in this case, although the shape of the stress-

strain curve does not appear to support such a
The graphs of En and nil versus fa and of point of view, the damping may be regarded as

a versus temperatur. T conpain all thE informa- linear, and a very convenient and simple repre-
tdon necessary to characterize a given material sentation of the stress-strain behavior is
at any selected frequency and t( perature. How- possible, namely the complex modulus representa-
ever, it has always been tedious to construct tion (1-5), which we shall now briefly summarize.
such curves from the test data and just as
tedious to use the curves for interpolation of Consider a hypothetical elliptical hystere-
data to perform calculations or for generating sis loop as in Figure 1. The approximate equa-
materials specifications or for any other appli- tion of this ellipse is:
cations. What is needed, and has been needed
for a very long time, is a useful "reduced a = 00 Ie/e0 -+ nDI1-Cc/c0)z Cl)
temperature" concept in place of the important where 00, £0 and nt are defnod in Figure 1,
but difficult to use "reduced frequency" concept D eigat this p~int only a measure of the

tickness of the hysteresis loop. In this K
The aimOf this rPaper is tpoShowshOWbnce equation, the + sign relates to the loading pait

the master "reduced frequency" plot has been of the cycle and the - sign relates to the un-
d ,it is a very simple task to go te one loading part of the cycle. The positive square

step more that is necessary in order to create rot is implied in equation (1) of course.
a "reduced temperature" plot. This is done by
superimposing oblique coordinates on the master Now if £ = co sinwt, where w is the fre-
curve to represent the twmperature variations.The resulting nomogram is a simple multiple quenrcy, equation (1) becomes: •;i

scale graph containing all data in a form direct- 0 00.- - ,
ly readable from the axes representing tempera- nD
ture and frequency. The nomogram is extremely (0)t+ cst
useful for data extrapolation, data reduction =0 {Sin wt + nD cos wt)
or material specification. Examples are given
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typically of the form shown in Figure 2. Three
distinct te en-eture regions are observed,
namely the glassy region, the transition region
and the rubbery region. In the glassy region
ED is high and nD is low; in the transition
region ED varies more slowly with temperature
and nD is high; and in the rubbery region ED

CT varies more slowly with temperature and nD is
0 lower than in the transition region, although

not as low as in the glassy region. At the
- very highest temperatures, irreversible thermal
D decomposition of the material occurs. AlthoughD o the variation of complex modulus properties

Owith frequency is less drastic than with temper-0 ture, it is often important. For a typical

7- material, graphs of ED and nD versus temperature
for a nunber of frequencies mfight look as
sketched in Figure 3.

Fig. 1. Rtsteresis loop for linear
rheological material.

cos wt is +, t = -900 to +900, corresponding to
the loading part of the cycle (+ sign), and
cos ot is negative from wt = +900 to +2700, E D
corresponding to the unloading part of the cycle
(- sign). Since we know the first derivative
of sin wt, equation (2) gives: 0

= %e~w~~iI(4 ) U) DD

This is the well known complex modulus repre- / .I

sentation of linear rheological material behav- I -
ior under harmonic excitation. n is a measure GLASSY0 RGLASS REGSIION RUGO
of the damping and is called the Poss factor. ITO U
-Note that n'* is sometimes known as the loss n REGION REGION REGION
'• modulus. !R p~actical cases, both ED and D

are functions of frequency, temperature and
strain level, but the concept is still useful TEMPERATURE
in a wide variety of problems, even those in- Figure 2. Complex modulus dependence
volving non-sinusoidal excitation. on temperature.

Similar considerations apply to deforma-
tions in shear, so that the relationship between
the shear stress as and the shear strain * is:

as GU'.'n) T1  T T&

where GD is the real part of the shear modulus -T

*O " and n) is the shear loss factor, usually con-
sidered to be equal to nD. W T

"2.2 Effects of Temperature and Frequency

One of the ways in which the large nmber
of available linear theological materials dif- Sc
fer from each other is by the variation of ED Figure 3. Dependence of complex modulus

* 2 and '1D with frequency, temperature, strain on frequency. ,
amplitude and pre-stress. Temperature is by
far the most important factor since ED can vary 2.3 Temperature-Frequency Equivalence
by as much as four orders of magnitude over a
narrow temperature range in some cases. The If the effects of frequency on damping
"variation of Young's modulus ED (or shear modu- material behavior are taken into account, one
lus G) and loss factor nnwith temperature at of the most useful techniques for presenting
fixed frequency and cyclic strain amplitude are the experimental data is by means of the
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temperature-frequency equivalence (reduced in Tables 1 through 4. The reference tempera-
frequency) for linear rheological mateials ture T and the shift factor aT at each temper-
(6-8). In this approach, both (T p0/Tp) x ED ature ý were selected so as to give a "best fito'
and nD are plotted against the so2called of the experimental data in the "reduced fre-
reduced frequency parameter f.aT, where f is quency" plot. Figure 5 shows the graph of aT
the actual frequency, aT is a function of the versus temperature difference T-T., when To
absolute tcmperature To and TO is a reference is chosen suitably for each material so as to
temperature, again on the absolute scale, generate a "universal curve" of CIT versus T-To,
Frequently To/T and the density ratio p0/p in the usual manmer. Figure 6 to 9 show graphs
are taken to be 1.0 over a wide temperature of F. and nD versus reduced frequency faT for
range and are ignored with little significant the four materials considered here.
errors. The preparation of "master curves" ofED and nn against f.aT is extremely useful for The graph of aT versus T-To can be repre- ,.

extra. 'l~ting test results obtained at discrete sented by the following empirical equation,
frequ..ncies and temperatures. For example, in based on the WLF equation (7,13):
a test series one may have data over the fre- = -12( T-Ti
quency range 100 to 1000 Hz and a temperature lOg1 09T My. =.
range from 0°C. to 1000 C. and wish to estimate 0

the properties at 50oC. and 2 Hz. In order to
achieve this, one first uses the available data
to produce a best fitting set of master curves. V
The process is most satisfactorarily accom- iOo
plished empirically by judging the factor OW
on the basis of the shift needed to make th• BTR
curve of log Eh versus log (frequency) as in 2 3M-467Figure 3, at temperature T-( i - i1, 2,...),YGAD 8match as closely as possibIe the curve of 10

versus frequency at temperature T , while a0 > PARACRIL- BJ
the same time matching the curvesoof nD versus - POLYMER-BLEND
frequency at temperatures T and To, to produce
curves like those shown in Figure0 4. In this 106
way, the limitations of the measuring techniques
can be at least partly compensated for. lypi- I -p
cally, 11 will vary with temperature in the
manner illustrated in Figure 5. 104-

•102
TEMPEPATURE L0

T2  To 'to T-1  T-2

23 - 100
A/

9 C ...

17 10 X %E) IýS-
* , -IO0C -500C OC uO*C IOO1C

~ ' ./I-300 -200 -100 0 100 200 300
to

Or o I Co tR? 1ENoC fgp 4 TEMPERATURE DIFFERENCE T-T 0 (OF)
REOLICEO FREQUENCY fa,. -t• 'N.z

Figure S. Graph of a versus tempera-
Figure 4. Reduced variables. ture difference.

4'3. TEST RESULTS

A number of materials have already been
evaluated for damping behavior, using resonance Z,
and resonant beam tests (8), incliding an acry-
lic adhesive (9), a filled silicone elastomer
"(10), a silicone potting compound (11) and a
vitreous enamel (12), as well as several other
materials. Sane of the test data is sumiarized

1-_ . "

% %
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function of frequency at a constant temperature,
1.'RAT•say Ti, can be considerable simplified by de-•"'."d," ,op 5 ..... .. 7•• 150//•"7 IW T"V Wr W fining an auxiliary function f-aT, where i

"" A is the value of aT at temperat~reiTi (see
. . ,Fig. 5) and fj is the frequency in hertz.

RIVONANo EfIjaT is plotted as a function of fj using the
0 SANDC KM same absissca as for the plots of E-b and nD

versus faT, and an auxiliary frequency scale
given as the ordinate on the right side of the
figure. (See Fig. 4). Each point of each ob-

_ lique line f-IT. defines a reduced frequency

%(facT) Ti, f a frequencyf I fron which ED
0 1 0 and dID temperature Ti frequency f. can

ED be determined using the plots of ED and an
07 versus faT. To illustrate, let us calculate

:-I , the values of ED and nD at temperature T-1 and
P lop frequency f. The intersection of the horizon-

REDUCED FREQUENCY to,(H(=(ie wtfcr.(Lntal line f = constant (Line CX) with f(Line
Figure 6. Reduced variables applied to EX) defines a value •fI1T)fL T-i )

acrylic adhesive. approximately 4 x 10 Hz. o is value of
fa., it follows from th• plois of ED and qD
veTsus faT that ED = /09 N/M , and njD= 1.2

72t TMPERAE Another equally important use for such a nomo-
Ida i0•c ,o1 --.C 1• -0 gram is to reduce the data in the first place.

_______,____. __. 50.W For if one selects the proper position for To
"and the interval (AT) between T and TT 2T etc.
"then the grid of lines can be used to lýace the

0 0/ 1 .o• test data in position - in effect, by calcula-
"1 "ting & according to the assumed T0 and AT.

Only combination of values of T and AT winl
give an adequate reduction of the data just as

toto' o. ,o in the original reduced-frequency approach the
values ofcTare dictated by the test data.
Figure 6 shows the application of the nomogram
for plotting the test data given in Table 1.
The collapse of the data is easily achievedo.ce

1, , l I, , o ,o0 I e ,0 ,o ,o 10" Il the temperature scale is properly selected.
REOUCID FREQUY , (11 This is clearly a matter of judgment, but not

Figure 7. Reduced variables app]ied to any more than in the use of any other type of
silicone elastomer. scale. Figure 7 shows the nomogram applied to

the silicone potting compound. Even if one
computerizes this data handling process, judg-
ment is still needed to validate the best fit

U •obtained by a "least-squares" or other scheme.

TEMPERATUREE

2. Io -2SOM -2 llZ ll

' "•'*•a"d' Mpg •
00

10 I1 to-

IED

REI~DFREQUENCY a14*
~~~REUE la ll L. L

Figure 8. Reduced variables applied to 1 ,0 ,ol 10 ,om 1,o I& le iopo 10,o0'
silicone potting compound. m . ,., i I

4. THE REDUTCED TE4PERATURIE NCMJRAM Figure 9. Reduced variables applied
to enamel. ~ ~ ~

The graph of E and n versus frequency
fa represents a - en;al relationship Figure 10 shows a basic nomogram in which proper
befween the various parameters and variables; choice of temperature and other scales allows
however, the calculation of ED and ID as a one to treat the process of data rediction in

16
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19. D. Ross, E.E. Ungar and E.M. Kerwin, Jr., The types of specimen used in the resonance

"Damping of Plate Vibrations by Yeans of tests are illustrated in Figure 11. A typical•..°~
Viscoelastic Laminae", Structural Damping, test setup 'block diagram is shown in Figure 12. <
(ASNE), pp. 69-87, 1959. In the tests, the specimens are excited harmon-

ically with cons tant acceleration level at the ,20. A.D. Nashif, E %. terials for Vibration shaker table, and the response of the mass, M,

Control in Engineering", Shock and Vibra- is measured by means of an accelerometer. The
tion Bulletin 48, pp. 145-151, 1973. input acceleration, t , the output acceleration- "

Y, the resonance frequency, fl, and the temper- ! -
21. J.C. Snowdon, Vibration and Shock in ature, T, are measured for several values of

ped n . Sstems, John Wiley the mass, M. From these measured quantitites, -
and Sons, Inc., New York, 1968. the real part of the Young's modulus, ED, and L

the loss factor, '.D, are derived (8) from the
APPENDIX I - NEASU0ENT TECHNIQUES relationships:

A great variety of test techniques have 2
been developed for measuring the complex modu- nD = (A2-1) (6)
lus properties of materials (8,14,20). Some ED/4S2 2.
of the techniques are difficult to use and = 42ff (M+m/3)/S(+2/ ) (7)
require complex electronic instrunmentation.
The techniques used to obtain the data evalua- Alternatively, for the shear specimen (9),
ted in this paper are relatively simple and
include the classical resonance technique (17) 2 2 2/21/S
and the vibratiny cantilever beam technique =
with the damping material applied as a single
external coating (8,18), a symmetric external By varying the input level, the material proper-
coating (18) or the inner layer of a three layer tiesanbtiscan be measured over a wide range of peak
sandwich beam (19,20). strain levels but, in the present tests, levels

were kept low enough to remain within the range
RESONANCE TESTh of linear behavior. The primary advantages of

the resonance test are simplicity, both in test-
ing and analysis, and the capability of assess-
ing the effects of strain amplitude. Disadvan-
tagcs are the nece-zsity of changing mass to
vary frequency and the difficulty of changingf N

b MINIATURE frequency and pre-load independently. The use•=•e~rs r •of several specimen:; of varying geometry is a

useful way of ensuring that data obtained are
reliable and cover the appropriate range of

S"Tparameters. Specimens should be simple and not
02 have too low a height to diameter ratio to

• avoid errors resulting from highly non-uniform
8d strains in the specimen. At very high frequen-

F cies, care should be taken to avoid standing
waves in the specimens, which will render the

SHAKLtA T-2L SHAKER TABLE above equations invalid. O

(a) TENSION-COMPRESSION Mb) SHEAR VIBPATTNG BEAM TESTS

Figure 11. Resonance test specimen. ••,.'

(a) UNIFORM BEAM"-t,Figure 11 e o1::! 8I_ S• .............. SPECIMEN
I.-- -- L -- -- e•

*Y

Recorde S4 (b "OBERT" TYP

Record-L h-f SPECIMEN •,

S'~h S(C0 E

Figure 12. Resonance test system. Fgr 3 irtn emts pcmn
POW S4 "i

I.--'-)'..
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-ACCELEROMETER (PICKUP) method if such data were needed.

"'" " 'i ~ R "Oberst beam" tests -

-TRANSDUCER (DRIVE) For the beam with the damping material
coated on one side only, the complex Young's
modulus is derived from formulae (3,8) due

I OSCILLATOR/ originally to Oberst. These are:

* IAMPLIFIER

INP L 2  
= +2en(2+3n+2n 2)+ 22n4 ()

FEEDBACK

•m en 3+6n+4n 2+2en 3+en4 (10)
__________________ 2 24r5

OUNE D ( l+2ne(2+3n+2n )+e2n4 C

where Z2=(l+p0n/o)(fm/f0m)2 e=ED/ E, =

AMPLIFIER = OSCILLOSCOPE h./h. In these formulae, Zý is calculated from
th easured resonance frequency, f,' of the

mth mode of the damped bean an6. the easured
frequency, f , of the undamped beam and e is
then deduced&rem an inversion of equation (9)

" FiguRE 14. Vibrating b s sthen calu ltp ed 1 or s. u
fnlis them calculated from equation (10), using

P•RECORDER A.C. VOLTMETER tl~is value of e and the measured value of
"Tn m= Afm/$. These equations gie reasonably

Figure 14. Vibrating beam test system. accurate rsults provided that Z -1 -1 0.1 or so.

z The types of specimen used in -he vibra- Modified "Oberst beam" tests
ting beam tests are illustrated in Fig. 13. A
typical block diagram is shown in Figure 14. For the beam with the damping material
In the tests, the beams were generally excited coated symmetrically on both sides, the conplex
by means of a magnetic transducer at the free Young's modulus is derived (18) from the formu-
end and the response picked up by another lae
magnetic transducer near the root. By using
the graphic level recorder, response spectra 2t 3
comprising graphs of transverse peak velocity ED = E(Z -l)/{8n3+12n2 +6n) (11)
versus frequency were plotted and the resonant 2/(22
frequencies, fm, and half-power bandwidth, afm, nD = - /(ZI) (12)
noted for many temperatures. For the high- N %;
temperature tests, however, for which suitable where Z= (l+2pn/p) (o/f )2 and e and n
transducers were not available, the beam was are defined as b~fore. InýSese formulae Z2

instead excited by a shaker through an impedance and n• are determined as before. Again, the 77
head and a pillar made of Hastelloy-x. In this equatiqn gives reasonably accurate results when- -Y
case, the force transmitted back to the trans- ever Z-l , 0.1 or so. These formlae are also •.
ducer from the beam was measured, with the force applicable directly to the high temperature
due to the pillar inertia cancelled electroni- specimens provided that the beam is coated
mcallsr, and the same quantitiesu t and Afmr, symmetrically. A similar technique is also ap-
measured. For reliable results with commercial plicable for beams with multiple ccistrained
versions of this method, it is usually necessary layers added (16).
to use beams made of a relatively low modulus
material, such as aluminum, with machined roots Sandwich beam tests
as indicated in Fig. 13 for reduced root damping,
not more than about 0.05 inches thick nor short- Finally, for the symmetric sandwich bean,
er than about 7 inches. However, for the enamels the approach is based on a set of equations due
it was necessary to use another material because to Kerwin and others (19), reduced to an un-
of the high temperatures involved and this made coupled form. The shear modulus, GD, and loss
testing more difficult. The advantage of the factor, "r, of the viscoelastic material may
method is that it is reasonably simple to use, them be derived from the equations

errors can be assessed and kept within limits
(18) and a wide band of frequencies and tempera- 2_ = hhD /L 2  (13) 2
.ures can be covered with a single specimen.
The disadvantage is that only low-strain-level 2B
data are obtainable, within the linear range for (A
the damping material. This, however, is not
usually a problem since one would use another

19
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A

nD {AB- 2 (AB) 2-2(Ar)2) (14) R radius of gyration of shear specimen about

horizontal axis (R=az/1i for rectangular

where 
specimen)

A= (M/-0m)2 (2+PD Ph)(B/2) (1s) S load carrying area of damping material' in
resonance specimens

andS non-load carrying (free) area of damping

B-1/6(l+D/h)2 (16) material in resonance specimens

For most elastomeric materials in the rubbery T temperature

and transition regions, EB1 .Xo and nD-D (1).
These equations are derived frem the cl ysical To reference tevperature

equations of Pbss, Kerwin and Ungar (RKU equa-

tions) (19) by neglecting the bending term for X input acceleration for resonance specimen

the viscoelastic core and algebraically invert- onn
ing the equations. In these equations: Y output acceleration for resonance specimen

E1 2 . 3.515 •42 = 120.902 Z2  non-dimensional parameter

22 22.035 2 = 199.860 aT temperature shift factor _

2 = 61.697 2 = 298.556 6 shape factor for cylindrical resonance test
Z3 =2 specimen; o= 2"0 for unfilled elastomers

and = 15 for filled elastomers

N strain

A amplification factor IY/XI for resonance
specimen; also anon-dimensional paraneter n'D shear loss factor

b breadth of cylindrical specimen n. loss factor of beam specimen in rnth mode

B non-dimensLonal parameter nL extensional loss factor of damping material

D suffic denoting damping material X wavelength of mth beam mode

e EYJE: the modulus ratio tM mth eigenvalue for beam

E Young's modulus of beam material p density of bean; also density in general

B1  real part of complex Young's mo&dus of o density of damp-g material where specific

damping material identification is necessary

f frequency (Hertz) Do density at reference temperature

fom mth natural frequency of undamped beam a stress

m rth resonant frequency of damped beam o circular frequency

GD real part of complex shear modulus of M th circular frequency of dmped beam

damping material dpm ath circular frequency of undamped beam X

h thickness of beam

hD thickness of damping material

k length of viscoelastic material in shear
resonance specimen 

I

L length of beam

m mode number

SMo mass of viscoelastic material

M added mass on resonance test specimen '•- I-

n thickness ratio: (h,/h)

L20
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"", -• " "•IX.

DISCUSSION

Mr. Coch, (Sound Coat Company): In the plot of
0z versus temperature, is it truly not a
linear curve?

Dr. Jones: Yes, it has a curve in it; at a
higher temperatures it has a :ower slope than at
low temperatures. The reason is that toward
the left hand Aide where the slope is getting
greater and greater approaching the TC or , *

Transition Temperature where the materiel•Ga
eventually becomes glass-like; at that point 6
presumeably your 04r is infinite. Its got to
asymptote toward infinity on the left hand side
at a finer temperature for any given material. -
By choosing to you shove all the curves around
to the same line.

Voice: I thought using a temperature time
super position that there was a correction
factor we had to use in sliding those eleme.ts
up.

Dr. Jones: That is the way that J.D. Ferry
presented it in bne of his papers. But, he is
not plotting modulus end loss factor but complex
compliances. He is doing much the same thing
but because he is operating on different
measured quantities he is sliding it in both
directions, which mystified me for quite a
while. If you read sawm of the other reports
that Ferry has done or if you read John Snowdon's
book for example you find other intrepretations
of the same data. So what I am plotting here
is really not new except for the actual nomogram
itself. It is essentially a faikly well
established technology for a class of materials
with limitations.

Voice: Did you find when using different
methods or tests say that resonant mass of
sheer versus a beam test that the results agree?

Dr. Jones: Yes, provided we took great care
in controlling our specimens and making them.
You must watch out for all the possible sources
of error such as making sure you take samples
from the same batch, sometimes that is necessary.
We found in fact in one of the graphs we've
got a resonance test in shear another in tension
compression and a sandwich being tested all
superimposed on the same curve and they agree
pretty well within perhaps plus or minus

* 20 percent and this is pretty good. You can
always run into trouble; it is a constant step S
by step process. The next material you do,
because of ill-conditioned beam specimens, I V
for example, you could fall flat on your face
and have to start again, with different beams,
so you have got to be alert.

Voice: Do you have to be most careful about
contrcllivg the temperatures? S

Dr. Jones: Extremely, within plus or minus 1
or at most approximate 2 degrees fahrenheit.

_ if you were ever off more than that you just
couldn't make the data collapse pronerly.
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COMPUTERIZED PROCESSING AND EMPIRICAL REPRESENTATION 0

OF VISCOELASTIC MATERIAL PROPERTY DATA AND

PRELIMINARY CONSTRAINED LAYER DAMPING TREATMENT DESIGN

Lynn C. Rogers, Ph.D.
Air Force Flight Dynamics Laboratory

Wright-Patterson AFB, Ohio

and Li

Ahid D. Nashif
Anatrol Corporation

Cincinnati, Ohio

Technology advancements in the state-of-the-art of processing and
representing modulus and loss factor data as a function of temperature
and frequency are presented; further, a new method for performing
preliminary constrained layer damping treatment design covering the
complete range of interest of practical engineering parameters Is
outlined. This is given in the context of historical development,
current practice, and other recent developments.

INTRODUCTION CHARICTERIZATION OF MATERIAL PROPERTIES

Damping treatments have been recently Efficient, systematic and standarized
applied to structures to Increase their procedures must be established to process,
resonant fatigue life and/or reduce their store, retrieve, and transmit viscoelastic 9
structure-borne noise. However, the success- damping material property characterization to
ful application of such materials depends a enable widespread utilization of damping
great deal on three important factors. These technology to control vibration, noise, and
are: knowledge of how the properties of the resonant fatigue. Such procedures should
damping materials vary with the environment to accommodate any level of sophistication in a
which they are subjected, a good understanding particular organization from manual data
of the dynamics of the structure to which the processing to completely automated and should
damping material is to be applied, and finally, be compatible to information interchange with
how to design a material in a damping treat- the industry in general.
ment configuration for the desired performance. T as l

The approach taken here basically is to
In this paper, a description will be made develop equations with parameters which are to :.,

of the characterizati')n of the damping proper- be chosen to best fit the experimental data.
ties of materials. A discussion of how the The form of the equations and the effect of
characterized properties of materials can be incremental changes in the parameter values
used to study the performance of various are relatively unimportant when using computers
damping treatments will also be presented. to least squares fit the data. However, if the
The curve fitted analytical expressions of the approach is trial and error selection of para-
modulus and loss factor were used to predict meter values, the process is greatly facilita-
how much damping can be achieved when a ted if the effects of the parameters are
constrained layer treatment is applied to a uncoupled. The Jones (2) coordinate system is
vibrdting structure. The predicted results used for data interchange with organizations
were compared with measured ones and the which do not have some type of machine
agreement was found to be excellent over a plotting or computers. I0bS~~~wide temperature and frequency range. ,,,

Thus, the specific equation with values

of parameters to best fit experimental databecomes the basis for data processing, storage,
•i ~ ~~retrieval, and transmittal.t.,..•j
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Empirical Equation for Modulus and Equation (4) becomes

The general character of the log modulus
versus log reduced frequency curve is that It G
has a horizontal asymptote at a low reduced 2 FROG
frequency and has a higher value horizontal G (6
asymptote at high reduced frequency. It is = log GO = log G1 + L (6)
slgmoidal in shape, monotonic, and more or YG0 iROG N

less an odd function about offsets. Consider 1+ F

the equation RI

y L + H-L This equation is asymptotic to GL, passes

(c) through GFROG at FROG with slope governed by

01- (1) N and is asymptotic to GH. It is an odd
function about (FROG, GFROG) in log-log coordi-

which has the properties outlined above. nates.
Obviously, the denominator is unity for X much
greater than XO, and very large for X much The effects of parameter variations about
less than XO; further, the value for c dictates nominal values are illustrated in Figure I.
the rapidity with which the transition occurs.
When X is replaced by the log of reduced fre-
quency, FR, the term in the denominator becomes

I_ o g fF N )o N 
id05

X-0  lo f+log fRO R
e - - = e - c (2) 1o4- " d- .]

c c F GR~FROo40.m..R!

N- '35 N-'.422

where the properties of logarithms and expo- , o FOIfOOO io-
nents have been used and where the exponent N

is defined implicitly. Equation (1) then 1 J
becomes 10-"

y L + H-L (3) I
Nz

1 FRUG' N ROG-
I+ FR I 103- lot

10-
OL

which Is seen to be closely related to that Ilk_•employed by Kelley and Williams (1). Replacing i'°d- • kO° 16' •' l 6o0 ,le e' d' J

y by the log of the modulus, Go, yields REDUCED FREQUENCYe. Fe

Figure 1: Modulus Empirical Equation
log G H-log G LlGo G0Olog GL (F) The above Equalion (6) for the shear

+ ROG modulus, Go, is valid at temperature To and isA: FR related to G, the modulus at temperature T, by

T0 +459.7

Referring to Figure I it may happen that GO = T+459.7 G (7)

the experimental modulus data defines a
straight line segment, and little or nothing from which
else. For convenience, a parameter GFROG is
defined by T +459.7

log G =logG - LOG- 0  (8)0 T+4i59-7 '

log GL+log GH or
log GFROG = 2(5)FROGO

2 log -G T +459.7
log G -- log G + L log0 (9)1 FROG N - 59 _

FR

J . • • .• • • • 'lP -'V - • :•" • - •- •= - -"-,•---•_.-RI



Equation (7) is used to adjust experimental
data for plotting and the curve from Equation
(6) is used to illustrate the fit achieved.
Equation (9) is used to calculate the modulus i/FROL 360

G as a function of temperature T and frequency *C-8
F.0

Empirical Equation for Loss Factor SH°45 L '

For a class of materials, the log of a - I-.
loss factor versus log of reduced frequency
curve is hyperbola. The general equation for o,
an offset symmetric hyperbola is 50000

y-(k x0h 20 (10) "

u ± i
1 a0 1o 4  

ios8  
Kii 1oa 0 .

and when a straight line is added to this REDUCED FREQUENCY.FR -

expression to make it more general, the hyper- Figure 2: Loss Factor Empirical Equation
bola of interest may be written

c IX-Xn loss factor data to define curves and to

Y + Y + (SL+SH)- + minimize scatter about those curves. In
LF practice, after comparing the results for many

materials, a universal curve is defined and
new data is processed by using the universal

, X curve and selecting a reference temperature
(SL-S' !- VI+ (l To which minimizes scatter. There are two

LJ universal or master temperature shift para-

meter curves in use. They are shown in Figure
3 together with equations which approximate

Replacing X by the log of FR and y by the log them.
of loss factor rq respectively gives

y = log n log n + S (SL+S )/ log R I 0

LF FROL 2 LLH c f0 .20
NASHIF MASTER CURVEI ~T-To -I

S(S I log f-R-) (12) 15 1_J (L-S~ I-c, -9 (• -' ''T3 T-TO)•
" L l\ l l Og lt \ L , w_•- -9(T-T o)

"The effects of variations in parameters J E0 S 1 T-T( -14
about nominal values are illustrated in Figure T-(lt7* )
2. The parameter rFROL shifts the curve up
and down, FROL shifts it right or left, c W LOG 12(T-T-)
stretches or contracts the horizontal axis, SL \5 - \\ 2 5+T-T
is the slope at very low values of reduced
frequency, and S is the slope at high values.
These latter two cause coupled effects which IL
complicate the trial and error fitting of data. _ 0

The Temperature Shift Paraneter

N In the typical explanation of frequency- -300 -200 -100 0 100 200 300
:.• ~temperature equivalence(2), a temperature TEMPERATURE DIFFERENCE,(T-To) OF,_.'.•I N shift parameter curve is constructed by find-

ing a number as a function of temperature Figure 3: Graph of Temperature Shift Parameter
which sir•Iltaneously shifts shear modulus and Versus Temperature Difference
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In Figure 3, the exponential expressions Based on this rationale, the universal or

were developed to approximate the master master temperature shift parameter curve is

curves and in fact came to define the master estjblished

curves. For elastomers, the temperature range A;
of interest is within 1000 of To and it is
seen that the WLF equations(3) of the form "12(TT 0)log 'T = 525+(T-T 0 ) (13)

-C1 (T-T 0 )

log _T C C2 +(T-To) and is the WLF representation of the Jones
master curve. The reduced frequency

approximate the exponentials closely over that
range as may be seen in Figure 3 and Table 1. F = FaT (14)

In fact, the WLF equations serve equally well
to define the master curves. Since there
exists a theoretical rationalization for the is computed in the customary way and may be
form of the WLF equation(3), the WLF equation expressed
Is the preferred Gaeinition of the master
curves.

FR = F l0**(-12AT/(525+&T)) (15)
it happens that for elastomers, either p

master curve serves equally well to process
data. Assume that a To has been found with where
the Nashif master curve, and imagine that aT
has been plotted versus temperature for the
range of experimental temperatures. The Jones AT T - T0  (16)
master curve could be shifted horizontally and
vertically such that some portion of it matches
very closely that portion of the Nashif curve
in use. The horizontal shift has the effect of
using a different To, and the vertical shift Processing Data for Unobtainium H
causes the reduced frequency to be multiplied
by a constant factor, which is an alternative In order to illustrate some of the
of equal merit. features of data processing under ideal condi-

tions, a set of simulated data was generated

in work with enamels(2), not treated here, and is presented in the la•t four columns of
It has been found that a greater temperature Table II. The hypothetical material is called
range is of engineering interest and therefore Unobtainium. Equations (6) and (12) were used
the temperature shift curve must accommodate to obtain Go and n for values of reduced fre-
the greater range. With enamels, the Nashif quency chosen at equal increments on the log
curve does not have an adequate range, whereas scale and for a set of assumed parameter
the Jones curve was developed for both elasto- values. The reduced frequency Equation (15)
mers and enamels. was solved for the frequency F, and evaluated

TABLE I TEMPERATURE SHIFT PARAMETERJONES
EXPONEN4TIAL- ML 425 SI . -- SI

OEL T ALPH 1 I.00 ALPIH T. ALPH T LOG ALPH 7 ALPH T LOG ALPH T ALP'I T ...._-0 ALPH.t_
316. .3545E*i4 p445te @I .4329E-84 -. 4384E SI 1739E-94 .4760C 01 ;4@72E.14 -. 4360E 5t!:•2 ''. .,584E.84 -. 4162E 91 .. 7499E-94 ... 42[I1 ,19-,4 .. 45192fl ._ •,6t144-1 _*:P41951[ !

256. ,125E-;03 I.39is0 i ,13400.O3 ,;o38710 31 .59011[-.04 I I43290 I 9,i42i.S ' .,31820 I
a' .125::4: ..3900 .7491346E0 38I- -' 6804 :I0*

225. .246I1-03 -,3685E SI .2512Fr-3 :,3813 01 !14Sl1.E3 .. 394ISS ,I7750tr3 .,37510 SrI
283.l .S•e-33 *39/il ,84 ;.l ,33'I il !23331E-0'3 -.33'121 I 3191r3 .,349l1 fI!

175. 1 .15r$2 .. 2069r e1 .e109•rE-2 1*.3201E .1 4977E-93 .. 33830 :1 -. _:61elteS3 *-.-34•:4 1
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. 66O II :' , 089E[ to .1- of6e Boo t @IS I .1660ME el .,lll E 'l .1431E S .11408 1
-25. .3741E Is .57200 09 .3901E It .68006 08 -s .5416E 81 .7337E - ,$9680 SI .7759E If-
56. .1605 0,2 ,126SE I ,1t33E 32 .1263E @I .3989C 92 .1801E:r 31 .49960 82 .81 9 51698E l!

-75... .61t E0 2 ... 0r 19 ! _i. IS[ 53...... .2tt0II 0 .. .4582E 03... .2561E It_ ..... 6494C 03 - 28tt 01......
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for AT increments of 50 degrees. Simulated scale, XpOT, is used to minimize the effect of

data points were selected which had frequen- horizonta scale on apparent scatter. These

cies between 50 and 5000 Hz. A reference parameters are listed in Table IIA for To

temperature, Te of iOO0 F was assumed and the IO0°F and in Table liB for To - 2500 F.

simulated experimental temperatute T was
obtained from To and AT. Then the simulated The simulated data is plotted forT 0 = T

exoerimental shear modulus C was obtained by 1000 F in Figure 4. The data is plotted for

using Equation (7). It should be noted that various other values of T in Figure 5. In

the simulated temperatures extend to 5000, ýco Figure 5F, note the shinge effect which occurs
high for many common matprials, in both the modulus and the less factor curves;

it is not so apparent at lower values of

With the simulated data in hand, the reduced frequency, but actually does exist in

problem becomes one of selecting a To to best this simulated data. Also note the water wheel

define curves and minimize scatter for loss bucket effect in Figure 5C, again present in

factor and shear modulus simultaneously. The both curves and not so obvious at low values of

first approach is to plot the data for various reduced frequency. The shingle or bucket

values of To and examine the plots. Values of effects are present in actual data when To Is

-50 0 F, 0, 50, 100, 150, 200, and 250 were used significantly different from Its optimum value.
for T 0 . With a trial T0 , Equations (7) and Groups of data corresponding to the lower

(15) are used to calculate Go and FR respec- temperature in Figure 5C and 5F are labeled

tively. Since the range of reduced frequency according to the temperature. It may be see7s

varies by several orders of magnitude as To is how the segments coalesce and define a curve
changed, the effect makes the interpretation with no scatter as the optimrum value for To is

of scatter difficult; and a normalized log approached.

TABLE 11 U1NOBTAINIUM DATA (A) To-100
To le.

be 11t6.6 . . . . . . . . . .

7R LOG f6 XPLO? LOt ¢6 LOG ETA OL 6 €- ETA T .
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TABLE 11 CONrD UNOBTAINIUM DATA (B) To -250

Fq4 1O 4 rA LO? LOG 469 LOG C T I EL 0 8 as a "" [ -- - r *. .. " . .• • [
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t$ Another possible approach for selecting To

i• ~is to least squares fit the data at various •.
W values of TO and select the T which minimizes

i p.Othe residuals. The results o? this type of
, •. 105study for the Go and n of Unobtainium are

listed in Table 111. The least squares fitting •,
U)U) was performed on log n and log G to give the

••104 same weight to each data point. The residual

It of each attain a minimum at To - 100 as ý
S 103-o expected. The parameters and residuals appear •.

S****************to be smooth functions of To except for the

iO2 ~~~~~~~~~parameters for n at T 7.I rbby' '.\••

happens that the residual is'insensitive to a I :
•o ~locus of parameter values, although there is •

0 IO0 confidence in the value for the residual .'"'-

-9oO0 ,A•WAA A MAMAA• AMAAAAAA. The modul1us data for Unobtainu wer also•;

oaha hb .ah'6 A processed multiplying by the temperature ratio, L,..A
10 "1 Equation (7), and these results are also -j 1,-

a l(FAAA,% presented in Table Ill. It appears that the X
residual is minimized for To about 850F. The *

2.00 400 6•X " " "two values for the experimental modulus G and \
NoZORMUE 4.00 lE 8:00 U 0.00 that at the reference temperature Go are

, ~compared in Tables I IA and 8 where the percent

SFigure 4: Unobtainium Properties at To loo0 difference DEL G Is given. It is seen that G
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TABLE III LEAST SQUARES FIT FOR SIMULATED DATA
"7. Go G • ''

To "?FROL SL SH FROL C ZETA 'ROG GFOG N GL EGO fROG GFROG N GL 6G
UNOBTAINIUM
250F 1.18 .355 -.555 23.3 2.41 .0390 15.2 902. .448 8.87 .0559 16.6 1110 .486 17.0 .0441
50 1.18 .366 -.536 63.6 3.00 .0256 44.2 938. .414 9.27 .0365 48.7 1100 .450 17.0 .0274
75' 1.18 .359 -.497 184. 3.49 .0125 141. 970. .381 9.65 .0179 157. 1090 .415 16.9 .0150

100 1.20 .350 -.450 500. 4.00 .002 500. 100. .350 10.0 .0005 564. 1070 .381 16.8 .0172 'r
125 1.22 .337 -.395 1240. 4.49 .0120 2000. 1030. .320 10.3 .0172 2300. 1060 .348 16.7 .0300
150 1.23 .321 -.337 2850. 4.94 .0232 9240. 1050. .290 10.6 .. 0336 10800. 1040 .316 16.5 .0444
175 1.19 .362 -.309 2590. 6.51 .0342 50200. 1070. .262 10.9 .0493 60200. 1020 .285 16.3 .0587

UNOBTAINIUM-N
25PF .0221.732 -2.72 19100 5.36 .0994 10.2 927 .599 7.51 .191
50 .336 .479 -1.47 19800 3.89 .0853 32.7 1020 .535 7.73 .159
75 1.15 .235 -. 5i1 160 1.34 .0665 115. 1120 .478 7.95 .128

100 1.12 .225 - .510 816 1.64 .0524 452. 1210 .426 8.12 .0984
125 1.09 .215 - .502 4960 2.00 .0385 1990 1270 .380 8.28 .0709
150 1.06 .206 - .486 36500 2.47 .0252 10100 1320 .339 8.45 .0467 I
175 1.01 .203 - .473 356000 3.17 .0147 59300 1340 .302 8.61 .0304

and G0 differ by up to 25% in the range of Also covered in Table III is processing of
temperatures of engireering interest. Regard- Unobtainium-N data which were generated In
less, the experimental values are very closely exactly the same way as Unobtainium except the
recovered for the range of temperature and Nashif WLF equation with To = 100 was used to
frequencies of engineering interest whether G select the temperature and frequency data. As
or Go is used. This may be explained by noting indicated by the residuals, the To for best
tidat F Is strongly dependent on temperature; fit is probably about 2000 F. This example
the difference between G and GO Is therefore serves as an illustration that the Jones and
easily accounted for in curve pitting. The only Nashif temperature shift parameter curves both
effect Is some increased scatter (as indicated work for these temperature ranges.
by the residuals in Table 1I1) and this scatter
is not noticeable when working with actual data.
Obviously, if the frequency temperature equiva- More sophisticated fitting was considered
lence principle were relied on to extcapolate but rejected due to Insensitivity of results
the curves, then the effect must be accounted and convergence difficulties with methods
for. utilized.
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TABLE IV LEAST SQUARES FIT FOR ACTUAL DATA

To "7FROL St SH FROL C e? FROG GFROG N GL 6GO

MATER IAL N467

2•5F .931 .1 -.551 359. 1.05 .153 162. 735. .254 1.04 .0996
50 1.03 .1 -.405 505. .979 .152 499. 726. .233 1. .101
75 .995 .608 -.887 2140. 5.54 .147 2380. 814. .211 1.14 .107

100 1.03 .1 -.443 23800. 1.19 .138 8060. 794. .191 1. .114
125 .998 .546 -.792 66600. 6.74 .137 61400. 1050. .164 1. .125
150 1.08 .839 -1.01 212000. 11.4 .133 171000. 722. .159 1. .133
175 1.2 7.19 -7.17 88700. 111. .128 1320000. 758. .140 1. .144

MATER I AL J467
25°F 1.21 .450 -. 301 6.0 2.00 .0241 63.4 460. .420 5.37 .105
50 1.29 .134 -. 120 48.3 .247 .0226 189. 450. .404 5.75 .0965
75 1.28 .151 -. 101 108. .356 .0226 650. 454. .382 6.01 .0883

100 1.22 .265 -.143 192. 1.32 .0237 2470. 449. .364 6.48 .0805
125 1.29 J42 -. 1 1720. .479 .0228 11000. 449. .337 6.55 .0733
150 - - - - - - - - - -

175 1.24 .183 -. 1 24100. 1.32 .0236 345000. 430. .291 7.01 .0601

Processing Actual Data
200

"V Results from processing two sets of actual
data designated N467 and J467 are summarized in
Table IV and Figures 6 through 10. The loss
factor values versus temperature (without * * ,
regard to frequency) for all N467 data points 150--

are plotted In Figure 6 together with a • 0 0 0
quadratic fit. The dependence on temperature 0 '
is dominant compared to frequency and the peak U.

"may tentatively serve as a guide to the To too0 0 0 0 .
selection. The temperature and frequency at
whichthe N467 data points were taken are shown W
in Figure 7, which serves to display the range 0.4
of applicability of the data without extrapola- 0 •
tion and to indicate the data quality by how 0 50-
smoothly the modal frequencies vary with temper- a.
ature. .

2.0- 0. ,

1.5- 00
. -50 ..

1.0- 0 8O0 FREQUENCY, F - Hz

Figure 7: N467 Temperature and
0) o Frequency of Data Points -C
-00

A general purpose, interactive, least
0- squares program was used to determine parameter

values for Equations (6) and (12). Data points

So0I I I I I and the curve were displayed simultaneously.
-50 0 so 100 150 200 Parameters could be held constant or con-

TEMPERATURE -'F strained within specified ranges. Figure 8
Fgr6: TEMPEDATaRE Loss Factor presents a fit for modulus which was obtained
Figure 6: N467 Data Loss Factor without regard to constraints or care in

Versus Temperature initial parameter values. The fit Is obviously

I,•
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• , valid over the range of data, but the value of •I10for L, which is the lower asymptote,

Sphysically impossible, and makes any sign-fi4-

: 2 cant extrapolation suspect. Convergence of •1I0- these parameter values is caused in part by the
0 Ninimum range of reduced frequency covered byU; vali0_Based on findings of preliminary conver- of

0 3_ .215gence attempts, the following constraints
is were imposed:

L• q'FROL > .
00 .- sL sp_ .1 C

S~SH < -. 1

W 10 theOs Trmt25 v iRsL > .01

C 0) a46 100 <0 FROG < O0000

FROLSGGGO oa26  initialvalues.Furthrmre -50,SL n

o SH =-.792 I.

ROH were held fixed and the computer program
used to find corresponding values for FROL and

Figue 9 Nb67 ataFitc. Then this set of values was used as initia,

/'7FP0,.*'9
$1.4 00 <GRG 00

0 S H - - -7 9 2 G

792
F44 666'00

.546



values for another least square fit. Similarly,
GFROG and GL were sometimes held constant. The C AY, .. •;CONSTRA IN ING LAYER H3•
Interective feature (or at least an interative 3
procedure) seems to be essential for proper
coergence. DAIP.NG LAYER H

Sample fits are shown in Figures 9 and 10S•• for N467 and J467 respectively. These'fits maySTUURH

be used to represent the material properties _ _ _

with a reasonable amount of extrapolation.
From Table IV it is seen tha- a simultaneous Fig.ure I: Sketch of Constrained-Layer
minim',m in the residuals for loss factor and Damping Treatment
modulus does not occur for either material.

;•);•. USE OF CHARACTERIZED PROPERTIES IN !" U H ZThe flexural rigidity El of the three-

SPREDICTION TECHNIQUES layer system of Figure 11 is

Constrained layer damping treatments have
been receiving considerable attention recently
because of their effectiveness in reducing 3 3 H Hp H 2H2Z +E 3 •-E H..L -L
vibratory levels and high damping efficiency El = EH T-+ EE2 3 12 2 12 -+g

as compared with other types of treatments.
This applies to both the single- and multiple-
layer configurations. However, the drawback
is in the rather difficult design procedure
for such treatments. EHD 2  2E2(H2-D H 2

11 2 2 21 3H3(H31-DAn effective damping treatment must be
;pecifically tailored for each application.
In particular, the temperature at which damage [E HS-ý occurs in service and the problem mode(s) must - .2 2 -H (--EH2(H, -D) + EH (H -D) 31(8)be known. This is because the modal damping 2 3 3 31 l+g
is highly dependent on environmental tempera-
ture and on the shear strains induced in the
viscoelastic layer by vibration of the

F- structure in the problem mode(s). where

_ The design process Is typically an
iterative experimental one in which the modal
damping of a candidate design is measured on a H315;; suitable specimen under controlled temperature. E 2 H 2(H2-2 +9E2H 1+ 1 )

If the modal damping is high enough over the EH 2  (19)
service temperature range, the design is E H + + g(EIT +E2+E H
satisfactory, and if not, the candidate design
must be modified to improve damping and
temperature range. -i. ysis is used to guide
initial and modifie' ý-a didate selection. H I -H H

H 1 2 +H2 (20)
The analysis app,oximates the actual

structure as an idealized, simply-supported• beam or plate whose size is determined by the H I+H 2

node line spacing of the problem mode(s). H21 2 (21)

0 Candidate viscoelastic damping layer and
constraining layer materials and thicknesses Mare selected and analyses used to obtain 2
corresponding modal damping versus temperature g H EHp22
characteristics. 3 3p2  (2

332i
The ..-. • • e•• fcr thl-S investigation

was based cn that developed by Ross, Kerwin,
S and Ungar(5) for a three-layer system. This E is the Young's modulus of elasticity.

analysis can be modifled to handle both single- G is the shear modulus.
and multiple-layer configurations. H-cwever,
only single constrained layer configurations is the second moment of area.
will be discussed here.
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Erj

SH is the thickness. E3 + E3(l + In 3) (25)

p2 is the wave number. E1 , E(i( + In,) (26)

Subscript I refers to the base structure. E ÷ E(I + in) (27)

Subscriot 2 refers to the damping layer.
where n is the loss factor and also It is

Subscript 3 refers to the constraining layer. assumed to be the same for viscoelastic
material subjected to either extensional or

No subscript refers to the composite system. shear deformation. L-.

The above analysis applies to either simply To solve Equation (18), it will be
supported beams or plates. necessary to substitute the expression; given {

in Equations (23) through (27) in Equation (18)

To include the damping terms into and then equate the real and imaginary parts of
Equation (18), it will be necessary to replace the Equation to arrive at the expressions for n
each modulus term by a complex modulus term, and El.
For example, in the general case, it will be
necessary to have The above analysis was used in conjunction

with the characterized material properties of
g - g(l + itr 2 ) (23) Figure 4 and Equations (9) and (12) to describe

the performan,.e of various configurations of
E2 - E2 (l + in2 ) (24) constrained layer damping treatments on an

H , L-H Lis -

!• Analytical Results

• (•) Experimental Results

'-P- i i=

mN.
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F1Aigure 12: Comparison Between the Measured and Predicted Results
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Figure 13: Comparison Between the Measured and Predicted Results

12!

aluminum cantilever beam. The beam thickness Having established the confidence in this
was 0.05 in. while its length was 7.0 in. analytical approach to predict the performance
Constraining .ayers of the aluminum type were of damping treatments, it now becomes possible
considered. All the data is presented for the to generate design charts that can be used to
third mode of vibration of the beam which select a damping configuration having the
corresponds to a semi-wavelength of vbibation desired performance. This is illustrated in

- of 2.8 in. Figure 14. In this Figure, the practical

ranges of viscoelastic thickness and of
"Two typical results generated by the constraining layer thickness are covered

"computer of the above analysis are shown in systematically. For each configuration, the
Figures 12 and 13, which present modal loss peak damping and the temperature of peak

) factor as a function of temperature. Experi- damping are determined, for example, from the
mental data are also superimposed in these two peak of Figure 12. Figure 14 shows these
Figures ror comparison purposes. It can be points plotted for viscoelastic layer thick-
seen here that the agreement between the pre- nesses of .001, .005, .010, and .020, each with
dicted and measured results is excellent, constraining layer thicknesses of .001, .005,

. Several other cases were also invest~gated and .010, and .020; the points are connected,
found to be similar in agreement, which forming a "carpet plot." Such a plot is

X-4 establishes confidence In this approach. extremely useful in quickly recognizing at what

34
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temperatures and how much damping can be The sensitivity .tudy was performed by
achieved from the various configurations. After increasing the modulus by 20% and repeating a
deciding on a desired configuration, then it carpet plot. Similarily, the loss factor was _,_

* will be pcssPe to study its performance wit"h decreased by 20% and the carpet plot again
temperat.ure - •- closely as illustrated in repeated. These results are presented in Figure
Figures 17 a. .3. 15. The somewhat irregular effect is caused by

performing the analysis at 10 degree increments.

Sensitivity Studies As expected, it can be seen that the 20% - '
increase in the modulus results in a slight

To gain some insight into the relative shift to higher temperature for the maximum
Importance of fitting the loss factor or modulus composite loss factor values. The effects of
data, some sensitivity studies were performed. reducing the material loss factor by 20%
The need for this Is shown by studying the N467 results in almost comparable reductions for the

residuals for loss factor and modulus as a composite loss factor values. This illustrates Vz

function of reference temperature. It is seen that even large errors of up to 20% curve
that, in the range of To covered, the trends for fitting the data has only a small effect on the
the two are opposite. predicted composite loss factor.
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Figure 15: Sensitivity Study Results

CONCLUSIONS AND RECOMMENDATIONS practical engineering ranges of viscoelastic
material and constraining layer thicknesses.

The equations presented to represent the Therefore, it may be used to make an initial
properties of viscoelastic damping materials selection of a damping treatment for experi-
have been found convenient and accurate. mental study. It also may by used to modify a
Values of parameters for best fit may be design to change damping level or temperature
chosen by computer or by trial and efror. coverage.
They are useful for processing, storing, -
retrieving, and communicating material data.
Temtatively, the TO selection should be made R
by taking hte peak of the loss factor as a
function of temperature and rounding to the ACKNOWLEGEMENTS
nearest 25 degrees. To faci!itate convergence
by defining the material properties over a This work was performed while Mr. Nashif
greater range of temperature than is customary was under a self-employed, visiting scientist
at present. One hundred degrees on each side contract with the Air Force Flight Dynamics
of peak damping should be adequate. Laboratory, which was partially funded by the

Air Force Materials Laboratory. Mrs. Karen S.
The carpet plot has proven to be a very Hall and Sgt. S. A. Zastrow assisted with

useful tool. It shows at a glance the peak programming and data processing. Mr. Tom
damping and corresponding temperature for the Rowland and Dr. Phil Poirier of the ASD
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NEW STRUCTURAL DAMPING TECHNIQUE FOR VIBRATION CONTROL
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A new structural damping configuration is presented which
makes efficient use of damping materials by subjecting
them to both shear and extensional deformations. The
configuration consists, in one form, of a series of rows
of vertically oriented platelets with damping material
sandwiched between them. Adjacent rows of platelets may
overlap each other to enhance the deformation of the
damping material. A theoretical analysis of the config-
uration is summarized and shown to compare extremely well
with experimental results which are given for a variety
of varying configurations. The new structural damping
configuration is shown to apply to very rigid structures
"where it can control flexural vibrations and sound radia-
tion with low added weight. The new structural damping
design optimization study is made and a numerical example
is included.

INTRODUCTION

Structural damping has been employed alternating extensional and compres-
for many years to reduce vibration, sional strains. The constrained
noise and fatigue. Some of the appli- damping layer method makes use of a
cation areas of structural damping are soft, highly damped material bonded 0
in commercial and military aircraft, between two plates or beams of rigid
surface ships, submarines, missiles, structural material. When this compos-
buildings, domestic appliances and ite structure is flexed, the damping
office machinery. material is sheared and this gives rise

to damping of the structure. The
The unconstrained damping layer and the design and performance details of these
constrained damping layer methods, as configurations are well-':nown in the
shown in Figure 1, are two distinct literature and need no repetition here.
structural damping methods to damp Countless variations of these basic
flexural vibrations. The unconstrained techniques have also been developed.
damping layer method involvcs applica-
tion of a visco-elastic layer on the It is the purpose of this paper to
base plate. The damping effect is describe a new structural damping con-

Sobtained due to the internal losses in figuration. The effectiveness of
the visco-elastic layer resulting from
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damping material can be increased stiffness and high damping can be
substantially by using new structural obtained simultaneously is not great, S -ii
damping configurations and this new being not more than 38%C (1O00F).
configuration is extremely efficient ascompared to the previously mentioned The other well-known damping treatment S Ný

treatments. Because of its high effec- is the constrained damping layer treat-
tiveness, the new treatment is suitable ment. Here a soft, highly damped
for damping large and very rigid struc- material is sandwiched between two
tures. It is also suitable for damping layers of stiff structural material.
more flexible conventional structures When this composite is flexed, the core
where it offers the advantage of pro- is sheared and the damping of the com-
viding the same level of damping as posite results from this deformation. 4 .

previous treatments but with much less The constrained damping layer treatment
added weight. The treatment is ex- has the advantage of being relatively
tremely rugged and can employ a wide thin and light weight. The composite
variety of materials for maximum envi- loss factor can approach that of the
ronmental resistance. It can be material itself with proper design and
attached to vibrating structures by a it offers good environmental protection
wide variety of mechanical means such to the damping material. Furthermore,
as bolting, riveting, welding and adhe- the constrained damping layer treatment
sive bonding. can make use of a wide variety of rela-

tively soft, highly damped polymers.
This method was patented in 1965, but However, the constrained damping layer
there was no product developed. Re- treatment is also frequency sensitive.
cently there has been a significant That is, good damping is achieved in a
interest in damping methods and specific frequency range. At frequen-
devices, and hence research and devel- cies outside this range the damping
opment work is done. be very low.

Structural Damping New Structural Damping Conflgur., on

There are zwo well-known methods for A new structural damplng'configuration
damping flexural vibrations. The sim- has been devised which is more effi-
plest treatment is the unconstrained cient than previously mentioned
damping layer treatment. A layer of configurations [l1-]*. The new
stiff, highly damped material, usually configuration combines some of the
a polymer, is adhered to the structure characteristics of both the uncon-
to be damped. When the structure is strained and constrained damping
flexed, the damping is achieved due to treatments making use of both shear and
the extension and comoression of the bending deformations of the material.
damping material. The unconstrained A higher amount of damping of the over-
damping layer treatment has the advan- all composite can be achieved using
tages of being simple, relatively this combination. The configuration
inexpensive and frequency insensitive, has very good design flexibility so
within the limits of the adhesive to that damping materials of any stiffness
couple the damping material. A limita- can be utilized to maximum efficiency.
tion of this technique is represented Because of the efficiency and stiffness

, in the requirement that the material be that can be achieved with the new con-
simultaneously very stiff and highly figuration, it is suitable for damping
.. ... ,-equlrement ror high extremely rigid structures that were
stiffness arises from the necessity for previously impossible to damp effec-

the damping material to be well coupled tively. The configuration can also be
to the flexural vibrations of th, effectively designed for light weight

Sstructure and to contribute to tae com- structures so that structural vibration
posite rigidity. When the damping may be suppressed with a treatment
material is deformed, some of the weight much lower than that of an un-
energy of deformation is transformed constrained treatment. r

A into heat and damping results. Under
the most favorable conditions, the loss In one of its basic forms the new
factor of the composite structure will structural damping configuration is L
only be about half that of the damping made up of continuous strips of damping L

material. Furtnermore, the requirement material attached to the structure to
for high stiffness, Young's modulus be damped by means of overlapping ver-
> 3.45 GPa (500,000 psi), and a high tical platelets. This arrangement is
loss factor, n > 0.5, can only be
easily achieved with a certain few

U polymers. Even in these cases, the *Numbers in brackets designate
temperature bandwidth over which high References at end of paper.
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shown in Figure 2. When the composite Substituting the value of E2 = Ek'+iE2"
structure is flexed, adjacent vertical in the expression for s and simplifying t'.
platelets in a given row tend to sepa- gives:
rate during one half cycle and close
together during the next half cycle. l+in EIA,
This results in shearing of the damping s - where E12= _

material relative to the platelets in E1 2  E2 'A2  L
the next row. Also, the damping layer
is bent around the radius of curvature
of the overall structure. This defor- also
mation is shown in Figure 3. 1 1

Mathematical Model r¾ = __--

td _

To understand more fully the definition d d

and capability of the new structural
damping configuration refer again to 1 1
Figure 2. A generalized mathematical = ,.+2
model may now be constructed; however, t (1+v)K
the mathematical theory is more complex d (,+-d-
than that of the constrained layer con-
figuration. As a result, only.a For n rows of damping layers across the
simplified version will be presented whole array, the total extensional
here. The general theory allows for: stiffness will be n times the exten-

sional stiffness given by equation (1).
1. Shear flexibility of the damping Now suppose that the total flexural

layer, stiffness of the beam to be damped is

(EI)h. and its total extensional stiff-
2. extensional flexibility of the T ee,- tEAu t e

damping layer, and ness is (EA)b'
Therefore, the flexural stiffness of

3. extensional flexibility of the the beam with an n-row platelet arrayplatelets. is:

For the sake of simplicity, the case is
considered where the platelets have an (EA)b n (EA)*eff h2

2

infinite shear stiffness. The damping B* = (EI) + (2)
layers are sheared as the beam bends n.(EA)* (EA)b
during beam vibration and the platelet eff
crests stretch under the action of
direct stresses set up when the damping Measures of Effectiveness
layer is sheared.

The effectiveness of the structural )
It can be shown that the contribution The efecive n of te s tructuraldamping application can be identified
of one platelet and damping layer ele- by evaluating the loss factor of the
ment to the extensional stiffness of composite, n , stiffness ratio, k, and
the array is given by: harmonic displacement criteria, knc.

(EA)*f E 2 A2 ( + in 1 + 2 The general definition of a loss factor
eff-) x requires expression of B* in E(Real) +

s i E(Imaginary) form. Dividing equa-
tion (2) by the effective moment of

d- inertia of the total system, Ieff'
2a d yields the effective Young's Modulus,

2 tanh E*, and is expressed as:

s-- - tanh - tanh - + ( B* (EIb

f (1)I eff

where 
(EA)b n (EA)*eff h2

2

w EA { n (EA)*eff + (EA)b ,
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or (0.5"). These and other relevant
dimensions are related to notations in

E* = E(Real) + i E(Imaginary). (3) Figure 2 and are expressed below.

The composite loss factor, qc, is Damping Layer:
defined as: Material: LD500

Complex Young's Modulus and the loss
E(Imaginary) factor of LD500 are selected corre-

nc sponding to 270 C (80 0 F) temperature.SE(Real)
E2 ' = 4.485 GPa (650,000 psi).

B(Imaginary) = 0.64

B(Real) h 3 = 1.3 cm (0.50").

The composite loss factor, qc gives a A2 = h3 td.

measure of the damping capability that 
.*

is often useful in comparing various
damping treatments. However, other Platelet:
criteria can also be developed. Material: Steel

The stiffness ratio, k, is defined as: E, = 207 GPa (30xl0 6 psi).

B(Real) h2 = 4.3 cm (1.69").
k= (5)

(EI)b
A, h= - , or

An harmonic displacement criterion, 2
knc is defined as:

B(Imaginary) (h2 +
knc = (6) 2 2 2"" c (EI)b

h3t 11
The harmonic displacement criterion Select A, =

considers not only the effect of 2
S damping in reducing the flexural motion

of the structure to be damped, but also Beam:
the effect of the added stiffness of Material: Steel
the damping treatment in limitingflexure, For damping treatments, likethe one under consideration, that are E = 207 GPa (30xlOG psi).
capable of imparting considerable added

stiffness, the harmonic displacement A = 7.3 cm' (1.125 in. 2 ).
criterion gives a more appropriate mea-
sure of the treatment's effectiveness. I = 0.5 cm4 (0.01318 in.").

Numerical Example (EA)b = 15.3xlO6 kg (33.75x106 1.).

A numerical example is presented here (EI)b = 1.05xlO kg. cm2

to familiarize one with the design (.39xl0' lb. in. 2 ).
parameters of the new structural
damping design. A steel beam 101.6 cm n = 3

40") long, 7.6 cm (3") wide, 1 cm
3/8") thick is required to be damped. v = 0.50

Four platelet rows and three damping
layers are considered. The platelets k = 1.0
are 0.05 cm (0.02") an 0.1 cm (0.04")
thick for two specific designs. Plate- Using above data and the computerized
let width to damping layer thickness analysis, the values of nc, k and knc
ratio is varied over a practical range. were calculated for various values of
The platelet height is 4.4 cm (1.75") d/td, td and tp The results are pre-
and damping layer height is 1.3 cm se t in t T

sented in graphical form. Figures 4 to

44

-- -K . -



0.48-

0.40. tp = 0.05 cm (0.02") ' .

tp = 0. 1 cm (0.04")

0.32 E0-

0 .24 - x " "

0.161

0.00 i 2 3 4567810 20 3040 100
d/td

Figure 4 System loss factor with different platelet
thicknesses, td = 0.16 cm (0.0625").

0.48

0.40 tp = 0.05cm (0.02")

4 1"".-"- tp = 0.1 cm (0.04")

'c0. 3 2 O01
0.24

0.16 __ -_

0.08

0.00 2 3 45678 20 3040 100

Figure 5 System loss factor with different platelet O
thicknesses, td 0.3cm(0.125").
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7 represent the variation of n with Rows of brass platelets and damping r
d/t Each figure contains two curves layers were bonded together to form the
rersetn' sample. The brass platelets were
Srepresenting two different platelet 0.04 cm (0.016") thick and the damping
thicknesses. It can be seen that the layers were 0.3 cm (0.125") thick.
loss factor of the total system, Oc' is

higher for platelet thickness, t = The B&K complex modulus apparatus was 0
0.1 cm (0.04") than for plateletPwith used to excite bending resonances in
tp = 0.05 cm (0.02") everywhere e':cept the samples. The samples were clamped

at one end and excited at frequencies
at high values of d/td. At these high throughout the range of interest by an
values of d the two plots cross electromagnetic force tririsducer
each other. The physical significance second transducer was positioned along

of this behavior is that stretching of the specimen, within 0.2 or 0.3 cm of
the platelet crests reduces the defor- the surface, and measured the vibratory
mation of the damping material, motion of the adjacent surface. The
reducing overall damping. resonant frequencies were determined

from plots of the response as a func-
Figures 4 to 7 are for a given damping tion of frequency. The composite loss
layer thickness, td = 0.16 cm (0.06"), factor, nc, of the samples was deter-

0.3 cm 0.12"), 0.6 cm (0.25"), and mined' from the width of the frequency
1.3 cm . The platelet width, d, response curve in the resonant region.
is allowed to vary. In Figures 8 and The loss factors of the samples were
9, the composite loss factor, nc , is obtained from the relationship

shown for four different damping layer
thicknesses, td = 0.16 cm (0.06"), Afn
0.3 cm (0.12"), 0.6 cm (0.25"), and nc
1.3 cm (0.5"). The platelet thickness fn
is 0.05 cm (0.02") and 0.1 cm (0.04"). -
Figures 10 and 11 show the effects of
the same parameters on the harmonic where fn = resonance frequency, and
displacement criteria, kn . All of c•
these curves illustrate that for a Af bandwidth at frequency,
given damping material and platelet n dwid at frequeny
thickness, there is a range of platelet (fnj dB) points of the

lengths that maximize the deformation response curve.
of the damping material and the stiff-
"ening effects. The maximum loss factor The measured resonance frequencies and
and maximum reduction in flexural loss factor of several samples are
vibrations, as represented by the har- given below. Refer to Figure 12 for
monic displacement criteria, do not sketches of the samples.
occur at the same platelet width.
Thus, it is important to decide, in 1. Undamped Sample: 27.3 cm (10.75")
advance, the criteria to be used to long x 0.8 cm (0.3") wide x 0.3 cm

_ evaluate damping treatments based on (0.125") thick.
the functioning of the final structure.
Nevertheless, the new structural Resonance Frequency Loss Factor
damping configuration is capable of in Hz
achieving high values of loss factor c
and harmonic displacement criteria. 37.3 0.02The loss factor is important when 73.0 0.007
vibration transmission and certain 739.6 0.011
resonant conditions are of primary 10.
interest. Harmonic displacement crite- 2. Structural Damping Configuration 1:
rfon is important when evaluating stiff 1.3 cm (0.5") x 1.3 cm (0.5") x
structures and for minimizing overall 0.04 cm (0.016") brass plates,
motion as in fatigue problems. overlapping configuration, sup-

porting a 0.6 cm (0.25") x 0.3 cm
Experimentation (0.125") layer of LD-400.

The theory was tested by experiments on Resonance Frequency Loss Factorseveral specimens. These specimens in HZ n •••consisted of a steel base strip nomi- C
nally)27.3 cm (i0.75en ) long. 0.7 cm 433.0 0.302

(0.3") wide, and 0.3 cm (0.125") thick. 4300
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0.56

0.48-•

tp O,05,cm (0.029)
tp 30.1 cm (0¢.04") i0.4'0

0.32

0.24-

S 0.16-

0.08

O.00O 2 3 467810t20 3040 I00

Figure 6 System loss factor with different platelet
thicknesses, td= 0.6 cm (0.25").

0.56 'A

0.48 
T

0.40 
- tp: 0.05 cm (0.02")

P tp0.1 cm (0.04")

Ie 0.32-

0.24-

0 .1 6 --"_ _ •

0.08-

O.O0 2 3 4567810 20 3040 100

d/tj LA
Figure 7 System loss factor with different platelet

thicknesses, td 1I.3cm (0.5").
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0.56

0.48- td =0.16cm(0-06")

td = 0.3 cm (0.12")
0.40 td = 0.6 cm (0.25")

td = .3 cm (0.50")
•c0.32 ,

0.24 -

0.16"

0,08

0.001 .22 '3 4 56780 I 20 3040 O00
d/td

Figure 8 System loss factor with various damping
Slayer thicknesses, tp 0.05 cm (0.02").

0.56
0.48 -'td=O.16cm(O.06.)

- td = 0.3 cm (0121")

0.40. td = 0.6 cm (0.25")J '- ,• • td = 1.3 cm (0.50") •

0. 32

0.24 ,7 "

0.16

0.08-

0.00 2 3 4567810 20 3040 100
d/td

Figure 9 System loss factor with various damping
layer thicknesses, tp = 0.1 cm (0.04").
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3.25r
3.25-- td=O.16 cm(0.0611)

3.00 td = 0.3 cm (0.12 ")
---- td = 0.6 cm (0.25")

2.50 td 1.3cm (0.50")

2.00

S~~~k'Ic ' - "
G1.50 -/"•., 

'

1.00 - - - - "", -

0.50 
-

0.0011 .2 t -4L 9 t *'"b

d/td
Figure 10 Harmonic displacement criteria different

damping layer thicknesses, tp=O.O5cm(O.02").

3.75

5 3.50 td= O.16 cm (0.06")
3.00 td 0.3 cm (0.12")-3.00 

ttd 0.6cm (0.25")

td 1.3 cm (0.50")
2 .5 0 -. o

2.00-/ / /

/ ,

1.50-

0.50 -

0.001 2 4 678,10 20 3040 100

d/td
Figure II Harmonic displacement criteria with differentdamping layer thicknesses, tp=O.lcm (0.04").
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Figure 12 New structural damping experimental configurations. J?
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3. Structural Damping Configuration 2: Results for the unconstrained damping
1.3 cm (0.5") x 2.5 cm (1) x layer treatment are shown for compari-
0.04 cm (0.016") brass plates, tiinesigtooeth,overappng cnfiuraion upprt- son. It is interesting to note that,
overlappingfor the new structural damping configu-ing a 0.6 cm (0.25") x 0.3 cmfothnesruualdpigcfg-
(0.125") layer of LD-400. rations, the combination of increased

damping and increased stiffness was so

Resonance Frequency Loss Factor great that only one mode could be
ine Hz cmeasured. All other resonances were so
in Hz nhighly suppressed that no other mea-

481.7 0.341 surements were possible.

4. Structural Damping Configuration 3: The sample of configuration 2 was
1.3 cm (0.5") x 1.3 cm (0.5") x analyzed using the computer peogram.
0.04 cm (0.016") brass plates The composite loss facto- obtained

not overlapping, supporting a analytically is 0.326. based on the

0.6 cm (0.25") x 0.3 cm (0.125") experimentally obtained loss factor of
layer of LD-400. 0.302, the error is about 8%. Thus,• analytical and experimental results are

Resonance Frequency Loss Factor in good agreement.
in Hz nc CONCLUSION

384.8 0.15 This paper has discussed the analysis

5. Structural Damping Configuration 4: and presented corroborating test
Center brass strip 0.6 cm (0.25") x results for a new structural damping

0.04 cm (0.016") of continuous con- configuration. The new configuration
struction with layers of 0.6 cm is capable of controlling the flexural

(0.25") x 0.3 cm (0.125") LD-400 vibrations of very rigid structures.

bonded to each side and with 1.3 cm It may :lso be used on light weight

(0.5") x 1.3 cm (0.5") x 0.04 cm structures where a minimum of added
(0.016") brass plates, not over- weight is required. The new configura-

lapping, supporting the sample. tion has a great deal of design
flexibility and may be used with both

Resonance Frequency Loss Factor soft and rigid damping materials.
in Hz n Various configurations and patterns can

be devised to control vibration and
551.7 0.292 sound radiation for structures of two-

dimensional extent.

6, Structural Damping Configuration 5:
See Figure 12. In order that a damping treatment

really represents the best loss factor
Resonance Frequency Loss Factor and cost compromise, new structural

in Hz damping design optimization is
essential.

707.2 0.095 ACKNOWLEDGEMENTS

7. Structural Damping Configuration 1:
See Figure 12. The assistance of Lord Kinematics, Lord

Corporation in typing this paper and

Resonance Frequency Loss Factor drawing figures is greatly appreciated.

Sin Hz •c Note:
597.8 0;456

. 0The new structural damping designs pre-

8. Unconstrained Damping Layer: sented in this paper, as well as
0.3 cm (0.125") thick LD-400 bonded others, are the subject of patents to
directly to 0.3 cm (0.125") thick Lord Corporation.
steel base strip. NOMENCLATURE

Resonance Frequency Loss Factor
in Hz Tc E, = Young's Modulus of the Platelet

c material
38.1 0.094

255.6 0.071 A, = effective cross-sectional are of
731.5 0.103 the semi-platelet of thickness.1460.6 0.095 tp /2
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= platelet thickness 5. Warnaka, G. E., Miller, H. T., and
d = platelet width Zalas, J. M., "Structural Damping ••as a Technique for Industrial Noise

Control", American IndustrialE2 = E2'+iE2" = Complex Young's HgeeAscainJunl

Modulus of the damping layer Hygiene Association Journal,
January, 1972.

A2  = cross-sectional area of damping 6. Warnaka, G. E., Harris, A. J., and
layer Campbell, B. W., "A Simplified

=E2 "/E 2 ' = loss factor of dampi-n Approach to Structural Damping

material Design", Shock and Vibration Bulle-
tin, No. 35, Part 7, pp. 239-251,

td = thickness of damping layer April., 1966.

n = number of damping layers 7. Warnaka, G. E., U. S. Patent No.
3,262,521, Structural Damping,

v = Poisson's Ratio for damping July 26, 1966.
material

DISCUSSION
kd = steric factor for damping layerextensional stiffness Mr. Henderson, (Air Force Materials Lab.):

Your study is a very interesting study and I
h, = height of the beam am particularly interested in the design

optimization aspects. I wonder if you have
h2  = distance between the neutral axes considered what variations in temperatures

of the basic beam and damping would do. For instance I noticed at least
la yer for some of your caleulations you were using

LD 400. Presumeably the complex modulus of
h, = depth of damping layer the material were picked at a particular

temperature. Have you done any studies to
E = Young's Modulus of the beam determine what variations in temperature would

mat erial do to your design optimization.

I = moment of inertia of the beam Mr. Patel: No I have not done that study,
about its neutral axis but we want to look a little bit glorious;

what we do is come out with a high estimate
A = cross-sectional area of the beam of-loss factor at some temperature such as

k = tiffess atioroom temperatur•e and around that we calculateall these loss factors. As I showed you in

that equation there are a great many parametersnc composite loss factor involved. What we have tried to do right nowis work with the geometry and material
knc = harmonic displacement criteria properties; we haven't touched the temperatureand frequency so far.
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VIBRATIONS OF A COMPRESSOR BLADE WITH SLIP AT THE ROOT

'P

David I.G. Jones
Air Force Materials Laboratory
Wright-Patterson AFB, Ohio, USA

and

Agnieszka Huszyfiska

Institute of Fundamental Technological Research
Polish Academy of Sciences

Warsaw, Poland

A simple analytical model is developed to represent the vibrational
behavior of a jet engine compressor blade in its fundamental mode,
allowing for slip at the root. The analysis is compared with experi-
mental data and is shown to accurately modelize the important
phenomena involved. Implications for design of compressor and

M. turbine blades to optimize slip damping levels are briefly discussed.

1. INTRODUCTION various types of blade vary with root geometry
and centrifugal load or rotational speed. For
most blade root geometries, the observed damp-

Vibration problems in fan, compressor and ing reaches negligible levels by the time the
turbine blades of jet engines occur more speed reaches norma• operating conditions.

I frequently as the performance increases. This Williams and Earles have examined analytically
is especially true for the newer high thrust-
to-weight-ratio engines, and will be especially aexperimn le efe of s i thsevee fo bldes ith arible eomery.response of a simple cantilevered beam with9
severe for blades with variable geometry. integral "clappers". Some other relevant workEfforts to design around resonant vibration is described in references 4 to 9.

problems to the maximum extent possible are
always necessary, but in the absence of a In this paper, an effort is made to clarify
rational method for predicting the damping in In thip e aefor istmatocrsome results of these prior investigations
the various modes of vibration, it will through the achievement of two main objectives,
always be difficult to completely succeed. naelg i to develop two-mans

Hence, changes in design which are perfectly analytical model of a blade, based on modal

satisfactory in themselves for reducing stress- concepts, allowid g for slip at the blade-disc

es can be completely cancelled out by unpre- interface and (ii) to experimentally verify

Sdictable reductions in modal damping caused by the analysis for a particular blade geometry.
the very same changes. Furthermore, the random
variation of modal damping from blade to blade
in a single disc is so great (a factor of five 2. VIBRATION TESTS OF BLADE

or more), that even highly significant changes 2.1 Test System
of stress resulting from design changes can be

completely negated. This means that research A twisted steel blade with a simple
into the sources of damping of blades, as well

root geometry, as shown in Figure 1, was usedas into means of increasing that damping, is in the tests. The blade was held in a heavy
currently attracting considerable attention.

fixture having mating surfaces to match the
contours of the blade root. The centrifugal
load was represented by means of simple spring-

friction between mating surfaces on adjacent
blades, or between the disc and the blades. loaded wires applied at the root in such a way

as to minimize interference with the blade root
The phenomena involved are highly non-linear, moio duigsi.Thsarneensonimotion during slip. This arrangement, shown in
and most available analytical techniques are
Snot easy to use. Significant prior work in Figure 2, was not ideal insofar as it did not
this area has been~accomplished already, allow for the effect of centrifugal loads in
G m a up i untwisting the blade, but it did represent theGoodman and Klumpp discuss slip betwee2 press-

1 fitted beams. Hanson, Meyer and betwee- haeroot conditions far more adequately than, for
Hitdbas asn ee n anson have '

shown experimentally how the modal damping in instance, clamping the root by means of a bolt,
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which would prevent slip and hence inhibit
the very phenomenon being studied. The blade w
was excited by means of a magnetic transducer (00) (0.1) SW
and the response was picked up by means of a (0,2) STATION 0
small accelerometer as shown in Figure 3. In
the tests to determine the mode shapes, a small
shaker was used in conjunction with an imped- (.o 0) !L |I
ance head to excite the blade and measure the( (02) STATIC;|

exciting force. Mode shapes were obtained by
moving the accelerometer to various points on

the blade and measuring the transfer function 2.10
(acceleration/force) at each point. For the (2.0)

mode shape measurements, as opposed to the
measurements for slip, the blade root was
clamped by means of a bolt so that slip did
not occur. A Bruel and Kjaer Model 1014 Beat (3,0)o -
Frequency Oscillator was used to generate a 3.2 STATION 3
harmonically varying voltage of magnitude 0 to
40 volts at any selected frequency from 20 MEN
to 2000 Hertz. As the frequency was varied,
the current through the output terminals to (4,0) 5---
the exciter was controlled by means of the n4.2) STATION4
"compressor", which is a feedback loop which
measures the voltage across a fixed resistor
in the output circuit and uses it to control 

R Y'

the output current. The current output of the
oscillator was fed directly to a magnetic
transducer (Electro Model 3030-HIP). The
impedance set. ng of the oscillator was set Figure 1 Blade Geometry
to best match the impedance of the trans-
dutcer, thereby minimizing distortion of the
output signal. The transducer consisted
essentially of a magnetized iron rod with
many coils of fine insulated wire surrounding
it, through which the oscillating current flows
as illustrat '4 in Figure 4. This current
produced an oscillating magnetic field which
modulated the steady magnetic field of the rod,
and hence produced an oscillating harmonic
force on any iron object placed nearby. The
magnitude of this force depended on the
amplitude of the oscillating current and on
the gap between the end of the magnetized rod
and the object being excited. The waveform .

of the the input signal to the transducer was
monitored on a dual-beam oscilloscope, and
the frequency was measured by a digital
frequency meter. The pickup system used a min-
iature accelerometer (Endevco Type 22)
weighing about 0.2 grams. The acceleration
amplitude of the blade at the point where the
accelerometer was attached, with cyano-
acrylate adhesive, was detected as a small
voltage proportional to the acceleration -•
across the crystal. The accelerometer, unlike 00%

the transducer, is an extremely high impedance
device so that a special high input impedance W
amplifier had to be used to amplify the signal
before it could be read off the voltmeter and
monitored on the other channel of the dual
beam oscilloscope. The purpose of the tests
was to measure the response of the blade to
an oscillating harmonic force applied at the
tip leading edge in the fundamental mode of
vibration. The force was applied by means of
the magnetic transducer and the responseacceleration was picked up by the miniature _

•+', accelerometer.aeo tFigure 2 Photograph of Blade in
Figure Test Fixture
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source of damping is hystres:.s of the blade-
fixture system itself. The second is tne fact
that when water is substituted for air as the

VOLTMETER FREQUENCY working fluid at the root ty immersing theCOUNTER base in .ater, slip occurs far more readily.
This is accounted for by the fact that the
coefficient of friction is lower in these

-- cases. "Inclined plaae" -.1ding tests showed
ZERO-DRIVE DUAL BEAM that the coefficient of friction between the

AMPLIFIER L o blade root and the fixture is p - 0.15 for
(M.B) air and 0.10 for water between the sliding

surfaces. The higher the value of pN (the
ACCELEROMETER maximum sliding force which can be sustained

LINE DRIVER before slip of the blade root occurs) the
* higher the displacement needed to cause such

BEAT FREOUENC' -TRANSDUCER slip, and hence the higher the values of S
needed to produce such displacement. HenceOSCILLATOR SLADE it appears that WN/S is an important parameter.

(B+K 1014) Figures 9 and 10 show some of the acceleration

waveforms observed on the oscilloscope screen
for various conditions. The upper curves

Figure 3 Test System represent the blade acceleration, and the
lower curves the force, all at the point of
maximum amplitude. In air, one can see
significant deviations from a true sinusoidal
shape. In water, the lower threshold of slip
seemed to allow high order harmonics to be

5.7cmpresent in the signal. The reason for this
5.7 cm •is not known.

STEEL CASE Finally, for very low load levels, the
PINS •i" residual damping is linear and apparently

1. • MAGNETIZED CORE •L 1.4cm hysteretic in nature. For mode 1, nl0.0l,andu
n2 -0.006 and nl3 - 0.0015 at 420 Hz and 920

466111111111111 3l Hz respectively. This variation of n with
AA- frequency is fairly consistent with pnublished

MULTI-TURNCOI data for such damping.10 Figure 11 shows a
• 1.6cm • 3.2¢n typical response spectrum, at low excitation

levels, for the first several modes.
Figure 4 Typical Transducer Construction

2.2 Test Results

The tests with slip . .onducted
using the magnetic transduce? - excitation, 0
with a pre-selected gap, at several different nosi
force levels ranging from 0.0064 Newtons to :12Nua
0.125 Newtons, the maximum that could be
generated with the transducer available. The
net normal force provided by the two springs
to the wires at the root of the blade was ),o-
varied from 10 Kg to 25 Kg. As the excitation
frequency was increased slowly, at low force
levels, the classical shape of the response
curve (displacement versus frequency) was
reproduced, but as the exciting force was
increased the behavior became increasingly non- 1-A
linear. The results obtained for tests with N-1O1gw,- 121.5 Hz 

"

air and water as the working fluid around the '.oo0 _-Y
blade root mating surface are shown in Figures -- nlyi
5 to 8, for the fundamental mode. 40"

Several significant facts may be noted 9o 00 110 120 , 3o 0 140 , 5o , 1o0

from these figures. One is that as S is FREQJENCY• Hz
decreased, a point is reached at which slip Figure 5 Response of Blade Tip (Air)
never occurs and the behavior is then linear.
In that case, the only significant remaining
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-.0 -r 1 - r -{rr3. ANALYSIS OF BLADE VIBRATIONS -

M 3.1 Non-linear E.quations of Motion With

0.1 , For the non-linear case where slip of Lai
0.1 - | - - the blade root takes place, the boundary

w condition -een by the vibrating blade changes 't

ifrom an essentially clamped-free condition
_a to an essentially pinned-free condition. For
"M the fundamental mode of the blade, the system

-can be represented with some degree of accuracy
by the two masa model shown in Figure 12. The

, equations of motion of the system with slip
are: -'s

SiR i (Wt-y)
U) 1 1 0K l u+inl)(O1-a 2)-S~e Cos a (1)

1 2 22+K1 (1+in 1 ) (O2-8 1 )+(2jNR)Sgn 62-0 (2)

The term 20NR is the frictional moment oppos-
ing the motio°. Figure 12 shows the geometrical

50 100 200 500 [000 ZOO- 5000 factors involved in this derivation, a is the
augle between the blade direction at the tip

FREQUENCY-Hz l-e4ing adge (Ahere S is applied) and the root

Figure 11 Typical Response Spectrum axis as illustrated in Figure 1 (Cos a - 0.724).
(No Slip) From vertical equilibrium in Figure 12: L2

2FISin3O N i.e. F1 . N

F2 = uF1 = UN

- Moment = 2F 2 Ro = 2iNR 0  (3)

XI Equation (1) and (2) can be rewritten in the
form:

BLADE 0 . II(•I/S)+K (1+inM)(eI/S-2/S)ie(wt-y)LCosoK

BLAD 1 2
1 (6(2 /S)+K 1 (l+in1 ) (e 2 /S-9 1 /S)+(2uNR /S). -K1  2

2pH 2NRo Sgn 6e2 .0

I .This shows that the mobility e /S depends on

FuN/S, so that the analysis witftin its limits Is __

is the ratio of these two quantities which, is
important.

3.2 Solution Without Slip

If S/pN is sufficiently small, slip
cannot occur and the equations (1) and (2) t:

Figure 12 Two-Mass Model redu+e (i: )= 5  Wt L sn (
ll+KI l+iTl) 1•) 0 = Se(t-)os (4)

the solution of which is:

XI.- 1L-SL2Cosae /('" - 1)/[-I2+K I(I+in 1)1 (5)

The values of I, KI and n, needed to model the I••~

system are now aetermined iy comparing the re- €%
sponse X with the measured response for low •-,•
values ol S/PN in Figures 5 to 8. The measured I

resonant frequency w1 gives one such relat ionship I.'•,

W, .. ,, ,.,W

% .''U%
% I L4ýL* U1 W V k L



Vol

IW 1 = KI (6) 3.3 Solution with Slip

The measured response at resonance gives For simplicity, we let n 1 0 in equa-
another: tions (1) and (2); for the purposes of this part

of the analysis it is sufficient. If we seek a

22 steady state solution of these equations, then

L 2 Cos_ a to the first order wo assume that:

•~~ 0. 2 e Sin wtK" i1 2 1osa/le =9IISm t

2 2
2

I, L Cos= ik 1IS (7) eI 0 Sin ut + 9 Cos Wt (9)

and the measured damping nl is given by: S ='S Sin wt + S Cos Wt

AwI Furthermore, we consider only the first term in
.. 1 (8) the expanuion of Sgn (6 ).

{- Sgn (Cos wt)} in ascending terms of Sin
Where Auw is the difference between the two fre- (nut) and Cos (nut), so that:
quencies at which the response Is 3 db below-4
the peak response (3.01 actually!). Table 1 Sgn (Cos wt) = - Cos wt (10)
gives the results of the calculations. ia

Then, introducing these equations into (1) and
(2), and comparing terms in Sin ut and Cos ut,

Io" 1 we have the four algebraic equations for X,
I X12 , S1 and S2 :

(Kl-I2)G11- = S LCosa
( 1- 1  e 11-K192  1

A - I/I 2 = S LCosc0

' = • (I0A0 1• 1-2 2+K 2- l (11)

2 -K1G12 8UVNRI i
F. 112 0

Z The solution of this equation is readily obtain-
ed- From the values of 011' 912, 51, S2 so de-
termined, we then can -ite the solution for I1

I 0 and S in this form:

-S 1 (K1 -122 )LCosaSin wt 81NRo)

2 : C22 1.+ _ 1 2 2( 1COs ut (12)

,FX T- M SLCosa- LCosaSinwt-(K1 -I1u ) (80NRo /rK1)Coswt

Figure 13 Analytical Solutions 
(13)

Clearly, we can eliminate S1 in these two equa-
Hence, the average values are: tions. This is most simply done for our resent

Spurposes by first calculating Jell and ISI,I, 1.04x103 Kg m2  since these are the quantities we would ordinar-
Ki .6. ily measure. Then:•O• KI = 635.1 Nmlradian

= 0.010 2 S1 (KI-ý 2 ) 2L 2Cos2a T8iaNR (1= I 4

1 24.2 Hz W [ (1 1+12 )Kl-I1112 (d 1It will be noted that I, K and n have 2 2s2 22°2 - 22- / 2
here been determined withouL measuring-the mode L= L o 1  0 8( 1 5
shapes or any other properties of blade, but (15)

only from the response to point excitation at
low levels. However, the values agree w[1l with !liminating Sl and simplifying gives:
those determined from such measurements. With 2
these values of K , I" and ni, the response Xs4l2 2 .•I 212 V.
without slip can ýe calculated for various 2 1 _1)
values of S. X2 zl8~±u~~~. I 1 '2 22 2 2

K1 (I 1 2/K I a(l+i 2 /i1 )_(i 2I)(I w /K1 ) 21
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Figure 13 shows some analytical solutions for

2 several values of 82 - 2UNR,/SL Cos a. It is
K1

2  (16) seen that the range over which X2 /S exists is
exactly equal to that over which the nonlinearsolution for I /sSIIintersects th inear solu-
tion for X/Sl. This means that no ambiguityexists as to which solution is tppropriate at

1- any frequency and exciting force.K2( I2 /KI) 2[I I(1 )(I2 /K )212

S4. DISCUSSION AND CONCLUSIONS(17)
where The comparison between analysis and experi-

ment in Figures 5 through 8 shows that it is8jN 0/nSL Cos a (4/(18) possible to model the observed behavior of a
blade, in terms of a simple two degree of free- o.If 0, as for a:fre:;:pe or for S dom system with slip at one of the masses be-

"very large, then IX has an infinite amplitude yond a certain threshold level. In fact, in
at the frequency whkrle: every case, the response curves follow the

2Ii I linear model until slip occurs whenever the -,
( 1 w\ ( 2 1 1 response amplitude rises sufficiently, as
K (I 'T2 = 2 +1 (19) resonance is approached, at which point a jumpto a different solution (with slip -X2 real)takes place if S is sufficiently large for such 4

This allows us to estimate 12, since the pinned- a solution to exist (S Cos a >> 8uNRoI4l). 1z
free mode of the particular blade used was de- Therefore, S Cos a s SpNRo/irL is a necessary
termined (in tests not described here) to be condition if drastic changes of blade motion are260 Hz. not to occur.

I1
S+ 1 = 2 4.38 The modeling of the linear part of the re-2 (124.2)2 spouse demands some variation of the assumed

4 2resonant frequency wl, as Figures 5 to 8 show.
12 = 3.08x0 4 Kg m2 This variation is geaerally quite small, and

2 apparently varies systematically with the value
of N, increasing as N increases. This is as one Ni
might expect. Perhaps the main value of this I!
investigation lies in the fact that the analysis
can be applied with only little further develop-
ment to much more complex blade root configura-
tions designed to provide for slip even at high
rotational speeds. Some such investigations are M-
in hand.1 2 , 13 NRZN
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dynamic shaker, having a steel ball embedded in each case. With 9 known from the corresponding 0
a hollow cavity in the shaker table, as illus- accelerometer reading, one could then plot VS/
trated in Figure 14 (step 1). At an accelera- X versus AM for the particular force gage used 14U
tion of just I g at the table, the steel ball (Wilcoxon Z 602). The intersection of the line

separated from the floor of the cavity and im- defined by the measured points with the negative

pacts occurred, easily noted as "hash" on the AM axis corresponded to the mass Mo of the im-
otherwise smooth sinusoidal trace on the oscil- pedance head above the crystal. With Mo then

loscope screen. For the Endevco 22 accelerom- known, any reading of (Mo+AM)X gives the force

eter-Zero Drive-Amplifier-voltmeter system, corresponding to the acceleration X and the .r'

this calibration was: voltage output VS from the force gage, via the
charge amplifier, the zero drive and the cables.

1 • = 1.91 volts It was found that Mo = 30 grams. For VS = 13.5
volts; for example, X was observed to be 0.168 A

For the Endevco Type 2226 accelerometer used in g's I

the calibration of the transducer, the appropri- (11.5+30) 0-TT---
13.5 volts - x 0.168 x 9.81 Newtons

ate cilibration was: 1000

7 g = 7.60 volts or 1 volt = 5.08 x 10- Newtons

This result was dimensioned properly by convert-
ir' - ing Mo and AM to kilograms and the accel'eration

(0.168 g's) to metres per second. The third
step was to calibrate the transducer itself,
placed on a rigid block and the transducer

,o-__ _brought close to the iron block, with separation
ICh as shown in Figure 14 (step 3). The voltage

V, corresponding to a particular level of the
'I.• .0VOLTS oscillating current in the transducer coils,

vV.7 VOUs was set at a particular value, such as 30 volts.

The gap was set at 0.043 inches (1.092 mm), by
A ,r means of a feeler gage or a metal sheet of this

thickness. The force gage was then connected, ,

again through the same zero drive, charge ampli- %i
fier and cables, to the voltmeter. From the
force gage calibration, the force was calculated

ICA directly from the observed voltage. The same
10 ft MOMK to ,0Woo gap was used in all tests, so that gap varia-

FSkH tions were not important. The variation of Sh/V

Figure 15 Transducer Calibration versus frequency is shown in Figure 15. One can
therefore determine S for any given frequency,

'4Calibration of the Transducer voltage and gap. -

In order to calibrate the transducer, it Calibration of Springs
was necessary to measure the force generated on
a block of iron placed a distance h (the gap) The effective centrifugal load on the blade
from the active end of the transducer and having root was provided by two springs. This force

a certain oscillating voltage V at the output was determined by measuring the change in length
terminals, corresponding to a definite current of the springs, and th13 in turn was calibrated N%.
in the circuit. A three-step process was ne- very simply by apply:n; known static loads to

cessary, since the force could not be measured each spring and measuring the corresponding Utz

directly. Figure 14 shows the three steps in length.

this sequence. The first step was to calibrate
the accelerometer, as discussed already. ACKNOWLEDGEMENTS

The second step was to calibrate the imped- This work was initiated while the authors

anrte head, so that it in turn could be used to were stationed at Institut National des

measure force. This was accomplished by apply- Sciences Appliqu6es, Lyon, France, 1975-6. r.cC•.
ing a known acceleral-ion, usiog the results of Thanks are due to Barbara McDermott, Jan

step 1, to a shaker table supporting the imped- Halldorson, and Sally Gardner for preparation

ance head. The force experienced by the crystal of the typed document. Thanks are due to the V

of the irpedance head is equal to (Mo+AM)X, the reviewer for his useful comments.

d'Alembert force corresponding to the accelera-
tion X acting on the mass M+AM above the crystal.
Mo is the built-in mass of the impedance head
itself and AM is the added mass of the soft iron
piece. Since H0 may not be known, one can vary
the mass AM and measure the output voltagc VS of
the forca gage, registered at the voltmetar, for ___-_
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RESPONSE OF A HELICAL SPRING CONSIDERING

HYSTERETIC AND VISCOUS DAMPING

P. F. Mlakar and R. E. Walker
U. S. Army Engineer Waterways Experiment Station

* Vicksburg, Mississippi

An analytical model of a helical spring is developed which includes
distributed mass, Viscous admping, and hysteretic damping. The limitingJeffects of both types of damping on the resonant response are discussed.•.
The model is seen to compare reasonably with existing experimental data.

. INTRODUCTION The equations of motion for this system imply:

Helical springs are widely used to isolate F1 + FC + FKl 0 (0)
or control the motions of various mechanical I C K

systems. The shock-isolation mountings for F 2 F C F (2)
sensitive electronic equipment, the recoil 22 CwK2 2
mechanisms of gun mounts, and the valve springs
of internal combustion engines represent diverse in which the force in the viscous damper is
examples of this usage. These systems are
often designed under the simplifying assumption FC = CjW (Y2 -Yl) (3)
that the mass and the damping characteristics
of the helical spring can be either neglected and the forces at each end of the helical
or combined with the characteristics of other s n e.• ~spring are FK and K
elements in the system. However, the distrib- Kl K2
uted mass of a helical spring has been studied
and shown to cause the system to have natural These end forces are shown on the helical
frequencies which are not predicted under the spring in Figure 2. An analysis of this spriq
massless spring assumption [1,2]. For a har- neglecting internal damping presented in Refer-
monic excitation whose frequency is near or ence [2) indicates that the steady-state dis-
equal to these natural frequencies, it is then placement, Y(x) , of the spring at position, x
expected that the damping present in the system must satisfy the differential equation of
will be the delimiting factor governing its motion:
response. The effect of both viscous and
hysteretic damping on this response will be 2 d2y 2
considered herein. KL--+ MWy= 0 (4)

dx
ANALYTICAL MODEL

subject to the end conditions:
Consider the helical spring system shown 4'

schematically in Figure 1. The spring is F = KL dYJ x (
connected to a rigid mass, M , which might KI _x (5)
represent a fixture through which a force is Sapplied to the spring or a component which is FK= KL -d xto be isolated by the spring. A viscous damper, = L (6)

C, acts in parallel with the spring and could
model the energy dissipation of a specific In these equations, m is the total mass of the
mechanical damping device or the effects of spring which is assumed to be uniformly distrib-
other dissipative mechanisms within the system. uted throughout its free length L. The static
A harmonic force F e is applied to the stiffness of the helical spring is denoted by

2 K , and this quantity is known to be propor- .
rigid mass and th: steady-state displacement of tional to the shear modulus of the spring

yet, material [1]. Now, the effect of dampingthis mass is denoted by Y . The force and within an elastic material ca., be examined by

displacement at the base of the spring and replacing the elastic moduli with complex
jwt jut quantities whose imaginar parts are measuresdamper are Fle and Y , respectively, of the energy dissipated [3]. It is thus
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reasonable to account for internal damping wherein the viscous damping ratio is
within the helical spring by replacing its
static stiffness in Equations 4 through 6 with C (16)
the quantity K(l + in) in which n is the
shear modulus loss factor of the spring mate-
rial. Since the actual damping mechanisms of The magnitude and phase of this complex factor
spring metals are approximated by hysteretic describe the transfer of motion and force in
models [4], n is assumed herein to be a constant the helical spring system of Figure l.
which is independent of frequency.

From the solution of Equations 4 through 6 DISCUSSION
when modified as described above, it can be The effects of distributed mass and damping
"shown that the forces and displacements at the The res of aihelicalespring an demsen
enso hlclsrighvnhseei on the response of a helical spring can be seen e
ends of a helical spring having hysteretic through an examination of the transmission 1P1
damping are related according to: function obtained in Equation 15. First,

consider a spring with no hysteretic or viscous
"FKl q(n) damping for which n = 0 and a = 0 . In this

case, the transmission factor of Equation 15
K(l + jn)(vR junJ(, - Y1 r(n)) (7) reduces to

FK2 q() T((1)cos7 v-)nsin 7)

K(l + jn)(vn + jun)(Y2 r(n) - Yl) (8)
inuNote from this equation that an undamped spring
S in which the dimehsionless frequency is defined has an infinite transmission or resonance at
by the frequencies which satisfy

Q fK(9) co
n ()cot,,• = /jT (18)

the mass ratio is given by in agreement with Reference [2]. The roots of

u M (10) this transcendental equation occur at the inter-
m sections of the cotangent and linear curves

sketched in Figure 3. The root defined by the
and first intersection of these curves is the

fundamental frequency of the rigid mass on the
/ +n 1,(11) helical spring, and the other intersections are

u 21 the surge frequencies of this system. It is
2v ( + n) clear in this figure that the higher dimension-

less surge frequencies approach integral multi-
/u-ples of n i . Observe also that, as the

v 22n-+ (12) distributed mass of the helical spring increases,
the fundamental and surge frequencies decrease.
This decrease is illustrated in Figure 4 which

q(Q) S sinh vQ cos dn is a plot of the amplitude of the transmission
given in Equation 17 as a function of frequency

+ i cosh vn sin ufz (13) for mass ratios of P = 1, 10, and 100. Thisfigure also shows the transmission factor for a

S r(n) cosh vn cos un massless spring

+ j sinh va sin usi (14) 1
= (sI a (19)

Substitution of Equations 3, 7, and 8 into the
Equations of motion I and 2, leads to the which can be found in Reference 3. The distrib-
transmission factor: uted mass is seen to be an important parameter

Y2 in the response of helical spring systems.
(n) :l for F2  0

1Now, let the helical spring have viscous -A
damping but no hysteretic damping. In this

F1  situation, Equation 15 becomes
2forY1 =0 -1 (
2 (n) + 2oi sin

(1 + jn)(v + ju) + 28jq(n) 2n +
(I + jr)(v + ju) r(f) - (n + 2) q(n) (15) 1 cos S-- + 20j) sin
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which corresponds to the transmission function T(1) 2 (25)
stated in Reference 2. To study the effect of n + 2)
viscous damping further, the amplitude of this
factor is plotted for a mass ratio of u = 10 The accuracy of this result can be seen in
and for viscous damping ratios of a = .01, Figure 6. Notice that the transmission ampli-
.10, and .25 in Figure 5. The resonant fre- tude at the fundamental frequency ( a m l) is

quencies for which the transmission amplitude approximately the inverse of the hysteretic
is a local maximum were found by a golden loss factor. The transmission amplitudes at
section search [5), and these frequencies are the surge frequencies are approximately in-
tabulated in this figure. Notice that the versely proportional to the hysteretic loss
values of the resonant frequencies are or, factor and to the square of the surge frequenpy.
slightly affected by the amount of viscous This indirect variation with the square of
damping considered. However, the viscous frequency is a contrast to the viscous damping
dampi"q ratio does determine the amplitude of model in Figure 5. It is interesting to note
the reso,.ant response, and this can be examined that in [6], the resonant transmission ampli-
by evaluating the transmission factor of tudes for a beam having hysteretic damping are
Equation 20 at the undamped natural frequencies also inversely proportional to the square of
given by Equation 18. The result is: natural frequency.

Finally, the combined effects of hysteretic-(a)= 1 (21) and viscous damping are illustrated in Figure 7.

2a cos In this figure, the transm'ssion function of
Equation 15 is plotted for u = 10 and for

Now from Figure 3 for p>>l damping ratios of 0 = .01, .10, and n = .001,
.010 . For these amounts of damping, the
values of the resonant frequencies are observed

C1 (22) to change insignificantly from the undamped
values. Substitut 4.,g the undamped natural

so for (' >l frequencies of Equation 18 into Equation 15,
using Equation 22, and neglecting the terms

(23) containing n2 or n.s leads to

VI R)I I,(n) 1 (26)

Thus, for large mass ratios and for small 2
viscous damping ratios, the resonant trans- 0 + +

mission amplitude is approximately inversely
proportional to the viscous damping ratio and The validity of this approximation for the

directly proportional to the resonant frequency. resonant transmission amplitude can be noted in

Equation 23 is plotted in Figure 5 to indicate Figure 7. Equation 26 implies that for

the accuracy of this approximation. Physically, miso 0-1 and nisl , the fundamental trans-

the direct variation of transmission amplitude mission factor is influenced by both viscous

with frequency is due to the linear dependence and hysteretic damping. However, at the higher

on velocity of the force transmitted by the surge frequencies the importance of viscous

viscous damping mechanism, damping is diminished and the response is
dictated by the amount of hysteretic damping

On the other hand, the transmission factor resent. It is also worth observing from
of Equation 15 for a helical spring havingq nd2
hysteretic damping but no viscous damping is: 1

(1 + jn)(v + ju)()= (+ jrn)(v + ju) r(Q) - n q(n) (24) (Equation 26)

Figure 6 is a graph of the amplitude of thisII + I 1. (27)

function for a mass ratio of v = 10 and for IT I 1u I
hysteretic loss factors of n = .001, .010, (Equation 23) (Equation 25)
and .100 which encompass the loss factors
typical of helical spring metals [4]. As in or
the case of viscous damping, the values of the
resonant frequencies are seen to be only s&n 1s + ns (28)

slightly affected by the amount of hysteretic in which the reciprocal of the resonant trans-
damping considered. Hence, the effect of the in apitue

hysteretic loss factcr on the resonant trans- mission amplitude
mission amplitude can be studied by substituting 1 (29)
the undamped natural frequencies of Equation 18 resonant)
into Equation 2.1 if Equation 22 is employed .
and the terms containing q are neglected,
then
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is defined as the system loss factor. Thus, for The results of the field tests are presented in

a system having a large mass ratio, u , and Table 1. The field test value for the funda-
small amounts of damping, the loss factor for mental frequency was obtained from a free-
combined viscous and hysteretic damping is the vibration drop test of the platform. The
sum of the system loss factors for each type of corresponding tabulated transmission amplitude
damping alone. was computed by using the decay rate measured

in this test in the equation of a single-
EXPERIMENTAL COMPARISON degree-of-freedom system having viscous damping

[3]. The first surge frequency was observed
Two previously published experimental visually and measured with servo-accelerometers

results can be interpreted in light of the during a steady-state test in which the iso-
analytical model discussed in the priceding lators were excited by an electro-hydraulic
section. In [7], a laboratory experiment is vibration machine. The field test natural
described from which the transmission functions frequency and transmission factor in the final
of four small helical springs were determined, line of Table 1 were measured in the same 0T
One end of each specimen was fixed and the steady-state test. All the field test data t
other end was driven by an electro-magnetic were influenced by the many flexible modes of _N
forcing device. The forces at both ends of the vibration of the platform itself, the lowest of
spring were measured with strain-gage load which occurred at 9 = 2.87. Nonetheless,
cells. One transmission function which was these data show fair correspondence to the
determined from these measurements is shown in resonant frequencies and the transmission
Figure 8. For this particular specimen, it was amplitudes calculated from Equation 15 for
reported that: v = 24.0, o = .!5, n = .011 which are credible

ratios fnr this platform.
lb seclm 93.4 gm (.000533 2
Tin TABLE 1 4

Comparison of Field Test and Analytical Model V

=.0 7 94  CompaField Test Analytical Model

3 (Reference 7) u =24, 0 = .15, n = .011K 7.62 x lO3 N/m (43.5 Ib/in.)"

The description of the experiment did not . .. I
contain sufficient information to assign values .9
independently for the viscous or hysteretic .956 3.35 .972 3.44
damping ratios in the system. However, the 17.86 .74 15.45 .73 I
plot of Equation 15 in Figure 8 for u .0794, 30

.05, and n = .02 shows reasonable agree- 35- 9 .08 30.8 .20_ER
ment with the experimental transmission function.
These ratios do correspond to physically
plausible amounts of viscous and hysteretic These two comparisons qualitatively corrob-
damping for the experiment, orate the analytical model developed herein. A

further experimental study in which the damping
Another comparison of the analytical model ratios and the resonant transmission factors are

with experimental results is provided by the measured independently would quantitatively
field evaluation of a large shock-isolated indicate the validity of this model.
control platform [8]. This platform had a
total mass of CONCLUSIONS

M 8.97 x lO4 kg (512 lb sec 2/in.) Viscous damping is seen to limit the
resonant response of a helical spring and the
amplitudes of these responses are approximately

and was mounted on 18 damped helical spring proportional to the resonant frequencies. The
isolators. From the design drawings of these effect of hysteretic damping is to cause these
isolators, the aggregate spring constant was amplitudes to vary nearly inversely with thecalculated to be square of the resonant frequencies. Further,

the system loss factor due to combined viscous
K = 3.77 x 106 N/m (21500 lb/in.) and hysteretic damping is approximately the sum

of the system loss factors for each type of
and the total moving mass of the springs was damping alone.
computed as
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NOMENCLATURE r Transmission factor

C Coefficient of viscous damping w Angular frequency

F Harmonic forces S Frequency ratio -
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Figure 1. Helical spring, mass,
and damper system.
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distributed mass and

FK4 1 FK2 hysteretic damping.
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Figure 3. Resonant frequencies of undamped helical springs.
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DISCUSSION Lt

Mr. Fox,(Rohr Marine:) When you look at that U.
damping mechanism, that is really a nonlinear
friction damper in there, it is not a viscous
damper I believe. I worked at Barry Division
when I designed that mount. They were
originally supplied with a very nonlinear
friction damper and you could see at your very L
high frequencies in your paper you didn't get
any damping. It is because the friction damper
is disengaged at zero mean displacement, so L

you might want to go back and review some of LA
those things. I tbink it is interesting that

you added the two, the hysteretic and viscous roe
damping; I think that is a neat idea. I like
it. But the actual big spring in the
Safeguard system used friction damping it
wasn't viscous, it was non linear too. 1-vt

Mr. Miakar: In a sense I guess what we are
doing is fitting an equivalent viscous.

Mr. Fox: The specification was written as an
equivalent viscous that is probably what
fooled you. We had to meet an equivalent
viscous and I think they were intending to
use viscous but the friction damper did a
better job and was cheaper. So you might get
better correlation at the higher frequencies
if you go back and look at that. I liked your
paper it was interesting.

Mr. Hiakar: Thank you for your coxmment.
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DAMPING OF AN ENGINE EXHAUST STACK ,.

John J. DeFelice
Sikorsky A,.-craft Division of United Technology Corpcration

Stratford, Connecticut 06602

and

¾ Ahid D. Nashif
Anatrol Corporation

Cincinnati, Ohio 115241

This paper describes a program whose objective was to introduce
high damping into the helicopter engine exhaust extension in
order to decrease its vibrational amplitude at resonance and
thereby increase its fatigue life. A specialized high temper-
ature damping material, in the form of vitreous enamel, was
utilized to work effectively over the operational temperature
range of the exhaust extension. The application of this high
temperature damping material to the engine exhaust extension
has significantly reduced the vibrational amplitudes at reso-
nance and thereby increased component service life.

INTRODUCTION 2he most promising way of in-
creasing the fatigue life of the

Increasing the service life of exhaust extension is to reduce thee Inrexha si ons the servic elifen ovibrational amplitudes at resonance.engine exhaust extensions has been This can be achieved successfully by
of great concern to both Sikorsky
Aircraft and the United States Army additive damping. However, most .

because of fatigue failures that damping materials being of the
elastomeric type, will not survivehave occurred within a few hours of thehig teper assot e•4 ~the high temperatures associated•.,

operation. Previous attempts to
resolve this problem by introducing ait ion of treo eae has
structural stiffness were not application of vitreous enamels has
Ssuccessful due primarily to the been used as a high temperaturesuccesfuld e ex imat generated by damping material on exhaust systems,
the engines which resulted in small and has successfully reduced their .0
reduction in structural resonant associated vibrational amplitudes
reductions, iand noise levels. The vibration

failure problem on this component
represented an opportunity for

75 application of this material.
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The major objectives of this most damping materials are of the
effort were as follows: elastomeri 8 type and do not survive

beyond 400 F. However, recent týN
1. An investigation to investigations1 ' 2 have shown that

define the mode shapes and vitreous enamels are capable of
natural frequencies of iroviding extreme damping values at
the engine exhaust ex- high temperatures if properly
tension, selected and designed. The main

problem was in selecting the proper •..:

2. The selection of a proper material that would maximize damping
damping treatment optimized at the operational temperature of ,._-."
at the operating tempera- the tailpipe extension.
ture.

A flight test was performed to
3. A thickness ratio to yield determine the operational temperature

at least 10:1 increase in of the tailpipe extension. Four
damping throughout the thermocouples were •nstalled on the
desired frequency range. tailpipe flange, 90 apart at the

four clock positions (12, 3, 6, 9).
The test aircraft (CH-54P, S/N 67-

4. A 100 hour flight test 18417) maintained a stable hover
program to evaluate the condition for 30 minutes at a gross .____
damping properties, weight of 42,000 pounds and a

neutral center rf gravity. Tempera.-
As will be further explained, ture data was obcained at five

each of these objectives were minute intervals and is presented in •'C ,
achieved. Table 1. The critical temperature

was obtained by finding the highest -Z-
DISCUSSION temperature of the exhaust extension ,.

duiring the hover survey. Since ,
Introducing damping into 742 F was the highest temperature

structures at high temperatures has value, it was decided to optimize
been restricted in the past because the damping treatment at 800 F.

TABLZ I

FLIGHT TEST TENPERAIU-E EVALUATION

plight Condition - Hover - 101% 11, - Nose Into Wind

Engine Parameters 01 Engine - 89% N. - Engine Speed __
19'O lb,/HR - Fuel Plo.
1 15 Eng ne Pressure Fltlo

#2 Engine - 915 N - the Speed
1920 11• ' .Fuel Flow
1.79 Enrgise Pressure Ratio
T
5  

Turbine Exhaust Tenperat..n

5 Minute Hoer -Nose Into Wird i0 sit te Hu•e l .- Nose Into Wind

T5 - 8800C (896'P) T5 - 4600C (860
0

P) T5 -- ,oo0C T5 - 4 0 1

,,o cn.e Enrine IoEmlpne 0 2 Engine

I - 30oC(626oP) 5 3o0oC(572 0P) 1 - 340o0C6440P) 5- 300C(5270P)

2- - 399(6NP,.

2 90OC(554o-) 3 220C(5728
0
op) 2 .293

0
(554

0
F) 6 . 250' 0(82 Pi90(374'F) 7 250 C( 82°P) 3- 1900•N ) .237(

S2310 C(0•v6P) 8 
30 0

0-(
5 7 2

0P) . 220
0
C 41843F) . 3160C(5090°)

15 Mnet .oer - Nose Into Wind 20 Miute Hover . Nose Into Wind

T5 - 9 C
0  

T5 - N90°C T5 - 19005 - 460°C
01 Eny.Ine *02 Engine 11 En;An' 02 Engtne

I: 330oC(644°:') - 300Oc(572OF) I 330^'(626^P) 5 300'C(5720F)
2 2950C(5t- 6 •6 ) 2o 290(42P) 6 0( )

i900C(3•4 01' 7 25,0°C(4820° 3 1 800oC 356F) 7. 260-,(50 P)
N - r"(l 0p;, 8 -310

0
C 59oP ) H- 1910013740P) a - 15

0
OC(599

0
F)

25 Minute Hover hIoe Into Wind 30 MIt ie over RNose to Wind

TS 490
0
C 6 00. T 5 - 0,•o~ T5 - bI0°¢ Z

1 - 33
0
0C(626

0
P) - 30

0
0(572

0
P) 1- 3 3 0 Nt(626op) 5 - 3-0*(59

0
'p)

P 9,5'o('502F) 6 23' 'C(490F) 12 295C(1-'F -+20J•120,

I 80'C(3560?)37 2406C8°64) 22500,(37 2°F)S 1 20900C092'11 8 -310 C(590 P) & 2200C 4i8' P) 8 .31N
0
C(590

0
?)

nightSideIntoWindLeft Side inio wind

Ts- 490
0
C T 5 - 80 T5 - 4,900 T

5 
- 490

0
C

#I Engine 52Fnin SEhr.Ine 0? Engine

2. 3950C(742
0
P) 6 1 200C(428*F) 2 32Q

0
OC(6(,%o) 6 .2500C(482

0
F)

3 2009-(3 9 2'o;) 7 360°C(500P) 20I0°C(39?'°F) 7 2700C(518
0

P)
N 2200,.4 .2S 8 315 c(599°P) P 23oC"55o) 8 -315

0
C 599

0
P
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After studying the driving point The Transfer Function tests
frequency response plot and the were performed to aid in determining
animated mode shapes of vibration, it the damping loss factors of the
was found that: various modes of vibration.

Transfer function plots were
1. A large number of obtained by placing an impedance

resonances occurred head between the shaker and the

over a large frequency exhaust extension. Sinusoidal
range. excitation was used to drive the

structure. Both the input force

2. Damping values at the and the output acceleration were

various resonances %ere measured by the impedance head

small. Typical loss and later used to obtain the
factors (n ) ranged compliance versus frequency ;' .•

between 0.001 and 0.01. plots. Data was generated at a
number of locations close to the

3. Deformation at resonance mounting holes in the flange in I,. *"

was associated with all order to minimize mass loading
surfaces of the engine effects. This data is presented

exhaust extension over in Figures 2 through 4. The half

a wide frequency range. power bandwidth method was used _ ½
to obtain the damping for the

4. Typical semi-length various modes. The sharpness of

wavelengths of vibration the peaks indicates that damping

ranged in value between loss factor values are very low

five and fifteen inches (between 0.001 and 0.01 for most

for most otserved modes).

modes.

1611 -157

10-4 -5.7 r7
Z

W 0
UZ .57 5

N a.DMiING POINT
0

x ~.057 %
r.,.

,o, % ZN.

SFigure 1 Driving Point Frequency Response of Undamped Exhaust Extension ••

xiLx,
Z -- ,

Ip..

•W'•'• ' ,•.r•'-V- -"" . . A "V •."-' - " .% ". .- W-- •.-•'-.-;-•-" - - . V;-. V-'-' V V •.'/ ];]; .'•" -. W----.7 .. *w"• '-



1., 7 ,

NI

Testing was then initiated to then filtered, digitized, and Fourier

define the vibrational characteristics transfcrmed to yield magnitude and

of the exhaust extension for proper phase information in the frequency ,

optimization of the damping treatment. domain. The complex ratio of response

Both analog and digital techniques to forne was then computed and the

were used to generate the transfer resultanL transfer function was

function and mode shapes necessary plotted as compliance versus fre- ILI

for this investigation. These were quency. Typical driving point re
the Tra,.sfer Function Alalyzer (TFA) frequency response obtained by 'his

and the Digital Fourier Analyzer technique is shown in Figure 1. Due

(DFA) respectively. The engine to the large number of observed

exhaust stack was bolted through the modes, only typical resonances were

existing mounting bolbs to a rigid further investigated to determine

plate which simulated actual boundary their associated mode s'hape of

conditions. vLbration. These were 52.7, 84.0,
201.0 and 339.8 Hz. Animated mode

The impulse technique was used shapes of vibration were obtained by
to generate the data with the DFA the impulse technique by generating

setup. The input force impulse was transfer function plots on 66 various
applied to the exhaust extension and locations on the engine exhaust
this signal was measured simultaneously extension. The animated mode shapes
with a load cell, while the output of vibration proved to be a successful
response was measured with an acceler- aid in determining the general
ometer at the same location. The vibratory characteristics of the
input and output analog signals were tailpipe extension.
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A damping treatment, optimized The loss factor and effectivefrqe
for room temperature, was then modulus are presented at two frequen-

applied to the exhaust extension for cies, 100 and 1000 Hertz. It can be
optimization studies. The room seen from the data presented in
temperature treatment was selected Figures 5 and 6, that the room
to have damping properties equiv- temperature treatment has properties
alent to those of the high temper- equivalent to those of the selected
ature damping treatment. In this high temperature vitreous enamel at
manner, all optimization studies can the operational temperature of the
be evaluated at room temperature and exhaust extension. Therefore, any
thereby avoid the usual problems optimization for the room tempera-
associated with high temperature ture damping treatment will be
testing. directly applicable to the vitreous

The room temperature treatment enamel.

was a multiple layer damping tape A number of layers of the room
configuration. Each layer of the temperature damping treatment were
tape considted of a damping adhesive applied until adequate reductions o.!
of 0.002 inch (.0051 CM) thick and a the vibrational resonant amplitudes
constrained aluminum layer having a were achieved. This was accomplished
thickness of 0.002 inch (.0051 CM). with five layers (total thickness of
The damping treatment 3 yields optimum 0.020 inch)(.051 CM) of the damping
damping capabilities at room temper.- material. Testing was performed

Sature. The effective Young's modulus exactly as those performed on the
i and loss factor of the room tempera- untreated tailpipe extension. Theture damping treatment were computed 4 , results of the room temperature

and this calculated information is damping evaluation are shown in
presented in Figure 5 for typical Figures 2 through 4. Comparing the
semi-wavelengths of vibration, results of the damped and undamped

cases, it can be seen that the
The information presented in damping values have been increased

Figure 6 show the damping properties by at least a factor of ten for most
of the high temperature treatment. modes of vibration.
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107, Additional tests were performed .0
which revealed that fifteen percent

of tedamping treatment could beremoved with no significant change•:•,•-

in spectrum shape. This is clearly
shown in Figure 7. These tests were
conducted to investigate the possibility
that some of the damping treatment
may chip during installation. The
flaking problem which was encountered

0.0 ".Z. did not result in any damping degrada-
tion. Therefore, it was decided
that for the high temperature enamel~~to be as effective as the room •-
temperature treatment, and to completely

I alleviate any possible decrease in
damping characteristics, the treatment
should be applied to the entire
surface in the same thickness (0.020
inch)(.051 CM). .'V -

Since the engine exhaust
temperature ranged betneen 700OF

(370 C) and 800 F (428 C), it was
decided to select a damping material
that exhibited optimum capabilities M
in that range. The enamel which

.I conformed to these requirements was
found to be Ccrning Glass No.

""0 700 , s W , 83635. The damping properties of
TONCRATU°E F this enamel have been measured and

were previously presented in Figure

Figure 6 Damping P-operties of Corning 6 in terms of temperature andGlass No. 8363 frequency. It can be seen from the

1-- 00% COVERAGE DRIVING POINT

-- 85% COVERAGE 
5DRIVING -~- 57

- I 0-2 5,7 x
z
E

03 -. 5
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10-4 -- . )07

10 I100 [000
FREQUENCY, Hz
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Figure 7 Driving Point Frequency Response of the Damped Exhaust
Extension Slowing 100% and 85% Coverage
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data of Figure 6 that maximum this data is the predicted perfor-
damping for the enamel occurs at a mance of the beam using the charac-
somewhat lower temperature than that terized properties obtained from
of the engine exhaust. This shift Figure 4. The predicted values were
is in the appropriate direction computed using standard equations 6

since the outside surfaces of the for symmetric free layer treatment.
exhaust extension were subjected to It can be seen from Figure 8 that
lower temperatures than those of the there is good correlation between
exhaust. the two, and, therefore, the

k,• measured properties of the enamel
, "'.' To verify the characterized can be used later for optimization

high temperature damping properties purposes with confidence.
shown in Figure 6, a 321 stainless
steel cantilever beam was coated The thickness of the enamel
with the vitreous enamel on both coating for the tailpipe extension
sides. This beam having similar was chosen to be 0.020 inch (.051 F1
properties of the engine exhaust CM) in order to achieve the same
extension, was used to simplify performance as that achieved with
further testing and verification of tne room ternerature damping tape.
the high temperature damping treat- This selection was also confirmed by A
ment. The beam dimensions were 8.0 vsing the characterized material
inche- (20.32 CM) long, 0.75 inches properties to predict the damping of L.-
(1.91 CM) wide, and 0.125 inches the tailpipe extension for various
(.317 CM) thick. The coating thicknesses of enamel. 6 It was
thickness was 0.008 inches (.02 CM) found that high damping could be
on each side. The damping of the achieved over the operational
beam was measured in terms of temperature range with a 0.010 inch

Sfrequency and temperature, and are (.025 CM) coating on each side of
presented in Figure 8 for the third the structure. This is illustrated
mode of vibration. Superimposed on ir. Figures 9 and 10.
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004 Before Installation •,.

l0O 000 HZ oo 90

10H0 000rtz

Figures 11 and 12 show the
tailpipe extension with the high
temperature damping treatment .
applied. The entire tailpipe exten-sion was coated, with the exceptionTailpipe Extension
of the flange as is shown in FigureFgue1 DapdT lpeExnso-12. The flange was not coated to Before Installation

alleviate any potential installation•r,.--problems. The applied damping
treatment resulted in a total tailpipe
extension weight of 15.28 pounds the 10:1 increase in damping achieved(6.95 Kg) or an increase of 4.25 previously. This would eliminate

pounds (i.53 Kg). the flaking problem and tend tofurther increase the service life of
The coated tawlpipe was shipped to the tailpipe extension.

Ft. Eur eis, Virginia where it was

inspected and installed on a CH-54 Upon completion of the 100 hour ,.,,,
Helicopter (A/C 18470). It was flight test evaluation, the treated •••,•observed during the first thirty tailpipe extension was removed from

hours that some flaking of the the aircraft and shipped to Sikorsky
damping material occurred on the Aircraft. A detailed inspection
inside section of the tailpype. It revealed no indications of metalwas determined that the exhaust flow fatigue. The flaking problem on the
ablated the damping treatment from inner surface, discussed previously,
the inner tailpipe surface. Further can be clearly seen in Figure 13 andinvestigations showed that the 14f This degradation has not signif-

damping material could be applied to icantly increased subsequent to its
the outside surface only, maintaining being discovered during the initial

hours. that'someflaking of -. thethe aircraft and s-ipped to- . Si sy'
damping- Waera ocure on th Aicat A deale npeW

inid seto of th talieWtrvae oidctoso ea
wa deemndtah xas lwftge h lkn rbe nte__

ablte th dapn tramnrminrsrae icse rvosy
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30 hours. The outer surface of the CONCLUSIONS
extension show no evidence of flaking
which substantiates the recommenda- The testing performed under
tion for applying the material to this program has successfully
the outer surface only. demonstrated the feasibility of

applying high temperature damping
treatment to an existing structure
so as to significantly increase its
fatigue life.
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MULTI-VARIABLE OPTIMIZATION FOR VIBRATION

ISOLATION OF ROAD VEHICLES

Ebrahim Esmailzadeh
Department of Mechanical Engineering
Arya Mehr University of Technology

Tehran, Iran

The transmission of road-generated vibrations into a vehicle
body is treated as a source-path-receiver problem. The sus-pension system acts as the path, and improved isolation can _

be achieved by having a single compliant bushing at the con-
necting point of the shock absorber to the body with none at
the other end. A mathematical model is derived for such a
system and an expression for the absolute displacement trans-
missibility of the body and that of the wheel is derived. An
optimization procedure is applied in order to evaluate the
optimum values of the non-dimensional variables involved. I
This minimizes the maximum motion transmitted to the body from
the road surface over a broad frequency range.

INTRODUCTION Hamme [5], but he fails to give a method
to obtain the optimum values of the pa-

The dynamical design of linear vib- rameters involved. A new technique was
ration isolators to provide a good ride introduced to use a Hybrid computer to
quality and to protect the vehicle body simulate the entire system [6]. This
from the sinusoidal motion generated computer combines patchable logic cir-
from the road surface is an important cuitry to an analog computer and pro-
engineering problem. The basic theory vides the means to obtain a self-

= of vibration isolation is based on trans- optimizing damper. Vibration isolation
fer response analysis of a mass suppor- of a compound system and dynamic vibra-
ted by a parallel combination of a li- tion absorber has been studied in detail
near spring and a viscous damper [I1. by Den Hartog [7] and an optimization N
This analysis is adequate for illustra- method was developed for obtaining the 0
ting the fundamental principles of vib- optimum values of parameters.
ration isolation and resonance characte- The problem of multi-variable opti-
ristics [2), but is an over simplifica- mization may be studied, when investiga-
tion insofar as many practical problems ting the dynamic properties of vehicle
are concerned. An alternative system suspension systems [2]. An attempt is
for i.,roving vibration isolation which made here to apply a method of optimiza-
eliminates the damping force at high tion to the dynamic characteristics of a
frequencies, yet permits the damper to vehicle suspension system in order to i
control motion at low frequencies has obtain optimum values of the parameters
been discussed by Ruzicka and Cavanaugh involved from which the maximum trans-
[3], but only the case of single-degree- mitted motion to the body would be mini-
of-freedom has been considered. The mum over a wide frequency range. Design tr
vibration isolation for rigid and flexi- data are presented non-dimensionally
ble equipment has been investigated by since this would facilitate the selec - 7 -
Ruzicka T4] and the effect of damping on tion of the optimum values of the above-
the equipment has also been included, mentioned parameters in the design of 0
However, the case of a flexible suppor- road vehicle suspensions.
ting structure has not been studied.

Experimental study into the effect
of foundation resilience on the isola-
tion vibration has been discussed by .
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FORMULATION OF THE SUSPENSION SYSTEM and the absolute displacement transmis-

Conventional rigidly connected vis- by
"cous damper can isolate motion success-
fully in a narrow range of frequencies.

. However, vibration environments are be- ITA2 1 =
coming tore extreme as disturbing fre- X03
quency Lncreases and, in fact, damping (5)
is detrimental to the isolation effec- .,2

"tiveness aboqe resonance. Excessive V2damping also increases the transmitted 2 y 4V -(,22+422 2 , ,
force and, hence, results in an increase (-1+Q 'o"( )( )
of severity of shock experienced by the -
body from wheel. Therefore, an elasti- y ()( ) ((./W0) -_y2Q(W/(0)2+

* cally connected viscous damper is as-
sumed in the mathematical model of the 2(w/•)l f+-(p/)0))
"suspension system shown in Fig. 1. The 0(J+ +y)(W/0 y+

. elasticity of the viscous damping ele- Illy
ment is assumed to be a linear spring of
stiffness in series with the shock 1j(w/W0)o)
absorber c. The equations of motion for L

-' * the body and the wheel may be written
as

MID 2 X1 = K - (X1 - X2 ) (1) where:1 e 1 2 X0 = amplitude of the sustained si-
nusoidal motion;

(2) y resonant frequency ratio, -'(K2 /
M D2X K (X -X K(
2 2 e 1 2 -K 2 (X2 - X 3) = mass ratio, M2/M.;

where Ke is the equivalent spring stiff- w = frequency of the input distur-
ness of the vehicle suspension system bance from road;
and is given by: w0 = reference frequency, (KI(l+Q)/

ml ;and
i~~ii! ~((C/Kl) D+Q/(I+Q) )o(l+Q) . K1 1% n••5

Ke= Q/+Q( l+Q). (3) = damping ratio, c/(2KI/W0 ). mu

with Q = stiffness ratio, K3 /KI; Typical variations of absolute trans-
and D = differential operator, d/dt. missibility of the body and that of the
For sustained sinusoidal motion of the wheel as a function of frequency ratio
7ehicle suspension system of Fig. 1, the w/wo with arbitrary values for the va-
absolute displacement transmissibility riables damping ratio t, mass ratio p,
of the body, ITA1 , is given by resonant frequency ratio y, and stiff-

IX~lI ness ratio of damper unit Q are shown in
ITAI = XFig. 2 and Fig. 3.

•X03 MULTI-VARIABLE OPTIMIZATION OF SUSPENSION
(4) SYSTEM.

1,2 The absolute transmissibility of the I 1A

4 2 + 4 2j2y4 (iW/0 ) 2  body, JTAll, given by equation (4) is

_k function of four variables. The optimum
values of ,,p,y and Q are to be sought"[ D' +) from which maximum value of transmissi-
bility of the body would become minimum

"-. (/0 + •(w/u 0 ) [• + id(.1w0)' over the cnnsidered broad frequency
1.'- range. Frequency response for absolute"-4" transmissibility of the body which is 4-"+),+)2) (W/W0] shown in Fig. 2 indicates that there are

"two mLxima which are known as resonant O
transmissibilities of the body. Let
these be denoted as X1 and X2 , respec-

,I tively, which, in turn, are functions of
four variables.
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The digital computer flow diagram bilities pass through the invariant
for the optimization of the variables points. The curves for extreme values
ý,y,p and Q is developed and shown in of damping i.e. zero and infinity, are ".e.
Fig. 4. Initially, arbitrary values for also included in Fig. 8.
y,p and Q are assumed and optimum value i .
of t is sought for which the two reso-
nant transmissibilities, X, and X2, be-
come equal. The next step is to change CONCLUSIONS
value of y for which a minimum value of
the two maxima is obtained. This is the The investigation into the vibration '_.

outer loop indicated by the label L6 in isolation of a vehicle suspension system
.'.' Fig. 4. The other two variables p and Q with the conventional rigidly connected

are assumed to be constant in the prog- shock absorber indicates that damping is
ram in order to save computing time. detrimental to the isolation effective-
However, by selecting different values ness above resonance. Also excessive
of p and Q for every run of the program damping increases the transmitted force
"an optimum value of resonant transmissi- and, hence, leads to an increase of 7r,
bility, ITAllot, can be obtained, shock wave transmission to the body. A

mathematical model of a vehicle suspen- •- rThe optimum resonant transmissibility sion system with an elastically connec-
of the body, ITAllopt, as a function of ted viscous damper, to represent the top rI4" mass ratio, p, and stiffness ratio of rubberibush for the shockabsorberhhasdamper unit, Q, is shown in Fig. 5. The beru form te a hc a bs or

l variation of p is chosen to be between been formulated and an expression for

0.1iatnd 10. Howevcher, for values oftma the absolute displacement transmissibi-0.1 and 10. However, for values of mass lity of the body is derived.
ratio of smaller than 0.1, the optimum it of mthe body is dervd
transmissibility changes very slightly. An optimization technique is deve-
It can be seen that the stiffness ratio loped in order to evaluate optimum va-
of the damper unit, Q, and mass ratio, lues of the variables involved in the
U, do not have optimum values. However, transmissibility expression from which
for better isolation smaller values ofthemass ratio and larger values of Q are body from the road surface would be mi- -
masst deratiobandlare rnimum n-,er the broad frequency range. 7.
most desirable.The variation of optimum resonant It has been shown that the variation ofreq ecratio, o ti aa conaof optimum resonant transmissibility withmaSSvaue ratio p, aand fOrWhich minimum mass ratio in the range 0.1 to 10 is ofSprimary importance. For values of massvalue of the resonant transmissibility ratio less than 0.1 a slight change in
occurs is shown in Fig. 6. The corres- the transmissibility values is noticed. •
ponding optimum values of damping ratio, Better isolation of vibration is -
E, as a function of U and Q is shown in achieved with smaller values of the massFig. 7..In designing an optimum suspension ratio and larger values of stiffness ra-

system the non-dimensional Figs.5•6 and tio, Q. The variation of optimum valuessytm h nndiesinl is., ad of variables which are presented non- ••%
7 may be used as illustrated in the fol- ofmvariales which are pre sentd on

'. lowing example. dimensionally would facilitate the se-
It has already been established that lection of optimum variables in the de-It hs alead bee estblihed hat sign of vehicle suspension system.

stiffness ratio of the damper unit, Q,
and mass ratio, u, do not have an opti-
mum value . For this example Q is cho-
sen to be 2 and the mass ratio, V, is REFERENCES
assumed to be an arbitrary value also of EFRNS
two. Fig. 5 indicates that the optimum 1.C.M. Harris and C. E. Crede, Shock

-• .resonant transmissibility of the body, and Vibration Handbook, McGraw-Hill
ITAI lopt, for Q = 2 and •i = 2 must be Book Co., Inc., New York, 1961.
2.874. The corresponding optimum value 2. J. E. Ruzicka, "Resonance Characte-

ristics of Unidirectional Viscous
of the resonant frequency ratio, •opt• and Coulomb-Damped Vibration Isola-
which can be read off from Fig. 6 is tion Systems" Trans. of the ASME,
1.478 while the optimum value of the o Egei rIu y_dampig raio, •pt• quals696 fromJournal of Engineering for Industry, .. •'/-

damping ratio, Eot equals.696 (fromNo3,p.7940 16.
No. 3, pp. 729-740, 1967. .

Fig. 7). Hence a complete set of opti- 3. J. E. Ruzicka and R. D. Cavanaugh, _ -_
mum design parameters is determined. "New Methods for Vibration Isolation"
The frequency response of the absolute Machine Design, Vol. 30, pp. 114-121,
transmissibility of the body for these 1958.
values of variables is shown in Fig. 8. 4. J. E. Ruzicka,"Vibration Control",
It can be seen that the two maxima are Electro-Technology, Vol. 72, pp. 63-

" equal and have a value of 2.874, which 82, 1963.
is already known from Fig. 5. Moreover,
neither of the two resonant transmissi-
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5. R. N. Hamme, "Experimental Study of force generated going into the road bed; which
the Effects of Foundation Resilience is a very large cost factor to all of us Ion Vibration Isolation", IiSVM Shock think? Is there any possibility that it wouldt J . .

and Vibration Instrumentation, be a prudent thing to investigate the naturepp. 41-54, 1956. or degree of force contact into iie road that
6. J. A. Bonesho and J. G. Bollinger, might result from the suspension optimization?

"Theory and Design of a Self-
Optimizing Damper", 7th Internatio- Hr. Esmailzadeh: We as a team are looking atnal M.T.D.R. Conference University the different aspects of the roadway suspension
of Birmingham, September 1966. interaction system and not only for sinusoidal

7. J. P. Den Hartog, Mechanical Vibra- input but also for random excitation and road-
tions, Fourth Edition, McGraw-Hill, body interaction problem, both for the tracks
New York, 1956. and for the trucks and trailers and highways.

8. J. R. Ellis, "An Introduction to the We would be glad to give you some references.
Dynamic Properties of Vehicle Sus-
pensions", I. Mach. E. Proc.,Automo- Mr. Vatz: Speaking of the interaction of tires
bile Division, Vol. 179, Pt. 2A, I was involved in a rather gross problem a
No. 3, 1964. number of years ago and we went to Waterways

(USA Waterways Exp. Sta.) wheel. I think it
SDISCUSSION was developed by our Corps of Engineers friends

in Mississippi where there is a number of
Mr. Vatz. (Teledyne Brown): Did you look at springs because your surface is not flat it has
ways ofz Tloweringte ntrowal: Dfreyouenc of ata lot of angles and you get into the modeling
ways of lowering the natural frequencies of the angles.
both peaks and are they below the normal
operating frequency of the vehicle suspension?

Mr. Esmailzadeh: In this presentation as you
can see in fact it is in a nondimentional form,
it is in a design form. But, for that particular
case we have tried to change the stiffnecs ratio
of the main body. We didn't have very much
room to play there because it is already fixed.
All we could do is put a rubber bushing on top
of the shock absorber before it has been stuck to
the main body. We couldn't play very much with
that system because that has already been set j
up. However, in a passive system with pneumatic
suspension which I am working on now, you can
alter the characteristics of the system easily.
We are negotiating with a European car menu-
facturer to implement a pneumatic system.
It is just another air blow system because that
is very well known and it has a better ride
quality from the point of the softening spring
system. But you have more leeway with the shock
absorber type which replaces the viscous damper
because the medium is compressible rather than
incompressible, so we have a lot of room to play
with the factors from the design point of view.

Mr. Silver, (Westinghouse): We have been doing %r..
a little work on trucks, exchanging steel springs
for elastomeric type of springs and we have
encountered similar things. We are making
measurements as a function of a load and we are
running the vehicles over roads and finding the
response functions. As we load the body of the :
tractor trailer suspension from zero to 40,000 4."...
lbs on trucks we find the resonent frequency
dropping and the damping getting less, I
suppose because we have a sharper slightly
lower frequency function. We are thinking we _____.___

need to put in some sort of damping mechanism
and the one you suggest sounds very interesting
and we would like to look further into that.
I have a question about this type of truck
system which has a variable forcing function as a .
function of these parameters. What about the

96

ý,4 .. 4 %

& N-p



ISOLATION MOUNTS FOR THE HEAO-B X-RAY TELESCOPE*

H. L. Hain
Lord Kinematics

Erie, Pennsylvania

and

R. Miller
American Science and Engineering, Inc. • ,

Cambridge, Massachusetts

This paper describes the orbiting HEAO-B X-ray Telescope

Iexper ,ient package and the isolation mounts which will be
used to support and protect it. The design and testing

1:;.scribed and data are presented.

THE HEAl-?. "jSERVATORY space solar panels and power system,
and interface with the Atlas-Centaur

The High Energy Astronomy Observat.ory - launch vehicle.
Mission B is an earth orbiting saLel-
1z•, observatory for the purpose of The HEAO-B X-ray Experiment configura-
pae'orming a detailed X-ray survey of tion is shown in Figure 1. The high
the celestial sphere. The observatory resolution mirror assembly is a grazing
consists -f the HEAO-B Spacecraft incidence optical system with 3.43
together with the X-ray Telescope. ThE meter (135 inches) focal length. The
primary viewing requirement is to forail plane crystal spectrometer, high
provide final aspect solution and resolution imaging detector, solid
internal alignment information to state spectrometer, and imaging propor-
correlate an observed X-ray image with tional counter are X-ray detectors 4
the celestial sphere to within one-and- which can be positioned at the focal
one-half arc seconds. Scientific point of the mirror assembly. The
:requirements were established by a optical bench provides precise posi-
consortium consisting of Smithsonian tioning of the detectors relative to
Astrophysical Observatory, Massachu- the optics. American Science and
setts Institute of Technology, Columbia Engineering, Inc., is experiment inte-
University, and NASA Goddard Space grator for the HEAO-B Telescope. The
Flight Center. Dr. Riccardo Giaconni three thousand pound HEAO-B X-ray
of SAO is the principal investigator. Telescope, shown in Figure 2, is cur-
HEAO-B is a NASA program managed by the rently undergoing X-ray calibration ir.
Marshall Space Flight Center. The preparation for integration with HEAO-B
HEAO-B Spacecraft prime contractor is Spacecraft.
TRW, Inc. The spacecraft provides the
required attitude control and determi- The primary interface between the
nation system, data telemetry system, HEAO-B Spacecraft'and the X-ray

Telescope is a set of four isolation
mounts. The locations of the forward
isolation mounts (two each) and aft
isolation mounts (two each) are de-

*This work was supported under picted in Figure 1. These isolation
National Aeronautics and Space mounts, which are described herein,
Administration Contract Number
NAS8-30750.
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were designed, fabricated, and tested The primary launch events are outlined
by Lord Kinematics under contract to in Table I. A computer analysis of the - -
American Science and Engineering, Inc. static and dynamic loads was performed

for the coupled Telescope-Spac-craft- <-•.
ISOLATOR DESiGN REQUIREMENTS Launch Vehicle. That analysis was

based on isolation mount dynamic stiff-
The function of the Isolation Mounts is ness of 10,945 N/mm (62,500 lb/in) in :.
threefold: to provide shock isolation both the axial and lateral directions.
during handling and shipping of the"_P."" n..
experiment, to produce controlled As a result of the computer analysis,
telescope-spacecraft dynamic character- the MECO case was identified as produc- 71
istics during launch, and to minimize ing the maximum dynamic loads, and the Z*
spacecraft induced thermal loads to the BECO case as producing the maximum
telescope during on-orbit operation. static loads. Thus, the Isolation
These functions are assured by proper Mount dynamic stiffness requirement was 0 '

specification of the isolator stiffness established at the MECO loading condi-
requirements as a function of load and tion. That is, at the predicted MECO
frequency. The detailed HEAO-B isola- loads and frequency the stiffness of IN '.r
tor design requirements evolved from 10,945 N/mm (62,500 lb/in) in each
consideration of the launch load pro- direction, was specified. Since stiff-
file, telescope performance criteria, nes3 less than the specified value
experiment operating environment, and would produce lower dynamic loads, a
state-of-the-art for elastomeric isola- lower bound was also specified. The
tion mountings. lower bcund on stiffness was based on

expected isolator design and manufac-
turing tolerances. The Isolation Mount
stiffness requirements are given in
Table II.

Table I Primary HEAO-B Launch Events

Event Acronym Characteristics.

Launcher Release L. R. Dynamic loading applied for
a three second interval.

Maximum Aerodynamics Max q Dynamic loading during boost
phase while at peak aero-
dynanmic load.

Booster Firing Steady state loading phase
which includes Max q. ____.

Booster Engine Cut-off BECO Steady state loading Df

maximum magnituue.

Booster Package Jettison BPJ Brief dynamic load during
Atlas jettison.

Main Engine Firing Steady state loading due toCentaur stage. ;
Main Engine Cut-off MECO Maximum dynamic load applied v

for one-half second at
Centaur cut-off.
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TABLE II - ISOLATION MOUNT STIFFNESS REQUIREMENTS

Load x 10- 3 Lead Freq. Stiffness X 10-3 Stiffness
Con. Dir. (Newtons) (Pounds) (Hz) . (Newtons/mm) (Lb./In.)

MECO Axial +13.57 +3050 25 10.94 to 8.50 62,500 to 48,400

Lateral +7.56 +1700 25 10.94 to 8.50 62,500 to 48,400

BECO Axial 0 to +23.57 0 to +5300 Static 6.27 to 8.19 35,800 to 46,800

Lateral 0 to +5.89 0 to +1300 Static 5.31 to 6.95 30,300 to 39,700

L.R. Axial +5.89 +1300 7 and 20 not a requirement

Lateral +13.14 with +2900 with 7 and 20 not a requirement
4.48 axial TO0O axial
preload preload

Predicted launcher release loads were support structure side of the mounting.specified for test purposes only. The function of the isolator is, then,

Stiffness values at these loads, given to protect the supported equipment fromin Table II, were to be reported for this dynamic disturbance. Such was not

reference only. the case with specifying the HEAO-B
i solators.

The Spacecraft-Telescope dynamic
characteristics during launch are con- Here, the dynamic disturbance was input
trolled by providing isolator stiffness at the launch vehicle and the response
in accordance with the Table II values, at the experiment location was studied.
Shock isolation during handling and A computer model of the entire
shipping is automatically provided by launcher-spacecraft-experiment complex
a highly damped elastomeric mount of provided the criteria for the isolator
this type. The control of spacecraft design. The isolators were simulated
induced thermal loads to the telescope as linear springs and dampers. The
is assured by having a tested element determining factor on isolator charac-
of minimum static stiffness at the teristics was the magnitude of the
Spacecraft-Telescoper interface. A loads transmitted to the X-ray
bonus in this regard is that for elas- Telescope, through the mountings,
tomers, the static stiffness is less during various launch/flight events.
than the dynamic stiffness (compare The result of the study was the basic
MECO and BECO fn Table II). This ratio requirement that the spring rate of the " " .1

will be even greater for the small isolator be 10,945 N/mm (62,500 lb/in)
static loads encountered on-orbit. and that the isolator provide a certain

amount of damping to the system. The
A final design requirement is that of isolator damping level was originally I
packaging. The Isolation Mount must be specified at 12.5% of critical damping.
within the confines of a rather
restrictive envelope (as discussed Because of the inherent stiffness and
later) and have total mass less than damping properties of elastomers and
5.90 kg. (13.0 pounds) per mount. the size economy of elastomeric isola-

tors, it was decided that the mountings
DESIGN PROCESS: BACKGROUND for the HEAO-B telescope would be elas-

tomeric mountings. It was further NThe design activity which took place decided that a silicone type elastomer
for the HEAO-B isolation mountings wzs would be used for reasons of its prior
not typical of that for most vibration use and approval for space type appli- •"
or shock isolators. In most cases, the cations due to low outgassing and
isolator is specified as being r,quired stability over a broad temperature
to respond with a given set of dynamic range. However, the stiffness proper-
characteristics when subjected to a ties of typical elastomers are not
given vibration or shock input at the constant over a wide range of loading
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conditions. This factor required a data of Figure 3 were quite necessary ),
choice to be made for the actual design to the eventual definition of mounting •,

Vpoint of the isolator and, then, per- properties over a wide range of operat- (i'
formance calculations to be made for ing loads. •'"''
other loading conditions of interest. !•..

Note should be made of another signif-
The design point chosen was the MECO ican• point of consideration with
(Main Engine Cut Off) event. This con- elastomeric materials. That is, there
dition consisted of dynamic loading at is a difference not only between "
25 Hz at load magnitudes of: dynamic modulus values at different •!

strain lr'vels, but also between the ."'
+13,567 N (+3,050 lbs) axially dynamic modulus at any strain level and L.;:-=
+_-,562 N (±T,700 lbs) laterally what we will call "static' modulus. •-•-

The static properties of an elastomer "._
on each of the four mountings. At this are exhibited when the material is
loading condition the dynamic spring deflected very slowly (at less than
be In the range of 10,945 N/mm to e lastomer is lower than the dynamic •

8,476 N/mm (62,500 lb/in to modulus in the strain region investi-I
48,400 lb/in). The task was then left gated fo.r this program. Thus, the •;"?'
to the designer to calculate the static stiffness of the final mounting
expected performance of the mountings will be less than the dynamic stiff-
at other specified loading conditions. ness. This becomes significant in 0i
It was quite important that the isola- considering the performance of the
tor performance be known over a wide isolators under conditions such as
range of loading conditions such that steady-state loading, e.g., accelera-
studies could be made to assure that tions. One flight event in this
the loads transmitted to the experiment category is the Booster Engine Cut Off
were within allowable bounds. In order (BECO) event. Depending on the dynamic
to provide such information, a thorough strain level at which the comparison is
knowledge of the properties of the being made, the dynamic modulus of the 2
elastomer to be used was necessary. elastomers considered here will be in r4

the range of 5 to 1.2 times the staticELASTOMER SELECTION modul us.

As was previously mentioned, the Stiffness, both dynamic and static, was
elastomer chosen for use in the HEAO-B the primary specification requirement
isolators was a Broad Temperature Range for these isolators. Secondary to this
(BTRR) silicone material. The elastic was the specification of the damping .
aaid damping properties of this elasto- to be provided by the mountings.
mer do vary with strain, frequency, and Figure 4 is a graph of the damping ;'
temperature. The strain and frequency modulus (sometimes celled loss modulus) ••-,J
sensitivity of this material, in par- of the two elastomers o? i'terest. ,,.;.,,
ticular, had to be critically examined This modulus is that which is out of •=.
during the design phase of the isolator phase by 90 degrees to the previously•'
deve~opment program. described elastic modulus. The values

Fiue s lt fth ynmcof damping modulus are sensitive to _____-

modulu3 s vesu sltri of two siaicon frequency and strain as are those of
moduus erss srainof wo ilioneelastic modulus. However, the trend of

base elastomers which were considered variability is different than for the ;
for use in the HEAO-B isolation mounts, elastic moo, ,Ius. This may be seen by i{
These data were originally developed comparing Figures 3 and 4. )

*using a double shear type test sample -. ,.
*very similar to the ASTM D-837 sample. The damping value originally specified

As may be seen on the curves of for the isolators was 12.5%. This was '4
Figure 3, these two elastomers exhibit later found to be unnecessary since the -kthe typical trend of viscoelastic original computerized system analysis ••
materials, i.e., the dynamnic modulus had achieved acceptable results with

of the elastomer decreases with in- the assumption of less than I% damping. ---=.,
creasing strain. Since the dynamic Figaur,- 5 presents a plot of the percent-.--'-....•K

*is directly proportional to the dynamic mers which were under consideration.
modulus of the elastomer in it, this Percent damping may be related to the•' .:
same trend of decreasing stiffness with dynamic and damping moduli (G' and G") .
increasing strain would be expected in by. ;•o
the final mounting configuration. The •••-'

;•_• l~l ..
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1 ~the top of the iso~ator were 302 stain- '

% Damping - less steel. Weight considerations
2 G'/G" dictated that the remaining metal com-

ponents be aluminum. In this case,
From Figure 5, it may be seen that 6061-T6 aluminim was used. The avail-
either of the two elastomers would able space for the isolator was a box Asupply sufficiept damping for this roughly 76.2 mm (3 inches) high andapplication. 209.6 mm (8.25 inches) square at the

base.
The properties of the two elastomers
shown on Figures 3, 4, and 5, were CALCULATED PERFORMANCE
taken into account in the final selec-
tion for the HEAO-B isolators. The After considering the necessary toler-
elastomer designated as "BTR II" was ances for the design and manufacturing
chosen on the basis of ability to meet processes, the performance range of
the stiffness requirement, more linear 10,945 N/mm to 8,476 N/mm (62,500 lb/in
performance over a wide range of load- to 48,400 lb/in) was assigned as allow-
ing conditions, acceptable amount of able at the MECO flight event. This
damping, better bondability, higher was the design point for the HEAO-B
ultimate strength, better drift (creep) isolation mounts.
characteristics, and excellent stabil-
ity over the specified temperature At this point, acceptable operating
range of -100 C to +50 0 C (+14 0 F to stress and strain values for the BTR II
+122 0 F). elastomer were selected. These values

set the thickness and amount of the
ISOLATOR DESIGN AND CONFIGURATION elastohier to be used in the isolator.

Once the design point was set, the data
In order to achieve the desired of Figures 3, 4, and 5 for the BTR IImounting characteristics in the two elastomer were employed to predict the
differert loading directions with the performance of the mountings at condi-
varied loading conditions, it was nec- tions other than MECO. Two points of
essary to design an isolator with a interest were the BECO and L.R.
combination of compression and shear in (Launcher Release) events. The loading
the elastomer. This is accomplished by conditions are indicated in Table II,
locating the elastomer between nearly
parallel conical metal surfaces. In The BECO event, as previously de-
order to economize space and weiqht and scribed, results in a basically
to provide a fail safe configuration, "static" loading on the isolators.
the total mounting was designed to con- Based on the MECO design point, the
sist of two halves, bolted together, performance of the mounts at BECO was
back-to-back. Each of the two halvec calculated to be within the bounds of
is made up of two metal components 6ith 8,200 N/.•m and 6,130 N/mm (46,800 lb/tnthe BTR II elastomer hot molded and and 35,000 lb/in) in the axial direc-

bonded between them. tion and between 6,950 N/mm and
5,300 N/mm (39,700 lb/in andThe angles of the conical metal faces 30,300 lb/in) in the lateral direction.

are calculated to provide the right Also, the isolator performance at L.R.
combination of shear and compression was calculated as being between V
loading on the elastomer to result in 11,155 N/mm and 7,775 N/mm"t'VC
the desired spring rates in the axial (63,700 lb/in and 44,400 lb/in) in the
and lateral directions. The total size axial direction and between 8,160 UI/mm
of the mounting was dictated by the and 5,690 N/mm (46,600 lb/in and
maximum loads of 34,694 N (7,800 lbs) 32,500 lb/in) in the lateral direction.
in the axial direction and 19,348 N
(4,350 lbs) in the lateral direction In addition, it was desired that the
which were specified as limit loads, performance of the isolators be known -M

over a wide range of off-design condi- V
Figure 6 shows an external view of a tions. Figures 8 and 9 are the
HEAO-B isolator while Figure 7 shows a calculated performance curves of thecutaway view of the interior of the HEAO-B isolation mounts over the range
mounting. This latter figure clearly of interest. Figure 8 is a presenta-
depicts the conical section of tion of isolator spring rate versus
elastomer sandwiched between metal com- motion input while Figure 9 shows
ponents. Because of necessary strength isolator spring rate versus load input.
in a minimally sized package, the top The manner of specification, study, and
metal member and the 1/2 inch studs at test of the HEAO-B isolators favored

the presentation of Figure 9 and our
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FIGURE 7
CUT-AWAY DRAWING HEAO-B ISOLATOR
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further discussion will center on this Wherein the mini-computer is programmed
calculated performance curve. For to fit the actual data to the Fourier
further interest and information, representation and to print out, by way
Figure 10 was plotted as an indica.tion of mathematical manipulation, the
of the amount of damping to be expected dynamic characteristics of the test •-.
from these elastomeric isolators over sample. These characteristics may be
the range of loadings covered by calculated to any degree of nonlinear-
Figure 9. ity desired as programmed into the K ':¾

analysis portion of the program.
ISOLATOR TESTING

In the case of the HEAO-B isolation
The HEAO-B isolation mounts are unique mounts, only the first harmonic of the
among vibration isolators in size, con- analysis equation was considered since 1
figuration, and application. Also, it was known, from previous tests on
they are unique in the manner in which similar products and from the known
they are tested. Figure 11 shows a design point for these mountings, that
block diagram schematic of the test the dynamic loadings would not deflect
system used to determine the actual the mountings beyond their linear range
dynamic characteristics of the of motion. The HEAO-B mountings were
mountings. tested to the conditions noted in '* '

Table II'and a typical data printout is
The heart of this test system is the shown in Figure 12. In addition to the •, *
mini-computer/auto-controller segment conditions of Table II, two of the
which controls an hydraulic test isolators were tested at a frequency of
machine, gathers response signals from 20 Hz and at loads from +890 N to
the isolator on test, analyzes the +4,450 N (+200 lbs to +l?-000 lbs) in
data, and provides data ottpLt signals order to more completely characterize
for a teletype printout. The control the mountings.
points for the HEAO-B isolator tests
were the specified load conditions for Figures 13 and 14 are plots of the
the various flight events along with actual dynamic performance of the
enough off-design load conditions to HEAO-B isolators against the calculated
define actual performance curves over performance characteristics which were
the load range of Figure 9. The previously presented in Figures 9 and
specified load conditions at the given 10. Figures 15 and 16 show the actual
frequencies are programmed into the "static" load versus deflection curves
auto-controller and the test is con- of the isolators in the axial and
ducted automatically except for the lateral directions of test at the BECO
changing of the test samples in and out loading conditions. The static spring
of the test machine, rates of the mountings were calculated

as being the slope of the load deflec-
At a preprogrammed point during the tion curve in the linear region. These
performance of a given test segment, spring rates are indicated on Figures 15
the analyzer section of the&,mini-compu- and 16. They were well within the t, ,-
ter "reads" the output signals of allowable ranges for the static stiff-
deflection, elastic force, and damping nesses of the isolator specification.
force from the test sample along with a
time reference at which each data point One, final, long-term test of the Y,
was collected. The analysis of these HEAO-B isolation mounts is still in
data points is based on a Fast Fourier progress. That is the 60 day drift
Transform (FFT) method which is now (creep) test in which the isolator is
being used over a wide spectrum of subjected to its Ig static load of
dynamic analyses. Reference 3 thor- 3,560 N (800 lbs) and its deflection
oughly describes the application of is monitored over the entire test E 0
mini-computers and the FFT method to period. The reason for this test is to
dynamic testing and data analysis. For determine if the drift of the mountings
purposes of this paper, suffice it to will be such as to cause loss of cali-
say that the basic equation involved in bration of the telescope during
the FFT analysis is: long-term loading prior to launch. The

specifi-ation for the isolators allows
A, N a drift margin of 0.762 mm (.030 inch)

F I F cos nwt + after the initial deflection of the . -
2 n=l mountings due to the lg load

sapplication. *1Fc'~ sin nwt
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PROGRAMMED

MINI-COMPUTER/
AUTO-CONTROLLER

COMMANDS

HYDRAULIC

DYNAMIC TEST
MACHINE

LOAD

MOTION
SIG.ALS

FFT TELETYPE..
COMPUTER - DATA ••

ANALYSIS PRINTOUT :

FIGURE I I

SCHEMATIC OF TEST SYSTEM FOR HEAO-B ISOLATORS
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SEGMENT #1

X VEL FK FC FTOT
MEAN -. 02110 -1012. -1012,
RMS .01681 .7624 958.0 148.0 969.4
(1) .02374 1.044 1355. 206.2 1370.

K'(RMS). - .5698E+05 K"(RMS) - 8802, C(ROS) - 194•1

K'(1) = .5706E+05 K"(1) - 8683. C(1) - 197.4

C(DISS) - 182.0 DELTA = 8.652,-4

U(DISS) - 15.33 TAN DEL - .1522 A
P(DISS) = 105.8 0 = 6.572

FREQ = 7.000

SEGMENT #3
X VEL FK FC FTOT

MEAN -. 02131 -996,3 -996.3
RMS .01649 2.100 966.2 173.4 981.6

(1) .02328 2.926 1363. 230.2 1382.

K'(RMS) = .5860E+05 K"(RMS) = .1052E+05 C(RMS) = 82.58
K'(1) - .5854E+05 K"(1) = 9887, C(1) = 78.67

C(DISS) = 74.23 DELTA = 9.586
U(DISS) = 16.72 TAN DEL = .1689
P(DISS) = 327.3 Q - 5.921

FREQ -20.00

SEGMENT #5

X VEL FK FC FTOT
MEAN .00102 -31.41 -31.41
RMS .04205 6.680 2208. 285.4 2227.
(1) .05945 9.338 3114. 401.2 3140.

K'(RMS) = .5252E+05 K"(RMS) = 6787. C(ROS) = 42.72
K'(1) = .5238E+05 K"(1) - 6748. C(1) = 42.96

C(DISS) = 44.15 DELTA = 7.341
W(DISS) - 79.67 TAN DEL - .1288 FGR 2I, •

P(DISS) = 1970. Q - 7.762 FIGUR D2
4,.. REQ 5.00TYPICAL DATA

FREQ - 25.00
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Figure 17 presents the data gathered to REFERENCES

less than half of the maximum allowable Effects in Elastomers". Rubber and

by a wide margin. It should be noted Chemistry Technology, XXXVI, No.
that the drift margin was based en (April-June 1963).
available data on the B7R II elastomer
as loaded in shear only. The actual 2. Painter, G. W., Dvnamic Properties
mountings are loaded in a combination of BTR Elastomer. Presented at the
of shear, tension, and compression. SAE National eronautic Meeting,
Thus, the actual drift was expected to Ambassador Hotel, Los Angeles, CA,,
be well within the maximum limit even September 29 - October 4, 1958.
prior to the beginning of the drift
testing. 3. Danko, 0. M. and Svarovsky, J. E.,

An Application of Mini-Computers
Finally, the aft mount mass was mea- for the Determ'nation of Elasto-
sured at 4.54 kg (10.01 lbs) and the meric Oamping Coefficients and
front mounts at 4.97 kg (10.96 lbs). Other Properties. eprinted from
These figures were well within the "The Measurement of the Dynamic
allowable budget of 5.90 kg (13 lbs). Properties of Elastomers", SP-375.

SAE. March, 1973.CONCLUSIONS' '
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IMPACT

BIRD IMPACT LOADING

J. S. Wilbeck, Capt. USAF
Air Force Materials Laboratory J,

Wright-Patterson Air Force Base, Ohio

and

J. P. Barber
University of Dayton Research institute

Dayton, Ohio

An extensive experimental program, was undertaken to investigate the
mechanics of bird impact and to define the loads which birds exert
at impact. Bird impact pressures were measured by impacting birds
against a heavy steel plate in which piezoelectric transducers were
flush mounted. Data was collected for bird masses ranging from 60g
to 4kg and velocities ranring from 50 to 300 m/s. The experimental
data is presented and compared with the predictions of a fluidynamic
theory.

INTRODUCTION of interest, it would seem that the only
loading information needed is the initial

Birds and aircraft occupy the same air momentum of the impacting bird. Initial
space and collisions between the two are studies by Tsai, et al, [i3 demonstrated the
inevitable. As aircraft speeds have in- ability to predict the maximumu deflection of
creased, the severity and importance of bird/ simple beams impacted by soft rubber projec-
aircraft impact have also increased. As a tiles. The only information required were
result, efforts have been made to reduce the beam properties and the momentum of the pro-
probability of collision by contrnlling the jectile. Their analytical model gave good
movement of birds and by changing the flight results for impacts of short duration (rela-
paths of aircraft. These actiois can and have tive to the period of the beam.) However, it
reduceJ the probability of collision but have became apparent that for impact durations on
not eliminated it. the order of a quarter-period of the beam or

greater, this model was not applicable.
The design of birdstrike resistant air-

craft requires a better and more detailed In many of the impact cases of interest,
knowledge of the response of critical aircraft such as the impact of a larga bird against a
components to bird impact. Programs Jesigred flexible transparency, the duration of impact
to apply modern structural analysis tech- is not sheet relative to the period of the
niques to the investigation of aircraft structure. Thus a much more detailed descrip-
windshield and engine blade responses to tion of the *mpact loading is required. Also, '-impact have been initiated. With such tools any analysis af damage in the target near the

proven and placed at the designers disposal, point of imp.ct requires a knowledge of the
the process of obtaining birdstrike resistant loca] impact pressures. The research described
transparency and blade designs should become in this paper was designed to provide experi-
much more efficient. mentally obtained and quantified loading input

data. An experimental program was undertaken
One of the mist important inputs to a to measure the spatial and temporal distribu-

structural analysis code is the loading. The tion Qf the pressures exerted on a rigid target
loading is particalarly important in the anal- during the ncrmal impact (900) of a bird.
ysis of transient response suuh as occurs In
bird impact. For a few of the impact .:ases
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EXPERIMENTAL PROCEDURE a theoretical description of bird impact was," .-
undertaken. This analysis was not intended to

In order to study the pressures exerted provide a rigorous description of bird impact, J
by birds at impact, birds must first be but rather to provide theoretical guidance to
launched to velocities of interest. A suita- the experiments and data reduction process.
bly instrumented target must then be
constructed and measurements of the pressures For the case'of impact in which the
obtained. A compressed air launching tech- stresses generated by projectile deceleration
nique vas developed and a flat, steel plate greatly exceed the yield strength of the pro-
was employed to minimize the effect of target jectile matarial, the problem can be approached
response on the measurements. hydrodynamically [4]. It became apparent

during initial testing that this was true for
A compressed air gun located at the Air the case of birds impacting steel targets at

Force Materials Laboratory (AFML) was used to velocities above 50 m/s. An approximate theory
launch birds ranging in mass from 60 to 600g. was developed in which the bird was represented •_0
A compressed air gun located at Arnold by a homogeneous right circular cylinder of
Engineering Development Center (AEDC) was used fluid with a length to diameter ratio of .-- ,
for launching birds ranging from 1 to 4kg. approximately 2. This approximation greatly .
Both guns were capable of launching birds at simplified the theoretical problem. An exten- i.
velocities up to 300 m/s. sive amount-of theoretical and experimental

research has been conducted on the impact of
The target used at the AFML facility is fluids on solid targets, in which the target

shown in Fig. 1. It was a heavy steel plate is assumed to have little or no plastic
in which pressure transducers were mounted. deformation. TV
The transducers used for these tests were
piezoelectric quartz pressure transducers The majority of work in this area has been
manufactured by PCB Corporation. Four trans- focused on the impact of water jets and water
ducers were mounted flush to the surface and droplets, both in the study of rain and steam
located at the center of impact and 1.27 cm, erosion, as well as water jet cutting. A
2.54 cm, anO 3.81 cm from the center. The detailed description for the normal impact of
steel plate, 15.25 cm in diameter and 5.08 cm a right circular cylinder of fluid against a
thick, was mounted as shown in the figure. rigid plate has been developed in the litera-
The transducers had a specified frequency band ture [5,6,7,8). The impact may be divided into
width from 0 to 100 kHz. A steel target of four phases as illustrated in Fig. 2. The
similar design was used at AEDC. Because of initial impact phase (a) consists of very high
+'he larger birds tested at AEDC, the target shock p ,essures generated at the projectile-
was considerably larger, being 76.20 cm in target interface. As the shock propagates into,•
diameter and 10.16 cm thick, and was able to the pro'ectile (b), radial release of the
accommodate up to 29 pressure transducers. shocked vaterial results in a decaying pressure
Both experimental facilities are discussed in at the ta,'get face. The pressure decay con-
greater detail in Refs. [2,3). tinues unt'l a state of steady flow (c) is

reached. A- the end of the projectile
approaches the target (d), the pressure decays
to zero.

rTARGET N R,

VO ;ýi-RE LEASE

PRESSURE W 4 I( SHOCK___•

TRANSDUCERS() ____

ir

Fig. 1. The target plate at AFML. POINT

THEORETICAL CONSIDERATIONS Fi)g. 2. he phse. -fbirdi

In order to facilitate reduction and Fig. 2. The phases of bird impact (a) initial V.
analysis of the large body of data collected, flow (d) termination.ck-decay(c

I.
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During the initial impact phase, the par- steady pressure and velocity fields are t%
ticles at the front surface of the projectile established. ;. 2-
are instantaneously brought to rest relative
to the target face and a shock propagates into During the release phase, the shock is
the projectile as shown in Fig. 2. As the weakened by the release waves, with an accom-
shock wave propagates into the projectile it panying decrease in shock velocity. For a
brings the material behind the snock to rest. subsonic impact, the shock wave will be ulti-
The pressure in the shock region is initially mately eliminated by the release waves. In a
uniform across the impact surface. For the supersonic impact the shock wave will not s
"normal impact of a cylinder on a flat plate, disappear."* The shock propagation velocity
the flow across a shock can be considered will decrease until it becomes equal to the
"one-dimensional, adiabatic, and irreversible, impact velocity (a standing shock.) Behind (-
If the target is assumed to behave in an this standing shock, the flow will be subsonic
elastic manner, the pressure behind the shock and will follow steady flow streamlines. The
may be derived from the shock relations as velocity and pressure fields in the fluid

during steady flow will be different for the
P v S two cases.P. p v~ .--.-- (1

p Pvs + P vs) For the case of a subsonic impact, the
pressure at any point in the flow field during

and p and p' are the densities of the projec- steady flow can be related to the velocity at
tile and target, respectively, v5 and v_ ' are that point by Bernoulli's equation. For the
the shock velocities of the projectile and normal impact of a uniform, cylindrical projec-
target, and v is the impact velocity. For the tile on a rigid plate, axial symmetry dictates
case of water impacting a steel target, that the pressure at the center of the plate
P'v' -» p v , so that Eq. (1) may be approxi- is the stagnation pressure, P (gage pressure),
mated by the relationship for the impact of a and the velocity at the center is zero. There-
rigid target fore, at the center of the plate, Bernoulli'sequation takes the form,

p v v (2) /(P + Po)"" 0 dP _v2

'A 2From this relationship, it is clear that the Jp p T (0
shock pressure depends not only on the impact o
velocity, but also on the shock velocity where P and v are the pressure and velocity of
(which is, in general, a function of the impact the unidorm flow field some distance away frof
velocity) and the bird density. the impact surface and are approximated by the *

Although the shock pressure is very high, atmospheric pressure and the initial impact
on the order of hundreds of MN/e 2, it lasts velocity. If the fluid is assumeu .acompress-
for only a few microseconds. The edge of the ible, Eq. (3) gives,
projectile is a free surface and the material 2
near the edge is subjected to a very high P PV (4)
pressure gradient. This pressure gradient • 2
causes the material to accelerate radially
outward and a radial release wave forms. As For most materials, the density tends to in-
this release wave propagates inward, a decrease crease with the applied pressure, i.e., they
in pressure results. The arrival of this are compressible, and Eq. (3) becomes
release wave at the center of the projectile r -'
marks the end of the initial impact phase. k 2

As the radial stresses in the projectile
decrease during the pressure decay, shear where k >1. ii.S
stresses develop in the projectile material. El.
If the shear strength of the material is
sufficient to withstand these shear stresses, Along the surface away from the center of the
the radial motion of the projectile will be plate, the velocity increases and the pressure 4.4tdecreases. The pressure must be zero as therestr• cted. If, however, the shear stresses

in the projectile are greater than the shear radial distance from the center approaches
in te pojecileare reaer tan he searinfinity.strength of the material, the material will

"flcw"'. The shear strength of birds is so low Fur tne case of a supersonic impact a
that th' pressures generated are usually standing shock is set up in the flow. The
sufficient to cause flow. For the impact velo-
cities of interest (above 50 m/s), the bird
can be considered to behave as a fluid. After * In this context, subsonic and supersonic
several reflections of the release waves, a refer to the comparison between the impact
condition of steady flow is established and speed and the sound speed in the projectile.
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change in particle velocity across the shock
may be small. However, the flow behind the N (N

shock will be subsonic because of the greatly > 4 Ik
increased local sound speed. Bernoulli's
equation of the form given in Eq. (3) cannot
be used since the shock is a discontinuity. -2
-Instead, the change in stream properties
across the shock must be evaluated using shock
relations. In the region just behind the 0
shock, the stream properties may not be con- 0 .25 .50 .75 1.00 1

stant over the cross-section since the shock TV
will not, in general, be planar. However, at L
the center of the projectile the shock can be
assumed planar. One-dimensional shock equa-
tions can be used to determine the pressure
P , the density p.' and the velocity vl, at
tie center behind the shock. Applying
Bernoulli's equation along the streamline 8 j.

which passes through the center of the shock
wave and intersects the stagnation point, the Y
relation for the stagnation pressure takes the 6

4

•(P s + Po)d v?(6
dP _z v12  26

During impact, bird material is turned 0 .25 .50 .75 LO0

near tie target surface. As a particle of T V .•
fluid nears the target surface, its velocity L
decreases and the local pressure increases. Fig. 3. Center tansducer pressure traces.
During steady flow a pressure field is set up
in the. fluid. As the end of the projectile
enters this pressure field, the field is dis- by I/ (the theoretical duration of impact,
rupted due to the intrusion of a free surface iy (7) The berdtsize ranged om to _ -___

t nd the r te eEq. (7)). The bird sizes ranged from 60g to(the end of the bird.) Steady flow no longer 4kg. All of this data was reduced and ana-exists and the pressures at the impact surface lzd esrmnso ek(hc)pesle
decrease. This pressure decrease continues lyzed. Measurements of peak (shock) pressure,

until the end of the projectile reaches the
surface of the plate. At this time the impact were obtained.
event is ended. In order to use Eqs. (2) and (3) to pre-

The total duration of the impact - be dict impact pressures, a constitutive , •

approximated by the time needed for the pro- relationship was needed to represent the bird
(chicken') material used in these tests. Work ."Ajectile to "flow through" its length, i.e., by Wilbeck [2) showed that a gelatin mixture

I/v, (7) with 10 percent porosity (p = 0.95 g/cc) was
an adequate simulant for a chicken. The con-
stitutive model derived for that mixture was %where I is the length of the projectile. In- used to represent birds. --

herent in this relationship is the assumption __ . _

that -he projectile does not decelerate during Earlier it was pointed out that the highest
impact. pressures generated during the impact should

occur during the initial stages of the impact.
The pressure should rise to the shock

EXPERIMENTAL RESULTS (Hugoniot) pressure. The initial impact pres- ,K,\ 4
sures measured for all the normal impact tests

During the course of this program a great for which the initial impact pressure could be
many bird impact tests were conducted. The read are presented in Fig. 4. The measured
pressure traces obtained from the center trans- impact pressures agree well with the calculated
ducer on two of these shots are shown in pressures, Eq. (2), for large birds (i.e.,
Fig. 3. Here the pressure and the time are 4kg). However, the results for smaller birds - Y
presented in non-dimensionalized form, show significant departures from prediction.
obtained by dividing the pressure by 1/2 0v2  The discrepancy appears to increase with de-
(the steady flow stagnation pressure for an creasing bird size.
incompressible fluid, Eq. (4)), and the time
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This may be explained by considering the I0± 81RD
shock process. The duration of the shock S.
pressure is directly proportional to the bird 0.08
diameter or radius. Large birds produce the
full shock pressure for longer duration than
do small birds. The limited band width of the
transducers (100 kHz) results in a signifi- O.
cant attenuation of the measured signal for
the short shock durations (several ps) which I
mighl: be expected for small birds. Thus, it T 0.4
is not entirely surprising that the full
shock pressure is not detected in small bird
impacts.

For virtually all the impacts conducted a
steady pressure region in the pressure record
could be identified, -As seen in Fig. 3. The
center transducer data for normal impacts was 0 0.4 OA L2 1.6 2
colle.t--d and compared to predicted stagnation
pressures. For the assumed bird material GWOIMENSONAL RADIUS, r/o

resmodel, the impacts were supersonic and the pre- Fig. 6. Steady flow nondimensional pressuredicted stagnation pressures were obtained distribution for normal impacts.
using Eq. (6). The results are shown in
Fig. 5. The pressures measured at the center
of the plate correlate well with the predicted Because of the large scatter in the data, only
difference between experimental results of .ar
small birds (60g) and medium size (600g) birds. average values are presented. The large error,•- he imitd lrge ~rddataals shos godbars on the mean values of pressure are indica-
The limited large bird data also shows good tive of this scatter which was most probablyagreement. due to lack of cylindrical symmetry in real

birds and to real variations in bird properties
Tte steady flow pressure data obtained fro bird to bid.

from tht transducers located off-center is
presented in Fig. 6. The experimental results As seen from the two examples in Fig. 3, .. ':" -'

are compared to a theoretical distribution, the duration of the impact was adequately given
developed in Ref. [2), which satisfies three
conditions; (a) the pressure at the center of by

impact is the stagnation pressure, (b) the
pressure is zero (atmospheric) at large dis- SUMMARY AND CONCLUSIONS N
tances from the center, and (c) momentum is
concerved. The data is presented in Fig. 6. In summary, the pressure measurements
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indicate that birds behave as a fluid during REFERENCES
impact. The pressure records consist of an
initial high pressure associated with the one- [El S.W. Tsai, C.T. Sun, A.K. Hopkins,
dimensional impact stress in the bird. This H.T. Hahn, and T.W. Lee, "Behavior of
pressure decays by radial release of the high Cantilevered Beams Under Impact by a .
impact pressures. A steady flow regime is Soft Projectile," AFML-TR-74-94, Nov. 1974.
then established. The steady pressures .O-finally decay and the pressure drops to zero [2] J.S. Wilbeck, "Impact Behavior of Low

when the end of the bird reaches the plate. Strength Projectiles," PhD Thesis, Texas
A&M University, May 1977. (to be pub-The important features of bird impact lished as AFML-TR-77-134. ) •-,-••

pressures can be analytically described, lihda'FL-R7-3.
assuming the bird has material properties [3] J.P. Barber, J.S. Wilbeck, and H.R. Taylor,
similar to gelatin with approximately 10 per- "Bird Impact Forces and Pressures on
cent porosity. The initial impact pressures Rigid and Compliant Targets," (to be v O -
can be calculated using the Hugoniot relation published as AFFDL-TR-77-60.)
(P = pv v) for a mixture, together with the
shock properties of gelatin. Steady flow [(4 H.G. Hopkins and H. Kolsky, "Mechanics of
pressures and pressure distributions can be Hypervelocity Impact of Solids," Pro-
obtained using Bernoulli's eqnition and poten- ceedings of the Fourth Symposium on
tial flow theory, as described in Ref. [2]. Hypervelocity Impact, Eglin AFB, Florida,
The duration of impact is simply the time 1960.
required for the bird to travel its own length. Sa

(5) S.S. Cook, "Erosion by Water-Haimmer,"
Proc. Roy. Soc. London, Ser. A, Vol. 119,

REcOMMENDATIONS pp. 481-488, 1928.

The development of a standard substitute (6] F.F. Bowden and J.E. Field, "The Brittle
bird for use in development and qualification Fracture of Solids by Liquid Impact, by
testing should be pursued. The current inves- Solid Impact, and by Shock," Proc. Roy.
tigation has shown wide variation in every Soc. London, Ser. A, Vol. 263,
parameter of impact loading which was pp. 331-352, 1964.
measured. These variations are undoubtedly
due to real variations in bird material pro- [7] F.P. Bowden and J.H. Brunton, "The Defor- -
perties, bird structure, and bird geometry. mation of Solids by Liquid Impact at I
These variations are beyond the control of the Supersonic Speeds," Proc. Roy. Soc. London,
experimenter or test engineer. The demon- Ser. A, Vol. 263, pp. 433-450, 1961. % N.-*
strated variations can be very large and
represent an unacceptable and uncontrollable [8) L.A. Glen, "On the Dynamics of Hyperveloc- O
test variation. In contrast to real birds, ity Liquid Jet Impact on a Flat Rigid
the use of substitute bird materials would Surface," Jour. App. Math. Phys. (ZAMP),
provide highly repeatable loading. This Vol. 25, pp. 383-398, 1974. ..

repeatability offers very significant advan-
tages in the development and qualification ofr . W

*aircraft components. Further work is required
to more carefully investigate and document the
properties of candidate substitute bird
materials such as gelatin with 10 percent
porosity. The effects of substitute bird U
geometry also require investigation.

ACKNIOWLEDGMENTS 1

This research was jointly supported by L

the Air Force Materials Laboratory and the Air t
Force Flight Dynamics Laboratory. Impact gg

testing was conducted at AFML's Impact
Mechanics Facility and at Arnold Engineering -

Development Center. The authors wish to thank
Mr. R. Peterson of AFFDL for his assistance
and continued support of this program. The
efforts of the technical staff of the . :
University of Dayton in conducting the experi-
ments, reducing the data and preparing this LtW%
report are also gratefully acknowledged.

120

V.raoP
? J

:1tr~~Z!iSCf~rK~r ~~T W- ' S . ' - -SV-

4e. -4c 4.4;~ ~ ' KV.~.t:~%j~y. J. .-t>~ - #~ c - I



-I -

k'

DISCUSSION

Voice: I would like to ask a question. Where Gary Fox, (Rohr Marine:) Is there a problem
are we in the state of the art? Could you with the bones in the chicken as opposed to
sumarize where we are in Foreign Object modeling with it with just gelatin? It seems
Damage (FOD) and in blade design in general? to me it would be more difficult.

Capt. Wilbeck: In FOD of course there are Capt. Wilbeck: Mat is a very good question.
several areas which we worry about. We have As I said you have to assume some sort of
been studying lately such things as sand impact. homogenious material as far as what theory can
Sand particles do cause small craters; small do. We have seen no effects with bones. The I
craters cause cracks and cracks can ruin pressures we are talking about is between
titanium. So we are looking at that sort of 30,000 psi on impact so bone probably flows
thing right now to try to understand different just like the rest of the bird. We have seen
types of particle impacts. As far as bird no effects due to bones up to four killogram
impact, we have a new program out, just won birds. We have never seen bone impact, of 0
by General Electric to develop design course I am not sure you wouldn't know what
;nethodology for engink fan blades. It is a you were seeing but we have not seen any effect
"very large program which will take data such of something like that. We always thought it
as was just generated here and develop was possible but we haven't seen the effects.
computer analyses which will aid in designing
engine fan blades which will not break the Dr. D.I.G. Jones, (Air Force Materials Lab.:)
first time around. Building fan blades is What was your rationale for choosing a 10
like the old pholosophy of building many percent porosity.
things; you build one, test it and if it
breaks you come back and build another. This Capt. Wilbeck: I was going to get back into

is a very expensive process which costs many that. First of all if you look at a bird youmillions of dollars, on such things as realize it is a porous medium, it has lungse

composite fan blades. We feel with this and air sacks and other sorts of things.
type of program we will learn to design Historically people who made substitute birds '
intelligently. made them with porosity because without

porosity the density was too high; gelatin has
Voice: Is there any merit to the consideration a density of 1.05 gr/cc and some rubber
of the design of a frangible composite blade compounds have a density of 1.5 grams per cc.
as opposed to a titanium blade? 7hey wo, ld Inject porosity to decrease the•

density. Another reason for putting in the .
Capt. Wilbeck: There are two basic approaches porosity in that porosity does several things.

to making a blade, one is to make a blade It decreases density, decreases shock velocity
which will survive the bird impact. That is and increases compressibility. In order to 0
the normal process. In the normal approach simulate the sort of shocks we are talking
you make a titanium blade or a steel blade about, if you had no porosity the shocks would
which will actually eat the bird up and keep be an order of magnitude greater than we are
going. The other approach is a frangible seeing. If you put in the 10 percent porosity
blade, one that might be made of graphite the shock velocity drops considerably and the e .,. -•

epoxy which totally shatters in a million shocks come in line with what we are seeing.
pieces when struck. One of the biggest Again there is both a physical and theoretical
problems with blade breakage is not that you reason for putting porosity in.
loose one blade, because I could fly with one
blade going sometimes. What I can't allow Mr. Silver, (Westinghouse Electric): Referring
is that the titanium blade goes through the to your data fit to the actual birds where your
engine, it will churn through the next few curves almost match, is that 10 percent porosity I

.i stages and you may end up with a titanium curve analytical?
fire and everything else. It is a very
big problem so you try to keep the blade Capt. Wilbeck: Yes, all the data I showed you,
from breaking in the first place. The other the two data traces, wvre for 10 percent
approach is to make the blade frangible so porosity.

it will break into many pieces, sawdust in
essense which the engine can ingest. I think Mr. Silver: Would 15 percent or a little
both approaches are being tried right now. higher have fit those heavy birds a little

Many people feel you can't afford to loose better?
one blade; if that is the case then the
frangible blade is not a good approach. Capt. Wilbeck: Which data are we talking about,
If it is a fact that you can afford to loose the shock pressure or the steady flow pressure?' L
one or two blades and not get into too much
o a vbainproblem thntefrangible Mr. Sle:The shock pressure. ••''n:blade concept deserves some consideration.
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Capt. Wilbeck: Sure! If I increase the Voice: Are you saying that pressure is the only
porosity it would fit the data better. But I damaging effect?
will not change the porosity solely because
it fits my data better. I have to have a Capt. Wilbeck: Well again the only thing thati
physical reason for doing that. My physical makes a hard object worse than a soft object
reason for making it 10 percent was first of is that the shock pressure is higher and it

all gelatin has a density similar to the flesh lasts longer. With a soft object you get

of a bird, chickens for example have a density roughly the same shock you get with a hard
of .95 and so physically by best approach is object but slightly different because of the
10 percent porosity. I think my theory would difference impedances. You get the same sort
not be significantly different if I changed of high pressures; but you get release weights
the porosity by 5 or 10 percent. My accuracy in a soft object. In a steel bullet you don't
of data measurement is no greater than that, get release weights. So your shock pressure
I think. lasts for a longer period of time. We have 'oe V

never seen any for example in the steady
Mr. Silver: You might get a little surface flow region where you would expect to see a
effect that would increase the porosity. high pressure spike from a bone impact coming

in later on in time, we haven't seen anything
.Capt. Wilbeck: Yes, of course there are of the sort.
feathers, there are all sorts of problems
and surface effects is one.

Mr. Silver: Could you actually have a test
using a bag of gelatin with inserted porosity?

Capt. Wilbeck: We currently shoot a comercial
gelatin. We have shot gelatin with 10 percent
porosity and shot rubber with 40 percent
porosity. Gelatin with 10 percent porosity •iC "
gives results which are close to the data I am
showing here. It looks better because it is
not a cylinder and birds are not cylindrical.

Mr. Wayman, (McDonnel-Doullas): Are you
saying there is no justification for using
bones? I know in watching our movies of bird
impacts we see bits of the bones still intact
after the impact.

Capt. Wilbeck: I see no pressures being
generated by bones which is significantly
different than that being generated by just
pure gelatin. Mhere is no pressure data that
we see anywhere that shows us getting higher
pressures than we expected and I don't think
that a bone would give me a higher pressure.
A bone being porous might give me a lower
pressure than nonporous water. I see no
reason from a pressure point of view of putting
it in.

J..
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FREQUENCY RESPONSE AND DIFFERENTIATION REQUIREMENTS

FOR IMPACT MEASUREMENTS

Anthony S. Hu, Sc.D. and Han-Tau Chen, M.S.
Physical Science Laboratory
New Mexico State University

Las Cruces, New Mexico 88003

Impact response data are often subjected to integration and differen-
tiation procedures. These procedures are low- and high-pass filtering
processes. This paper discusses the measurement frequency response re-
quirements using harmonic analysis and shows how these requirements are
related to three differentiation procedures. Results indicated that for
operations in the frequency domain, the bandwidth used for differentiation
must be higher than that used to reconstruct the function itself. For
operations in the time domain, the sampling rate must be sufficiently
high to avoid frequency cutoff.

INTRODUCTION error but amplifies the high frequency noise

associated with the measurement. ...

In impact experiments, the responses of the
test object and other related components are This paper discusses the frequency respon-
frequently recorded using electronic and photo- se requirements for measurement data which are
graphic methods. A complete set of kinematics subjected to the processes of integration and

consisting of the data of acceleration, velocity, differentiation. This allows compatibleA
and displacement is often required in bio- kinematic comparisons between the electronic and
mechanical experiments. Depending upon the type the photographic data. Furthermore, since the
of transducers, various integration and dif- frequency response requirement becomes more -
ferentiation procedures can be used. stringent only when taking derivatives, this

paper discusses only the differentiation re-

Integration and differentiation, when con- quirements. •
sidered in frequency domain, are low- and high-
pass filtering processes where the frequency HARMONIC ANALYSIS
harmonics (components) are weighted at -6 dB/
octave and +6 dB/octave respectively. Therefore, Fourier series, in a least-squares error
an acceleration measurement requires higher sense, is a powerful tool involving periodic
frequency response than a velocity measurement. functions. Since many real-world impact data
A velocity measurement in turn, requires higher do not involve periodic functions (aperiodic
frequency response than a displacement measure- functions), the more complicated Fourier trans-
ment. Although integrations and differentiations form must be used [1]. However, if proper
can be applied quite freely to the measurements, arrangement of a section of the data can be
they have drawbacks. For example, a single made, Fourier series analysis is still ap-
integration accumulates bias error proportional plicable.
to time and a double integration accumulates
bias error proportional to time-squared. On the Figure la illustrates a section of the
other hand, a differentiation removes the bias aperiodic data with initial value b and period

T. The slope between the initial and final
value is m. When this section of the aperodic
data is made to repeat itself as shown in Figure

This work was supported by the Department of lb, this function becomes periodic and the
Transportation, National Highway Traffic Safety Fourier series representation is
Administration under Contract DOT-HS-6-01400.
The opinions, findings and conclusions stated
herin are those of the authors and are notnecessarily those of the Department of Trans- •
portation.
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Nrn fct)
f (t) - +% - (a Cos 2-t -:L.z

nmlgo n T i

+!bn sin li) for Oti4T (1)

and the Fourier coefficients are ..m .. I.0

a - f(ti) cos It(At) 0 t
i-i T 0 T

for n ,1, ..... N(2) a) A section of aperiodic data

= T f(ti) sin (At)

wee fornl1,2,..N 
(3)

ti - sampled time

N = total number of harmonics in frequencydomain .•

n - frequency index, 1,2 ... ,N .
i = time index, 1,2,...,I 0 T 2T 3 t

I - total number of data points in time
domain (b) A periodic function

At - time increment

The value of N is established by checking the
diminishing values of an and bn as n increases f•t)
or by checking the magnitude of the complex
Fourier coefficient c f

n

cn F2+n for n- 1,2 ..... N (4)n a n

Because of the discontinuities between the
initial and final data, this series converges,,
slower than those functions with no dis-
continuities. Figure le shows how a continuous T ,2 T 3 T /2

function can be created [2] by subtracting the Wc) A continuous periodic function
initial value b, removing the slope m, and
creating an image for the extended half period. Fig. 1. Fourier series analysis setup.
In addition to the fast convergence, this is
an odd function thus eliminating the computation
of an (an - 0). One disadvantage is that the

harmonic component is equivalent to a lower When this function is twice differentiated, the
frequency because of the longer period T. It harmonic becomes only 12 dB down (24%) in the
is obvious that the reconstructed function fundamental frequency.
f(ti) must be corrected by the reverse process,

i.e., adding the slope m and the initial value Three differentiation methods are compared.
b. Similarly, the calculated first derivative They are the truncated Fourier series, the

Lanczos convergence factors, and the Lagrangian
mist be corrected by the constant m. polynomial methods. The Lagrangian polynomial
DIFFERENTIATIONS method operates in the time-domain rather than

in the frequency-domain as do the first two c.S-i.
Differentiation, when considered in fre- methods. It uses a polynomial of degree four

wh1quency domain, is a high-pass filtering process relevant to five successive points. These threequnmthod domin appse ao hih-as filteres: proes
where the frequency harmonics are weighted at method ar ple oto xmls 1

human head rotation rate-gyro data under a crash,• 6d~lotav or wic heaierfor achdoubingimpact condition and (2) a cascaded sinusoidal •

of the harmonics. For example, if the 50th
harmonic is 80 dB down (0.01%) in the funda- waves of various frequencies.
mental frequency in a function, then it becomes T t u Sh
only 46 dB down (0.5%) in the first derivative. Truncated Fourier Series Method
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When Figure 1 is differentiated term-by- N
term, the first two derivatives are + 2N 1. 1 2wn•.... anj. :7.

f t(ti) =-n l [(NhI A ') (-a sin +io n-i (s7)ir-

i~T = Z1T
- for i• ] ti<T (7)

(5)f 4 N2 N2m 2w
b n co for O)ti4T f() f L a(cos tn 2 k

Ni 2nwt2 2mw n-

i nul (- 4 Nn- b 2in%-i (sin 2-
L~~~L/~ =I LiT nNi4 m m

sin Tt9 fo O~i4 (6 for Os<ti4T (8)

They are the derivatives of a truncated Fourier
srsThe factors (sin nI)/ Q) are the LanczosSseries. N 2

convergence factors.
On the one hand, the derivative can be

accurately calculated if a large number of Lagrangian Interpolation Polynomial Method
harmonics is used to cover the significant fre-
quency range of the derivative but not higher This method fits each data point using a
than half of the data sampling frequency (1/At) Lagrangian interpolation polynomial of degree
to avoid "aliasing" according to sampling theory. four relevant to five successive points (4].
On the other hand, the number of harmonics The derivatives are expressed as:
should be kept small because the effect of the 1
observation (measurement) error increases as the f -(tl) 12-[25f(tl)+48f(t 2 )_36f(t3)-
number of harmonics increases. The accuracyI.t) ft . t)- 4 .
also depends upon the rate of change (frequency +16f(t )-31(t5 (a
response) of the function. (9)-4 '

It can be shown [2] [3] that the residual f' (t 2) - [-3f(t )-lOf(t 2 )+18f(t If

of a truncated Fourier series has the 2 l12At 1 2 3

characteristics of a modulated carrier wave of -ft4 ft5J (9b) '4
high frequency. This modulating effect is not 4 5
significant in the function itself. However, 1
when this Fourier series is differentiated f(tti) = Tri [f(ti-2 )-8f(ti l)+8f(t±+ 1 )
term-by-term, loss of accuracy is noted in the
derivatives. This error is a result of the fMt+)]
fact that both the modulation and carrier
waves are differentiated rather than the mod-ulation alone without the carrier. These high for 1 3,4, ..... ,1-3,1-2 (90)

frequency components cannot be ignored be-
cause they are important in the derivatives f,(t 1-1) - [-f(tI-4)+6f(t1-3)-lgf(tI-2)
although they are insignificant in the original II
function due to the high-pass filtering effect +10f(t )+3f(t (9d)
in the differentiation process. -f Q3t()

..Lanczos Convergence Factor Method fLL(t = ft[3f(t_)-16f (t 3 )+36f(t 1 2 )

The adverse effect of the high harmonics -48f(t 1  )+25f(t 1 ) (9d)
can be significantly reduced with a modified
process given by Lanczos [3] and Haut [2].
Lanczos used a modified operator to replace the EXAMPLE 1: BIONECHANICAL IMPACT DATA
formal differentiation. This operator, when •
applied to a truncated Fourier series, reduces Figure 2 is the head angular velocity of
the differentiation process to a term-by-term a test subject during a rear sled impact. The
multiplication by the Lanczos convergence original function is identified by the short
factor in the form of (sin nx)/nx. When vertical lines while the reconstructed function
this process is repeated again, it reduces the f(ti) using Eq. (1) with 30 harmonic (N - 30,
two differentiation processes to a term-by-term
multiplication by the same factor squared. The or 37.5 Hz), is identified by the crosses. * •
fs w ev v aThere is essentially no difference between these:•" first two derivatives are

two curves. In other words, using 30 harmonics
2mw with fundamental frequency of 1.25 Hz

f'(ti) L I an(Sim-(s ti) (sin ) (f - 1/0.8), the angular velocity can be

* T U n T 0

-rý . 4
"% 4



faithfully represeni-d by the first 30 co-
efficients a and b The magnitude of then n
complex Fourier coefficients cn is shown in

Figure 3 which is commonly known as the
frequency spectrum. It shows that the sampling
rate of 500 Hz is quite sufficient.

""

t.1
Fig. 2. Original and reconstructed functions, g

Example 1.

cn

-z' dB

-10 i

-20-

-30

-0Fig. 4, Comparison of derivatives, Example le

-50
"* seconds. It shows the difference between

-60 L the two methods is 759, 225 and 114 radians/0 10 20 30 40 50 60 70 80 n 2 --•'0 0 25 50 60 75 100 HZ sec for N - 30, 60 and 90 respectively. This

27example illustrates that the number of
Fi.3 rqec petusEape1 harmonics required to calculate the derivativeFig. 3. Frequency pectrum, Example 1. heis much higher than that indicated in the

frequency spectrum of the function itself. UN3
Figure c shows the derivatives fa (t) However, this number should not be so large in ktýNk

(angular accelerations) computed according to order to prevent the high frequency noise from
Eq. (7) using 30, 60 and 90 harmonics as corn- occurring. This noise can be observed in
pared with the derivative computed according to Figure 4b.
Largangian interpolation polynomial of degree 4 K :DA

. relevant to five successive points [4]. The EXAMPLE •: CASCADED SINUSOIDAL WAVES
Lanczos factor data are indicated by the short
vertical lines while the Lagrangian polynomial In order to examine the frequency requirement of
data are indicated by the crosses. One point a sinusoidal wave for differentiation, a gen-
of comparison is the positive peak at 0.064 eral test function is generated as shown in

Figure 5. This function consists of a five-
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0-3

"'J.0 go .20 i.110 s.6 Wo.o 1.00 13.20 1'.%0 1.60 1'.80 W.(
TIME, SEC

Fig. 5. A cascaded sinusoidal test function.

cycle sinusoidal wave with frequencies of 1, and the reconstructed functions is negligible up
2, 4, 8 and 16 Iz (fo 1/2) by using the set- to 4 Hz input.
up of Figure lb. The time Increment is 0.01
second and the total number of harmonics N used Figure 7 is the normalized derivatives of
throughout this example is 30 (15 Hz). Figure the test function calculated by three methods,
6 shows the frequency spectrum. Using Eq. (1), i.e., the truncated Fourier series, the
the reconstructed function is also shown in Lancws convergence factors, and the Lagrangian
Figure 5. The difference between the original polynomial. Each calculated derivative is

compared with the ideal derivative. Normal-
ization of each cascaded section is required for
better curve scaling. Each section is scaled to
1/2mw for m- 1, 2, 3, 4, or 5, whereto is the
number of each curve section.

The carrier modulating effect in the
truncated Fourier series derivative is clearly

Cn noticeable in Figure 7a where the oscillating
0 - frequency is 15 Hz for N - 30. Furthermore,

the signal attenuation as a function of
frequency becomes more severe as compared writh

-10 Figure 5. The Lanczos convergence factor method
(Figure Tb) removes the carrier modulating
effect but the frequency attenuation is more

sevre hantha ofthetruncated Fouriersei.
-20 Figure 7e seems to indicate that, at least in

this example, the Lagrangian polynomial method
provides better results than the other two

-30 methods. The apparent frequency attenuation is
caused by Insufficient number of sample points
(rate) because Lagrangian polynomial method is

40 M.independent of the total number of harmonics N."0 10 20 30 40 50 n 60 The Lagrangian polynomial is processed in the
0 5 10 15 20 25 30 time-domain while the truncated Fourier series

Fig. 6. Frequency spectrum, Example 2. and the Lanczos converge factors are processed
in the frequency domain. By using higher
sampling rate, the Lagrangian polynomial method __

error will be reduced.

IF

1Z7%h



mwj

d.oc d-.29 d.ac dwu d.ao t.oo f.U f.i 2..i

TIM,. sic

(a) Truncated Fourier series method

TINE, SECt

'4 L

TINE, SEC

(b) Larnczos polnvereneiacto method

V. 14



Figure 8 is the second derivatives of the becomes even more severe than that of the first
test function calculated from the same three derivative. The error is significant for any
methods. The truncated Fourier series result frequency component higher than 2 Hz. The
is essentially useless unless data smoothing Lagrangian polynomial data, again, seems to
process is used to remove the carrier modula- have better results than those obtained by the
ting effect. The Lauczos convergcnce factor other two methods.
result is smooth but the frequency attenuation

V,

i.- 4 
, ,. } ,. . ,-,.'+

2 .- aZ.o''

Cr

1DM.

.0.0 a. 2.00 12.20 3.40 N II.00
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(al Truncated Fourier series method

"1. 0
,C

IDEAL
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(b) Lanczos convergence factor method

129

w w W, W,



I Its 2 lit 111 6l li 36,

. ,

Cfr C**

W

a

%og 0. Se.n reiatv of th stfu09on

N' CONCLUSONS The last method is independent of the

selection of the harmonies because it operates
.• ~This paper discussed the Importance of the in time-domain. Tn general, it is superior i•-* -

'• harmonic analysis in establishing a data than- to the first two uethods as long as the

iNg

nel frequency response and sampling rate re- sampling rate is high as compared to the

quirements. Three commonly used differentiation highest frequency component of the function. Li

methods, i.e., the truncated Fourier series,-
the Lanczos convergence factors, and the REFERENCES -'
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STRUCTURAL RESPONSE OF EARTH PENETRATORS

IN ANGLE-OF-ATTACK IMPACTS

* ~~~J. D. Colton ' '

SRI International
Menlo Park, California 4!

An analysis based on a one-dimensional beam-mass model was developed to

predict the early-time response of penetrator structures in angle-of-

attack impacts. It was found that the peak compressive strain, which
determines whether or not the penetrator casing fails, depends on the
magnitude of the lateral load produced by impacts at an angle of attack,
the load rise time (which is inversely proportional to imp.,,:t velocity),

and the relative mass of the nose and aft sections. By relating the
loading to the impact conditions through empirical data, a procedure was
devised to characterize the strength of penetrator structures in terms
of impact velocity and angle of attack. The resulting critical impact
curves can be used to make tradeoffs among structural dimensions
(e.g., length and wall thickness), to select the best structure for a
particular application, and to provide a framework for planning and
interpreting experiments and more detailed calculations.

INTRODUCTION distinct parts: an approximately linear rise to

a peak force F over the time t required for the

SEarth penetrators are designed to impact structure to penetrate to its full diameter,

targets ranging from soil to soft rock and to tollowed by a very gradual decay associated with

penetrate up to several hundred feet. This may the rigid body deceleration of the structure.

require high impact velocities, up to several For example, for a nominal full scale structure

thousand feet per second, and can result in [6 inches (15.24 cm) in diameter, 60 inches
severe loass on the penetrator. Determining (152.4) long, and weighing 400 pounds (181 kg))

the mechanical feasibility of deploying an earth impacting sandstone at 1500 ft/sec (457 m/sec),

penetrator thus requires study of terradynamics, the loading rise time is about 1 msec and the

or the motion of the penetrator through the peak force is about 500,000 pounds

target material that determines the loads on the (2.24 x 10
6

N) [41.

penetrator and its trajectory; the early-time
impact and structural response of the casing; Tests on deep-penetrator structures have -

and the response of the internal components. revealed some of the important features of the
structural response. In reverse ballistic tests

This paper describes an analysis for deter- performed at AVCO [5], relatively low strains

mining the load-response relationship of pene- were produced in a simple penetrator structure

trator structures. It also describes a proce- under a normal impact with a rock simulant;

dure for combining this relationship with the however, under an angle-of-attack impact, much

impact-load relationship to arrive at the larger strains were produced by the bending

impact-response relationship used to devclop induced in the penetrator. In ballistic tests 0
critical impact curves for penetrator struc- performed on scale model penetrators at Martin

tures. The procedure is illustrated for a Marietta Aerospace Company £6), the penetrator

simple steel tube and is also applied to more structure failed in angle-of-attack impacts;

realistic penetrator structures, these test results also indicate that large
strains and failure were caused by bending.

BACKGROLUND Below, we postulate how these failures occur.

Most earlier work on earth penetrators The axial component of the ]nad produces ______
focused on terradynamics [1-31. Of particular compressive stress along the entire length of •

interest in that work are the loads produced on the penetrator. The lateral component of the

the penetrator by the target material. Both load produces bending stresses whose magnitudes . w

calculated impact loads [4) and measured accel- in tension and compression are equal at a given

eration response [2] show thot the resultant axial location. Thus, the total stress of

force-history for normal impact consists of two greatest amplitude is compressive and above a
II
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critical velocity produces local yielding of the system r-eqiremetits; and third, to select
penetrator wall. The weakened cross section at specific configurations and loads for testing
this location allows continued deformation which and more detailed calculations.
increases the bending load, and ultimately leads
to divergent bending and fracture. Since incip- The approach to predicting penetrator re-
ient yielding in compression defines the onset sponse is based on elastic Timoshenko beam theory
of this divergent instability, the elastic re- with axial thrust. This formulation includes the .
sponse up to yielding determines if failure two dominant response mechanisms governing angle-
occurs. Thus, an analysis need predict only the of-attack impacts: axial compression, and bend-
elastic response, and the critical response para- ing at any cross section along the
meter is the maximum total compressive stress. structure. The nose, aft mass, and payload are

modeled as rigid masses, as indicated in Figure 1.
Observed maximum compressive strains and This structure is loaded by a resultant force

failures in penetrator structures occur at with a linear rise and then a constant level that
several diameters from the penetrator nose [5,61. approximates the very gradual decay found for
The stress distribution in the cross section at actual penetrators. Loading is through a fixed
these locations therefore depends only on the point in the front mass. Thus, the load is
resultant forces applied to the end of the struc- specified by the rise rime tr, the magnitude F
ture. That is, failure depends only on the re- of the axial force, and the ratio n of the
sultant axial and lateral loading forces and not lateral force to axial force. The resultant load
on the details of the pressure load distribution decomposes into its axial and lateral components,
on the penetrator nose. This observation allows and the response in these two directions is de-
us to use a relatively simple response analysis. termined independently. The loads are related ' " "

to the impact conditions through available ex-
OBJECTIVES AND APPROACH perimental and analytical load data, as discussed [.

later. The method of characteristics is used to
Our primary objectives were to develop a solve the governing equations numerically [7].

simple predictive analytical method that would
account for penetrator bending induced by angle- This analysis is an efficient way to calcu-
of-attack impacts and that would determine the late the elastic response of penetrators, allow-
effect of structural and loading parameters on ing a broad range of loading and structural
the survivability of a penetrator casing on im- parameters to be examined at a low cost. It does
pact. These results could then be used first, not replace more elaborate finite element and
to identify those parameters to which the damage finite difference codes, but rather, it supple-
producing loads are sensitive, such as impact ments code calculations at the design stage when 7 1
velocity and angle of attack; second, to provide a number of configurations are being considered

a means of arriving at an optimum structural and structural details are yet to be determined.
design within the parameter ranges dictated by

FA • t11 a' •'"

x d

t A.

'I.y ""NI
(a) GEOMETRY OF STRUCTURE

N.. A M.• Q

NNA

FL QA MA Wi QZ Mz .. '
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(b) FORCES AND MOMENTS ON THE BEAM AND FRONT AND AFT

RIGID MASSES .~

Fig. 1 - Mathematical Model of an Idealized Penetrator Structure
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ILLUSTRATION OF APPROACH FOR A SIMPLE TUBE terradynamics) and the load-response relation-
ship (determined entirely by structural response)

The analysis was used to develop, for de- is then treated separately and combined to pro-
sign purposes, a relationship between the impact duce the impact-response relationship sought.
parameters and the response parameters. This
section discusses the relationship between the Load-Response Relationship v'
dominant impact parameters (iapact velocity and We have determined the load-response rela-
angle of attack) and the dominant response para-me te ( p e k co p re s i ve tres ) f o a s mpl etion sh ip us ing th e ana ly sis de scr ibed above , by '•
tube. The impact-response relationship, includ- applying loads with the different rise times

shown in Figure 2(a) and with a lateral-to-axial Aing both terradynamics and structural response, la ai f02 h tutr sdi hs:,I,

is complex and not understood for many impact load rat o 0.2pTe structure ui n this
condtios. Hwevr, ome nsiht an b ganed example was a simple steel tube with a length-to-conditions. However, some insight can be gained dietraioo /fi6anarduso-• ,,,

by introducing an appropriate set of parameters thickness ratio of a/h = 4. Figure 2(b) shows
describing the loading on the penetrator. The thi bkne i of a /h ax 4.lFigress 2(b) so
impact-load relationship (determined only from the bending and axial stress histories at

- --I I I

~I I I

/

0 1 2 3 4 5
T Cbt/2

(a) AXIAL LOADING FORCE, FA VERSUS TIME (• = 0.20)

2.0 I I 1 1

1.5 - BENDING STRESS ob'[S

1. 

-

le'0 ., '0e,0

I0 00, 1,1
1.0000

0.5 iii
-1.0 M ,AXIAL STRESS oa/os•.,.•

-1.5 I,
0 1 2 3bt/Q 4 5

(b) STRESS VERSUS TIME AT X = x/L = 0.4828

Fig. 2 - Responi± of a Simple Steel Tube to Loads with Different
Rise Times (1/d = 6, a/h = 4)
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station • - x/I . 0.4828, normalized with re- Thus, the largest effects of increasing the .

spect to the ncrmal stress as at the loaded end loading rise time are the increase in the time
of the tube. at which peak bending occurs and the variation

The largest bending stress (ob/•s - -±1o51) in axial stress for loading rise times near one

is produced by the loading of zero rise time transit time. The variation in loading rise
rime has less effect on the peak bending stress

(step input). In order of increasing loading tan on the peak aeial stressf s

rise times the peak bending stresses ab/ls pro- and on the peak axial stress for rise times

duced are 1.48, 1.40, 1.31, and 1.20. As the larger than to transit times.

rise time increases further, the peak stress at We now determine the dominant response
this location approaches the steady-state value parameter, the normalized peak compressive
of Ob/Os - 0.793. Furthermore, the time at stress. For each rise time and value of n, we
which the peak occurs increases with rise time, find Gmax, the total compressive stress that is

For the axial stress, the peak stress at a maximum in space and time. We normalize it with

given location is determined by whether the respect to the amplitude of the normal stress
loading rise time is less. than or greater than sa th loae end. We ca e also ueterve 0
the time at which a reflected tensile stress similar to those shown in Figure 2 to determinethe ime t wich relectd tesil s~rss ax/as for different values of n. Since the-

wave from the aft free end arrives at the lo- ax/al aor different es af ine the
cation. For loading curves with rise times of axial and bending responses are independent, the
less than one transit time, the maximm axial total stress for different values of n can be -

computed by weighting the bending component by
stress produced is Oa/ss 1.00. For the the appropriate factor. The load-response re-

transit time, the maximum stress isjl ua/9-0.617, lationship is stamarized in Figure 3 as curves ... :

loading curves w ith rise t imes of me re than one l t o s i s s m r z d i i u e 3 a u v s:

t mxs of the normalized peak response stress as a
The steady-state value at this location is function of rise time for several values of TI.
Oa/ca = -0.517. tr~Id

0 5 10 15 20 25

4.0 I I [ I

4.0

3.5 -

2.04

1.5.3 .0 0.

50 1 2 3 4 5 
7

Fig. 3 - Load-Response Rtelationship for a Simple Steel Tuba

(i/d -, 6, a/h - 4)
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Impact-Load Relationship To estimate T1 for one nonzero value of a, we used %
Thact dominant impact parameters are the ima- the analysis to interpret a reverse ballistics

pact velocity V, the angle of attack a, and the test (Test D-l) performed at AVCO [5]. Our pur-
target impedance* Z. Thus, the impact-load re- pose was not to predict the response, Lut rather,

to determine the eccentricity factor in that testlatiouship, relates the loading parameters at, byO adutn th xa;n aea odapi

F, and ni to V, a, and Z. The rise time is well by adjusting the axial and lateral load ampli-
approximated by the submersion time of the tudes so that the predicted strain response would

tapered penetrator nose length Y: I- it match the measured strain response.

tr = Yn/V (1) AVCO (Test D-1) used a 3-inch-diameter
(7.6 cm), 28-inch-long (71.1 cm) steel penetrator

The dependence of the loading force F on the structure consisting of a 12-inch-long (30.5 cm)
impact parameters is not as well understood, solid nose and a 16-inch-long (40.6 cm) cylin-
However, a reasonable approximation is that F is drical cavity. The cavity was 1.8 inches (4.6 cm)
proportional to the impact velocity V, in diameter. This structure was impacted by a

F - b(Z) V (2) 15.2-inch-diameter (38.6 cm) mortar projectile at W,4 r
1500 ft/sec (475 m/sec ) at a 5 degree angle of

where the proportionality factor b(Z) depends on attack. The strains measured at three axial lo-
the target material. For normal impacts, this cations were reduced to their axial and bending
relationship has been verified both experiment- components at each of three times. The nine
ally and theoretically for soil targets; it also axial and nine bending strain data points are
appears to hold for rock targets but fewer experi- shown in Figures 4(b), 4(c), and 4(d).
mental data are available.t For angle-of-attack
impacts, we assume that the lateral load is pro-

portional to the axial load for the time of in- *

terest (slightly longer than the rise time). The impedance Z here includes any target
properties affecting the loading parameters,

The dependence of the load ratio, or eccen- including moduli, strength, density, and
tricity factor, 11 on the impact parameters is viscosity and frictional coefficients.
complex and has not been adequately investigated. .P F. Hadala, private commnicati•on,• January
However, some information is available. For
normal impacts (a- 0), we know that ten-In - 0. 1977.

"20A - F 2 AAIAL STRAIN: BENDING STRAIN: K
0 AVCO Data 0 AVCO Datae-

-- -Theory --- Theory

LU Z Z
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0 I 0
0 100 200 300 400 500 0 0.2 0.4 0.6 0.9 1.0

TIME - X - i 0.40

"(a AXIAL AND TRANSVERSE FORCE HISTORIES (b) STRAIN DISTRIBUTION AT 200 ps

4II In I I

3 3

UEm
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22 - I

4 4 I \ aZ I
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0 02 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0

x - Wet = 0.50 x - X/9 - 0.89 ,.
W¢ STRAIN DISTRIBUTION AT 350 ps (d) STRAIN DISTRIBUTION AT 500 p s;-,

Fig. 4 - Comparison of the Predicted Strain with the Measured Strain
in AVCO Reverse Ballistics Test D-I
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In applying the analysis to this experiment, Substitution of equation (2) into equation (4)

the shapes of both axial and lateral load-time and rearrangement gives
It- co'epndngt a 45int h the -ishistories were taken as bilinear, with the rise

time of 250 Usec corresponding to a 4.5-inch amax ax V A' (5)
(11.4 cm) nose length divided by the impact _P _ 1000 A

velocity of 1500 ft/sec (475 m/sec). In the 1000

analysis, the loads were applied at the center where V is in ft/sec. For the simple steel tube,

of mass of the rigid nose if the idealized A'IA - 2.29.

structure. Finally, the y- constant curves of Figure

The axial and lateral load amplitudes that 2 are relabeled as a - constant curves according

give best agreement between measured and calcu- to equation (3). The resulting impact-response

lated strains were determined independently. For relationship is shown in Figure 5. Although

example, the axial response was first calculated this impact-response relationship relie on two

for an axial load of unit amplitude. Then, for assumptions concerning the impact-load relation-

each axial strain datum point, the unit load was ship, the load-response relationship involves no

weighted so that the calculated axial strain such assumptions. Thus, when more informotion

agreed with the measured strain. The axial load about the impact-load relationship is available,

amplitude F that best matched the axial strain the procedure developed here can be repeated with

data was taken as the average of the nine such the same load-response relationship.
weighting factors; thus, FA = 195,000 pounds

(8.67 x 106N). By the same method, we found CRITICAL IMPACT CURVES

that a lateral load amplitude of 53,000 pounds
(2.36 x 10 5 N) best matched the bending strain A more useful form of the impact-response
S data. relationship is found by constructing cross

plots from Figure 5 for which the normalized
These load histories and resulting calcu- peak response is constant, as shown in Figure 6.

lated strain distributions are also shown in These curves are called critical impact curves

Figure 4. In general, good agreement was ob- and give the trade-off between impact velocity

tained between the calculated and measured and angle of attack at the maximum capability of

strains. For this 5 degree angle of attack, the the penetrator. That is, for a given penetrator

1 eccentricity factor is in 53,000/195,000 - 0.27. (fixed a ) and target (fixed P ) determined

9.1 Thus, the eccentricity angle, tan-ln = 15 experimemially or analytically), We curve for

degrees, is greater than the angle of attack OL the appropriate ratio of ax/P gives the
•.!by a factor of about 3. We now assume that the combination of allowable vfaues Igoz V and ct. For

by eccentricity angle increases linearly with angle example, for O /P 6 if the penetrator

of attack: is to survive ixangles of attack as large as 5
-1 degrees, the impact velocity must not exceed "

tan- = 3u () 1400 ft/sec.

over the range of cc of interest.
Iateoe etnit The critical impact curves can also be used

S impact-Response Relationship to select the penetrator material, on the basis
The. iof yield stress, for a given range of V and a
The impact-response relationship is now within which the penetrator must function. For_'

found by translating the three parameters tr, example, if for * given system and target the
Omax/Os, and n in the load-response relationship maximum impact velocity is 2000 ft/sec and the

of Figure 3 into the impact parameters V and a maximum angle of attack is 5 degrees, a material

using equations (1), (2), and (3). with a yield strength of at least 10 P is

First, tr is related to impact velocity by needed. Similarly, the critical curves I.,
using equation (1), which requires specifying of Figure 6 could be used to select targets for

the nose length in. For this example, we have which a given system (that is, specified coubi-

chosen Zn = l.5d. Second, Omax/os is related to nations of ay, V, and a) could be used.

the impact force F through equation (2). How-

ever, so that the results will apply to any tar- Critical impact curves are perhaps most S
gets for which a linear force-velocity relation- useful for comparing the performance of different

ship is reasonable, we normalize the peak penetrator structures, as illustrated below.

response stress with respect to the average C
loading pressure P = F/A at a particular velocity, Critical impact curves were developed for the

where A' is the frontal area of the penetrator. the four penetrator structures shown in Figure
For this normalization, we choose P10001 the 7. Structure B is similar to that already used '"

loading pressure generated at an impact velocity for deep penetration into hard targets. Structure

of 1000 ft/sec (305 m/sec). The peak response C is similar to that proposed for shdllow pene-

stress normalized with respect to P1000 is re- tration. A and D were analyzed to de-
lated to the normalized stress of Figure 3 termine the effects of changing L/d (along the -

through the identity rows of Figure 6) or a/h (along the columns of
Figure 6).

amax 'max F(V)/A Y

Pl000 5a F(1000)/A"O
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Figure 8 shows the critical load curves for Critical impact curves can also be used toamax/Pl000 10 for these four structures. For interpret results of experiments or more detail- .j
two structures of the same thickness, the ed load and structural response calculationsshorter structure has curves with a steeper slope (for example, a finite element code prediction).for T" < 20 (compare curves of structures B and A particular experiment or detailed calculation S,C). For T' > 20, the response of the shorter gives a single point on a critical impact curve.structures is quasi-steady; that is, the peak Although such a datum point represents a more
stress depends on the load amplitude but not the complete response description than a similar
rise time. in constrast, for the rise times conr- point generated by the beam-mass model used
sidered here, the peak stress in the longer here, many points are needed to determine thestructures depends on both rise time and load shape of the curve. The curves calculated with
amplitude, the beam-mass model can be used to determineothis shape. Thus, the appropriate values of V "'

Such curves can be used to plan experi- and a can be selected to minimize the data Sments. For example, the critical load curve for points needed to define the curve. For example,
structure B shows that, for impacts at about for structure B small increments in a and larger i-,,A2000 ft/sec and a 3-degree angle of attack, the increments in V should be made to efficiently 'severity of the response is very sensitive to define the a /P = 10 curve for small a.
the angle of attack. Thus, it may be important max 1000
rn hP able to control the angle of attack in a The critical impact curves are perhaps mosttest of this structure or, at least, to be able useful for making design trade-offs among Oto measure it accurately. In contrast, structure candidate penetrator structures. For example,C is more sensitive to impact velocity. Thus, in the curves for structures B ( deep penetrator)testing structure C it is more important to con- and C (shallow penetrator) pass through a similartrol or measure impact velocity than angle of region in the V-a plane and intersect atattack. V = 1500 ft/sec and a 5.7 degrees. However,
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SCALING AND PREDICTION OF IMPACT PUNCTURE--
OF SHIPPING CASKS FOR RADIOACTIVE MATERIALS

W. E. Baker
Southwest Research Institute

San Antonio, Texas

Shipping casks for spent fuels from nuclear reactors must be designed to
be proof against several hypothetical accidents, including falling on a
sharp object which could puncture the outer casing and penetrate some dis-
tance into the radiation shielding material inside the casing. These
casks are quite massive, and typically have carbon steel or stainless
steel jackets encasing thick lead shielding. To aid in puncture-resistant 2
design, drop tests have been conducted at Oak Ridge National Laboratory on
prismatic and cylindrical simulants of shipping casks of various sizes,
and several empirical design formulas for incipient casing puncture devel-,•_____
oped on the basis of the test results, which apply only to full-scale test
drops.

The ORNL data base can be used to generate more general relations between
energy for incipient puncture, casing thickness for different materials,
and diameter of cylindrical casks, if the data are properly scaled by
similitude analysis. Also, energy balance methods can be used in con-
junction with information on the character of the impact damage to generate
approximate theoretical predictions of scaled impact energy for incipient
puncture and scaled casing thickness. This paper reports the similitude
and energy balance analyses, and gives scaled puncture threshold predic-
tion equations. The equations are valid for any self-consistent set of
units, All data from ORNL tests are shown to agree well with the scaled
equations, which are independent.of scale and apply for similar jacket
materials.

The paper also demonstrates that differences in material properties for
the cask materials due to strain rate effects have negligible effect on
scale modeling of the penetration process, for geometric scale factors up
to about twenty.

INTRODUCTION recommended the following empirical equations _ *.,

for thickness of the two jacket materials to
reactoshipping casks for spent fuels from nuclear just prevent puncture of a full-scale cask drop-
Sreactors must be proof against several hypo- ped from 40 inches onto a 6-inch rod:
thetical accidents, including a free drop of -3 0.618
"40 inches onto the end of a 6-inch-diameter h = (1.22 X 10 ) W (1)
steel rod. This test is intended to guarantee
that the outer casing of the cask will not be for A245 Grade A steel and
punctured in a shipping accident. h =(2.07 X 10) W - (1.306 X 10-) W2 (2)

Most shipping casks are quite massive, lead-
. shielded and steel-jacketed. To determine com- for type 304L stainless steel. In these equa-

binations of jacket materials and total cask tions, W is cask weight in pounds and h is
weights which would pass the puncture test, jacket thickness in inches. He also recommended
SpallerI planned and conducted a series of drop that other tests be run to extend these equa-
tests of prismatic simulants of shipping casks. tions to othier materials and to include effects
His tests included full-scale and model simu- of curvature of the outer jacket of casks.
1ants with two jacket materials; ASTH A245Grade A hot-rolled steel and ASTM A240 type In later work, Nelms conducted a number of

304L stainless steel, backed by thick layers of additional tests on prismatic casks with a vari-
chemical lead, ASTM B29-55. He was able to ety of jacket materials, and also conducted
establish incipient puncture impact energies tests of cylindrical models of casks with a
"quite accurately for a variety of jacket thick- single jacket material, ASTM A245 steel. TO
"nesses and puncture rod diameters. Speller support his data analysis and development of
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prediction equations, Nelms tested the jacket Some parameters included in Table 1 can be
materials used in both his tests and Spaller's shown to be redundant for this problem by pby-
earlier tests, and reported ultimate tensile sical evidence, and some which could have been
strengths au for all of the materials, and fail- included are not, also because they are shown in
ure strain cu and yield stress a. for some of the ref. 1 to be unimportant. We included impact
materials. Nelms realized that puncture data einergy E, cask mass M and impact velocity v.
for different materials might correlate if some jut, impact energy is simply the kinetic energy
measure of material strength were included in
the analysis, and used the parameter (Ei/Gu) for E = (1/2) Mv2  (6)
his correlations where Ei is the measured inci-
pient impact energy for jacket puncture. In Table 1.
testing models of cylindrical casks, Nelms found List of Physical Parameters
that more energy was needed for puncture of S9pcylindrical models than for prismatic models; sho Diesin Parat

and that this energy decreased slightly with E FL Ipact enry.
increase in cask diameter. Empirical equations H F/L Totl mass of caskvLiT Impact velocity ..

obtained by Nelms were: LI Imatvoit
h L Thickness of cask sheathing

For prismatic cask simulants impacting rods : L Thickness of lead
d L Diameter of Impacted rod

with diameter of d inches, b L Minimum face dimension of Impacted cask

D L Diameter of cylindrical cask
1.6 1.4 y(r) L Deformation of sheathing and lead

Ei=2.4 d1. hT (3) . Ux•• ,oto• --

r, L Radius of deformed region

1L] Volomeof ders ioIn leadFor cylindrical casks of diameter D inches with v, L Vole of lead with permanent strain 4.jac'e-s of ASTM A245 steel, with thickness h of yi ILW Yield stress of ith material

S0.075 in., 0,L
5  

ultimate saress of i~
1

' material

Si =3040 d- 256 -16D Si)F/L' Strain-hardening slope for ith material
c as -- Strain in ith material

for prototype (full-scale) cylindrical casks,
and results in ref. 1 show quite clearly that M

2- 3 p and v themselves are superfluous and E determines
- (10.5 - 0.0554D) h - 11.8h (5) impact deformation. Also, from discussion in

ref. 1, it is clear that the exact size of theimpacting cask is unimportant, provided that the
The experimental work in refs. 1 and 2 is impacting surface is somewhat larger than the

obviously done with considerable care, and is radius of the deformed region, and that the lead
accurately and fully reported. But, much more shielding is much thicker than the steel sheath- r
general inferences than equations (1) through ing. We can therefore eliminate the parameters!;
(5) can be drawn from the test data if the M, v, b and H from Table 1 as redundant for this
results are properly scaled. Further, approxi- problem, subject to the restrictions that
mate analytic expressions can be generated to
relate puncture threshold to parameters describ- h/H << 1
ing the lead-backed jacket and the impacted rod. (7)
These two kinds of generalizations are the topic rl/b < 1
of this paper. i %t•sM

(There is strong physical evidence that strain
SCALING OF CASK PENETRATION rates t. do not affect the scaling. We will pre-

sent oui arguments for their exclusion later.)
Most of the tests reported in refs. 1 and 2

are tests of scale models of full-scale shipping Eliminating four parameters in Table I
cask simulants, with geometric scale factors as leaves 1.3 quantities, which can be combined into
small as 0.052. The tests showed very repeat- 13 - 2 = 11 dimensionless groups, using the
able scaled deformation patterns of steel jac- methods of dimensional analysis. 3 One possible
kets and lead shielding, established quite ac- set of these groups (or Pi terms) is given in
curately the impact energies for incipient jac- Table 2. Let us discuss the implications of
ket puncture for a range of scale models and keeping all of these terms constant as scale is

several full-scale simulants, and showed that changed, which is the requirement for valid
the impact energy governed puncture for these scale modeling.
low-velocity impacts with massive items, rather
than the impact velocity. One can therefore Terms w3 through 1r7 state that the scaled_-
list the physical parameters entering this pro- geometry of the deformed lead-backed sheathing
blem, preparatory to assembling them in dimen- and the lead itself should be identical, if
sionless groups in a similitude analysis. These other scaled terms are also held constant, re- . ,.

are given in Table 1, together with their dimen- gardless of the complexity of the deformation
sions in a force, length, time (F, L, T) system. pattern, for prismatic casks. There is ample
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lksble 2.
Pi Terms for Cask Impact 1.0

0.6-

No. -o.4-
Wi (E/a d3) An energy ratio 0.

r-2  (h/d) "

715 (1 /d) 4  '~-) .2.872.

Tr3 (y/d) 0E._

7T4 (y m/d) GeometriL similarity O

0.1 -1

117 (V 2/d ) 0.04 -2." 7

1T6 (D/d)Tr9 (V2/d' 0.04 -- •

""yi/) I 0.04 0.06 0.1 0.2 0.4 0.6 1.0

(Si/ui) • Constitutive similarity (hid)

"ii • Response -
Figure 1. Scaled Penet.ration Data for

Prismatic Casks

evidence in refs. 1 and 2 that this is so, with should fit the scaled data very well. We made
very repeatable and similar deformation patterns, a least-squares fit to an equation of this form,
Terms iF9 and TI0 simply state that the plastic using all of the scaled values for wi and 12.
portions of the stress-strain curves for each This gave
material being deformed should be similar. When
materials are not changed as model scale is / E.\ J)1.448changed, this is obviously true; it is also =.)= .58 , ± 9.4% (9)
approximately true when sheathing is changed aud

from hot-rolled steel to stainless steel. For
other materials tested by Nelms, such as brass, The fitted curve and the error band are shown in
copper, etc., thess terms are not necessarily Figure 1. This fit should not be used beyond
invariant. Term n11 simply states that strains the limits of the scaled data, which are:
are unchanged at similar points in the deformed r .Y-
materials. So, for prismatic casks we are left,.\
with the term r1 which one should be able to 0.045 5(_) 5 0.37
scale with term n2, which in turn was deliber- dI
ately varied over a considerable range in the (10) ..

experiments. For cylindrical casks, the term ",
n8 can be important, and was varied by Nelms in 0.03.4 0.80
one set of tests. We can test this scaling law u d'
by replotting the data in refs.1 and 2 in scal-
ed form, provided we enter appropriate values The single equation (9) should replace the p0 ir
for the strength parameter aui in term rI. The of empirical fits given by equations (1) and (2)
3riginal data appear in various tables in refs. and the dimensional fit of equation (3). The
1 and 2. We present the data for prismatic exponent in equation (1), if inverted to give
casks in Figure 1* and Table 3. We do not in- W (or E for constant H) in terms of h, is 1.618, -'-..
dlude here the data obtained by Nelms for jacket which is not greatly different from our exponent
materials which differed markedly from ductile of 1.448. If equation (3) is made dimensionless f'•) ,
steel. Use of the term T1 is shown in Figure 1 Ly dividing through by d 3 , the exponent in it is
to collapse all data onto a single curve, ver'fy- 1.4, which is even closer to our fit. We see no
ing the scaling law over the range of these test
data. It is also apparent from Figure 1 that *In this table, as in Tables 4 and 5 and Figures tO
the logarithmic plot is linear, so an equation 4 and 5, the original data are all presented in
tf the form English units as they appeared in the references.

But, the scaled pi terms are all nondimensional
E uand valid for the International System of Units

= A (8) (SI), or any other self-consistent set of units.
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Table 3.
Data for Penetration of Prismatic Casks

711.'02

in in in-lb kai .tr

0.0495 0.3115 258 41.9 0.2037 0.159

0.072 0.3115 471 47.8 0.3260 0.231

0.117 0.3115 1063 47.1 0.7467 0.376

0.0495 0.375 332 41.9 0.1503 0.132 - ,

0.072 0.375 619 47.8 0.2456 0.192
0.117 0.375 1345 47.1 0.5415 0.312

0.072 0.4365 750 47.8 0.1887 0.165

0.072 0.450 814 47.8 0.1869 0.160 A245 Crade A Steel
•--"'--.0.051 0.500 522 41.9 0.09967 0.102

0.0595 0.500 708 47.1 0.1203 0.119

0.072 0.500 943 47.8 0.1578 0.144

0.110 0.500 1875 60.1 0.2496 0.220

0.1183 0.500 2095 47.1 0.3558 0.237

0.136 0.500 2595 62.0 0.3348 0.272 ,"

0.072 0.552 1107 47.8 0.1377 0.130

0.0495 0.625 784 41.9 0.07664 0.0792

0.072 0.625 1409 47.8 0.1207 0.1152

0.031 0.500 489 84.2 0.04646 0.062

0.50 0.500 829 84.2 0.07876 0.100

0.0625 0.500 1328 84.2 0.1262 0.135

0.074 0.500 1950 84.2 0.1852 0.148 ,,'

1.39 6.0 3.611x10' 60 0.2786 0.232 A245 Grade A Steel

0.883 6.0 1.745x10' 62.9 0.1284 0.1472 ]
S0.5 6.0 1.150xl0 81.2 0106557 0.0833 304L Stainless Steel

0.078 0.5 1668 85.1 0.1569 01156 304L Stainless Steelannealed N
0.120 0.5 2011 46.5 0.3459 0.240 ASTM-A366 Carbon Steel

0.038 0.5 337 43.0 0.06270 0.076 NN"7

0.076 0.5 1897 93.8 0.1618 0.152 304 Stainless Steel,annealed

0.107 0.5 1743 54.4 0.2563 0.214 ASTM A245 Steel

0.031 0.5 279 43.7 0.05108 0.062

0.063 0.5 771 45.5 0.1355 0.126 Low Carbon Steel

0.074 0.5 1759 87.3 0.1612 0.148 316 Stainless Steel

0.078 0.5 1807 90.7 0.1593 0.156 321 Stainless Steel
0.078 0.6 2520 85.1 0.1377 0.1J. 304L Stainless Steel.annealed
01031 0.6 637 86.6 0103404 0.0517

"0.120 0.6 2532 46.5 0.2521 0.200

0.038 0.6 443 43.0 0.04770 0.0633 ASTh-A366 Carbon Steel
0.027 0.6 591 94.6 0.02892 0.045 304 Stainless Steelannealed

S0.107 0.6 2509 54.4 0.2131 0.1783 ASTM-A245 Carbon Steel
0.031 0.6 347 43.7 0.03671 0.0517

0.063 0.6 973 45.5 0.09899 0.105 Low ..n

need to make a fit similar to equation (2) to a Nelms 2 conducted some puncture test3 of
. higher order functional relationqhip for stain- prismatic cask models with jacket materials

less steel jackets (nor did Nelms in ref. 2). quite different from the ductile carbon and
The scaled data for stainless steel and carbon stainless steels included in Table 3 and Ficure
steel jackets are shown in Figure 1 to agree 1. These materials included brass, copper,
very well and a single curve fits all data. annealed tool steels, 4130 stainless steel, and
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.; . CURVE FIT Roam Temperature,:b'•°-0.04 FROM EQUATION99 , ,

00

= 0.04 0.06 0.1 0.2 0.4 0.6 1.0

Figure 2. Scaled Penetration Data for Prismatic

Casks with Materials otter than DuctileStt••ate Steelse

OMo

•,,, a hardened 301 stainless steel. The high yieldI
• ~ ~~strength materials in this group usually had o ..... ............. '..........'"" ,,, ....

ultimate strains much lower than the ductile t6' io z 16 io to2  w'
:, materials employed before, as did the brass. tRESR},R~lIi

€" The copper had both low yield and high ductility. Figure 4. Stress-Strain Data for Lead at78FS

•;• Both brass and copper have decidedly different
• elastic material properties from the steels. So, for mild steel only increases about 10% over
*one would not exec as go orlto ewe hscag nsri ae hl o edtei-&

•,-' scaled incipient puncture energy it1 and scaled change i• about 15%. Thze standard deviation in-I
•% thickness 112 because the constitutive pi terms the determination of incipient penetration energy

l"g and wlO in Table 2 are not invariant. The is of this same order (9.4%), so differences
-•-,-• "scaled data for this limited test series are caused by higher strain rates in the models
•I•' shown in Figure 2, together with the curve fit should be essentially undetectable. This istZ3 given by Equation (9). One can see that the indeed borne out by the scaled data in Figure 1,

N,,'4 curve fit, and that one cannot arbitrarily change factors of about one to twenty. The full-scale

N'• jacket materials and expect accurate scaling, data are quite indistinguishable from the small
model data. Further, the observation that inci-

•J ~Why do we feel that strain-rate effects are pient puncture was dependent only on impact ,,.r.-
-•. unimportant in the scaling? Stress-strain data e~nerqj and not impact velocity for otherwise•,•.

•'0' taken at very low strain rates in a laboratory identical tests indicates independence from ,
-,r. test machine may indeed not be representative strain rate, because the tests at higher velocity .

•'-"of the material characteristics at hsthe somewhat are also tests at higher strain rate. .
-". higher rates representative of teelow-velocity

• impacts and penetrations. But, the crucial ENERGY SOLUTIONS FOR DEFOR•MATION AND PUNCTURE ••

•0-question in estimating the effects of strain OF PRISMATIC CASKS
*rate on the scaling of the penetration process=•'

- ?' is really, 14ow much• do constitutive properties Analyzing the dynamic processes occurring...
• chanae between scale model and full-scale?" during impact of the cask simulants onto the • %

0.4 FRMEUTO

"II', Mild steel shows as much change in properties rods, and subsequcnt puncture, is quite dif- ••••
• with strain rate as any steel, as shown in ficult and expensive if one attempts to follow ...Figure 3 from ref. 4. Properties of lead are the entire time history of the process. But,

shown in Figure 4, from ref. 5. The maximum by using the observed deformation patterns, one
Phi' .d• difference in strain rates between model scale can sometimes obtain approximate analytic pye-

•'and prototype is in inverse ratio to the geo- dictions by balancing the impact energy against 0 'strmetric scale (being proportionally higher in plastic strain energy which is absorbed by the

-.- the small models); this is about 20 times in cask tn deforiing the sheathing and the lead if, I-
tathe experiments of Spbllere . If mean strain and shearing through the sleathing. Methods of c. I

orates full-scale are about h/se, they will be this kind have been quite useful in predicting d

no greater than 20/sec in the models. From Permangey deformations of blast-loaded struc-
cFigures 3 and 4, one can see that ultimate stress tures, and in determining the form of penetra-
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tion equations for tornado-borne missiles impact- The contribution of plastic strain energy in the
ing steel reactor containment shells, sheathing to absorbing the impact energy is then

simply
The steel sheathing develops plastic strain

energy by bending, Ub, by extension or stretch- E = Ut (18)
ing, Ue, and by shearing U!P at the periphery of
the sharp-edged rod being impacted. Deformation We can arrange eqs. (17) and (18) to cast them
patterns in ref. I are very similar to those for into the form of the it terms from our model
steel panels impacted by long rod missiles. Ex- analysis, giving:
pressions for Ub and Ue were developed in ref. 8,
and are:

r _ -av
Ub 2 yymh (~-r + L4) L(m2[( ) (!X)+(.L (19)1 4 u

From the ASTM standards, the ratio

y
r4 d\2r, d3 r 3 r - equals 0.625 for ASTM A2453 2 3 16)

e = ''yy m (_ 2 d4 \2 (12) steel and equals 0.357 for 304L stainless steel.

r - 4 Strain energy absorption in the lead is
somewhat more difficult to estimate accurately, _O____

because we know only the shape and size of •he
* Review of the damage patterns in ref. 1 show surface deformation near the impact. This shape,
that r1 is essentially a const~ant times d, r for incipient perforation of the sheathing, is3d/2. Substituting into equation (11) and 2) shown schematically in Figure 5. A much larger,gives and unfortunately unknown, volume V2 of lead

lrayymh (13)

%Ue =lrcayymh (14) V
h d.

We can estimate Us by considering the plug shear- Figure 5. Schematic of Deformation in Lead
ed out of the sheathing on impact as resisted by
ultimate shear stress Tu, integrated around the than the volume of the surface depression V1 in
periphery of the impacted rod, and displaced the F r h bn a l d m . oFigure 5 has been plastically deformed. To • •••
thickness h of the sheathing. We also assume estimate strain energy absorbed in the leact we

a to make several simplifying assumptions and use in-

= formation from Figure 4. We first approximate
u u the volume V1 by the conic frustrum, shown indashed lines in Figure 5. This gives-•- or

which corresponds to the Tresca yield condition a le F r T g
for a biaxial stress state. These assumptions 2 Or (y -h) 2 d 2\=d ,h " (Ymh r rld+ d__••yield: 1 1  2 (20)

4 3 *.l 2

s -(!)a3dh (6
Using r -3d this reduces to

The total strain energy for steel ýneathing de- 2 2( 1 3 Ym 5h_
V1 = 12 6) (21

U U + U + U

b e We then estimate that the lead is being loaded

at a mean strain rate of 10/sec, and establish
i'h 2  h Ou from data in Figure 4 an approximate strain-Ut = (ny 2 + a v +- h d) (17) hardening ratio S/oy = 2.267, to account in anYn h approximate manner for the severe strain-harden-
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ing in the lead. We next assume that the volume 1.0 I , ,
ratio V2 /V1 is in proportion to scaled maximum EMPIRICAL FIT A.

deformation Ym/d. All of these assumptions lead FROM EQ.9 7
to the approximate relation for strain energyUL 0.6 x
still containing an unknown ratio U.

0.4 X

X

UL =ird oL I +2.267 0.I
L \V 21 \d/

L R ) • 0 2)X

[1 YN 5(h]0.064

Equating this to the portion of impact energy x

absorbed by the lead and rearranging, we have 0.02 X" 0 STEEL DEFORMATION PLUS-

E LEAD COMPRESSION
S 1 .X STEEL DEFORMATION

d = R + 2.267 0.01_ X .
VI I I I I I 1

0.04 0.06 0.1 0.2 0.4 0.6 1.0
1 y - 5 (23) (hid)

Figure 6. Energy Solutions
.1R A;

to help us estimate R, as follows:
4" where R is an undetermined dimensionless ratio

given by 1) Compute measured scaled energy from the
definition of term wI using data from

(au V ref. 1 including experimental values of

R (JL 1 (24) incipient puncture energy listed in 4th

(K) (V2)column of Table 4. These values aregiven in the fifth column of the table.

Consider now the two prediction equations devel- 2) Compute the ratio (E/aud3 )/R from eq.
oped by energy balances, eq. (19) and (23). (23) divided by R. These values are

Data from refs. 1 and 2 allow prediction of the given in the seventh column of Table 4.
scaled impact energy for incipient puncture,

because all quantities on the right hand side 3) Obtain an estimate of R for each test r"

are reported in ref. 1, including values of point. This is done by subtracting 'K,
(ym/d) corresponding to the maximum energy for column six from column five, and divid-

M no penetration. Table 4 includes all of these ing the result by column seven. The
data, and in the sixth column the values of estimates are listed in column eight.
(E/Gud 3 ) computed from eq. (19), usingthe appro-
priate values of (Oy/Gu) for the two steels. 4) For each jacket material, average the
These scaled energies are also plotted in estimates of R. For hot-rolled steel,
Figure 6, labeled "Steel Deformations." One Ravg = 0.09945, while for stainless f
can see that they lie well below the curve steel, Ravg = 0.04710. We expect the
which we previously fitted to the scaled experi- value for stainless steel to be somewhat
mental impact energies for incipient puncture, lower than for hot-rolled steel, because
which has been transposed from Figure 1. Also, stainless steel has a higher ultimate
the dependence of scaled energy on (h/d) is stress (see eq. 24).
different, having a much steeper slope on this
plot. 5) Using the appropriate average value for

R, compute an adjusted scaled energy by
Because the prediction equation for energy multiplying Ravgby column seven and .1

absorbed in deforming lead contains an unknown adding to column six. Thesc -values are

parameter R, we cannot simply compute scaled given in the last column, column nine, IVa
energy from eq. (23) and add to values for and are plotted in Figure 6. a
energy absorbed in steel deformation. Instead,

1' V. we must use experimental values of scaled energy
!149 0"
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Table 4. 1
Predictions from Energy Solutions 9 -I .

Col. 1 Co. 2 Col. 3 Col. 4 Col. 5 Col. 6 Col. 7 Col. 8 Col. 9
Measured Steel Lead AdjustedSd,tn [h Y m Eil' E t E s E Lý E / R E t

V d in-lb a.~L )

A245 Grade A Steel

0.3115 0.1589 0.3413 274 0.2164 0.0929 1.3225 0.09339 0.2244

0.3115 0.2311 0.3538 497 0.3440 0.1778 1.0796 0.1539 0.2852

0.3115 0.3756 0.5140 1,092 0.7671 0.5588 1.6586 0.1256 0.7237

0.375 0.132 0.3675 344 0.1557 0.07495 1.6593 0.04867 0.*2400

0.375 0.192 0.3467 650 0.2579 0.1283 1.2096 0.1071 0.2486

0.375 0.312 0.4515 1,410 0.5768 0.3641 1.4566 0.1460 0.5090
0.4365 0.1649 0.2978 808 0.2033 0.08732 0.9746 0.1190 0.1842

0.450 0.1600 0.3067 853 0.1958 0.08518 1.0594 0.1044 0.1905

0.500 0.102 0.2304 535 .0.1021 0.03168 0.7872 0.08946 0.1100

0.500 0.119 0.2362 780 0.1325 0.04185 0.7559 0.1199 0.1170

0.500 0.144 0.2834 949 0.1588 0.06682 0.9649 0.09532 0.1628

0.500 0.22 0.3622 1,920 0.2556 0.1671 1.1959 0.07400 0.2860

0.500 0.2366 0.402 2,130 0.3618 0.2072 1.4310 0.1080 0.3495

0.500 0.272 0.4252 2,600 0.3355 0.2745 1.4435 0.04275 0.4181

0.552 0.1304 0.2428 1,158 0.1440 0.04991 0.7520 0.1251 0.1247

0.625 0.0792 0.1792 808 0.07899 0.01705 0.5660 0.1094 0.07334

0.625 0.1152 0.2331 1,463 0.1254 0.03921 0.7515 0.1147 0.1139

6.0 0.2317 0.3854 3.61146 0.2786 0.1925 1,3211 0.06517 0.3239

6.0 0.1472 0.3073 1.745+6 0.1284 0.07440 1.1206 0.04819 0.1858

Avg.
0.09;45)

Type 304L Stainless Steel

0.5 0.062 0.2048 463 0.04399 0.00984 0.7830 0.04361 0.04672

0.5 0.100 0.2678 765 0.07268 0.02675 1.0440 0.04593 0.07592

0.5 0.135 0.3228 1,270 0.1207 0.05811 1.2903 0.04851 0.1189

0.5 0.148 0.410 1,910 0.1815 0.07238 1.9450 0.05610 0.1640 0'
6.0 0.0833 0.2448 1.039+6 0.05713 0.01840 0.9362 0.04137 0.0625

( Av9 . •':(0.04;10)

The equations for predicting scaled energies for For 304 L stainless steel sheathing,
incipient penetration, based on the procedure h
described, are: Et ,IF 0. 357 + [0. 357 Y-'-'•"

For A245 Grade A steel sheathing, [o3-• %.

= + =O E 0 . 6 2 5 
+ + 0 . 0 4 7 1 0 + 2 . 2 6 7  Y Md dL• ,

(2)3 YmE (h]

0.625 [I72 j•-(26)
h\]L 0 ha By inspecting Figure 1 and 6, one can see

5 that predictions from eq. (25) and (26) do
+ 0.09945 1 + 2.267 \ LIJ d2 - kI() describe nearly the same relationship between

0150

. - w'', •.=_ .~ -- W .--- -- -. ,w. - - -W ,W . w .w w w w ,w... - 0.-.-

Ap~



scaled impact energy for puncture and scaled Table 5. Data and Scaled Data for
sheathing thickness as the purely empirical Cylindrical Cask Puncture Tests
fit given by eq. (9). The scatter is, however, %
somewhat greater for the energy method pre-
diction equations. A least-square fit to a d, D. Eh) r
logarithmic relation between scaled impact in in inlb
energy and scaled sheathing thickness yields - .i
the equation 0.4 4.19 877 0.2670 0.1875 0.09542

0.4 4.65 868 0.2644 0.1875 0.08598

1.491 0.4 5.20 863 0.2629 0.1875 0.07692

2.920h) + 13.5% (27) 0.4 6.16 853 0.2600 0.1875 0.06494

aud3 0.5 4.19 1213 0.1892 0.150 0.1193
0.5 4.66 1202 0.1874 0.150 0.1073

0.5 5.15 1198 0.1868 0.150 0.09709 1
0.5 6.17 1181 0.1843 0.150 0.08103

with limits the same as given in eq. (10). By 0.5 6.65 1173 0.1830 0.150 0.07519
comparing with eq. (9), we can show that either

0.5 7.18 1166 0.1819 0.150 0.06964equation gives predictions which lie within the
error band for the other over the entire range 0.6 4.65 1482 0.1338 0.125 0.1290
of (h/d). 0.6 5.22 1472 0.1381 0.125 0.1149

0.6 6.65 1451 0.1310 0.125 0.09025

0.6 6.9 1444 0.1304 0.125 0.08696
IMPACT PUNCTURE OF CYLINDRICAL CASKS 0.2407 0.1E75 0

SpallerI conducted a few exploratory tests 0.1720 0.150 0

of cylindrical cask models to sup.)lement his 0.1307 0.125 0

primary data for prismatic casks. Nelms 2 ran
a more extensive series of model impact tests Notes:
of cylindrical casks, obtaining values for 1) For all tests, h-0.075 in and a.-51,300 psi.
incipient puncture energies for several combi- 2) Last three values are obtained from fit to prismatic
nations of it8 = (D/d) and %2 = (h/d) and a cask data.
single jacket material, A245 steel. Nelms'
tests cvered three values of ff2, with 1r8 being
systematically varied for each value of 2- ,
Both investigators found that cylindrical casks
were somewhat more resistant to puncture than ________________

prismatic casks with equal jackets, and Nelms
obtained enough data to generate the empirical
equations (4) and (5). 1 d

Nelms' data for cylindrical cask puncture
thresholds can be generalized somewhat, using
the dimensionless pi terms from our model
analysis and using eq. (9) to extend the range
of one parameter. To do this, we first generate

a new pi term from w8 by inverting,

hi*-,5

'1 d (28)

1 .02 0.06 0.06 0.39 0.10 0.12 0.1* I
We then scale Nelms' data, in Table 5, but also
include scaled values for i8 = 0, from the fit
to prismatic cask test data in equation (9). Cyledrical Casks
The scaled data are also plotted in Figure 7. Cylindrical Casks
The plots show that scaled impact energy fi isdcb te c
a weak function of %'. The general dependence An excellent empirical fit describing the func-
is tion f in eq. (29) is

1.448 2
S (IT I = 2.587 ) 1 + () 258.030) . 4.'

or aud ;1

aud f + 94.873 -7.5721} (30)
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which holds for (sharp-cornered, right circular cylinder).
Limited additional tests are reported in ref. 1

h which partially evaluate the effects of tempera-
0.125_< Q) < 0.1875, tures from -80°F to +180 0 F, and of small gaps

between sheathing and lead simulating gaps . '
(31) which could exist in real casks. Spaller1 con-

e (31) cluded that:

1) Casks at temperature significantly be-

low room temperature require increased
The solid lines in Figure 7 represent equation impact energy to puncture.
(30) bounded by the expressions (31), and can
be seen to pass almost exactly through all data 2) Casks at elevated temperatures (up to .
points. Note also that the scaling extends the +1800F) show no significant decrease in
overall range of the test data and permits cor- puncture resistance over casks at room 0'
relation with prismatic cask data. temperature (70 0F).

DISCUSSION AND CONCLUSIONS 3) Gaps between sheathing and lead shield-

2 ing had no apparent effect on puncture
Based on Staller'sI and Nelms' experimental resistance.

data on puncture resistance of prismatic simu-
lants of shipping casks for spent nuclear re- These conclusions all render the prediction
actor fuels, the author has conducted a simili- of puncture energies from the basic data in ref.
tude study and developed an empirical relation 1, and from prediction equations in this paper,
between scaled energy for incipient cask shell somewhat conservative.
puncture and scaled shell thickness. This re-
lation, eq. (9), fits all model-scale and full- REFERENCES
scale data in refs. 1 and 2 quite well.

1. A. E. Spaller, "Structural Analysis of Ship-
dtth the impact test data and material test ping Casks, Vol. 2. Resistance to Puncture,"

data taken at various strain rates for steels ORNL TM-1312, Vol. 2, Oak Ridge Nat. Lab.,

and lead indicate that variation in material Oak Ridge, Tenn., Sept. 1966.

properties due to different average strain rates 2. H. A. Nelms, "Structural Analysis of Ship-
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Approximate analytic formulas for predictinc June 1968.

impact energies to puncture can be developed by
equating strain energies developed inplasticall 3. W. E. Baker, P. S. Westine and F. T. Dodge,
deforming the sheathing and lead shielding in SIMILARITY METHODS IN ENGINEERING DYNAMICS, • ' i
the cask simulants to the impact energy. The Hayden Book Co., Rochell Park, NJ, 1973.
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the impact energy is absorbed by deforming the 1977.
lead shielding for small values of scaled
sheathing (h/d), but that the steel sheathing 6. P. S. Westine and W. E. Baker, "Energy
absorbs much more energy as (h/d) increases. Solutions for Predicting Deformations in

Blast-loaded Structures," Edgewood Arsenal
The model analysis is used as a basis for a Contractor Report EM-CR-76027, Report No. 6, •

two-parameter fit to data for puncture of cyl- Edgewood Arsenal, MD, Nov. 1975.
indrical casks, including data for prismatic
casks. A single empirical equation fits all of 7. P. S. Westine and P. A. Cox, "Additional
these datavery well. Energy Solutions for Predicting Structural

Deformations," Edgewood Arsenal Contractor
The empirical and energy equations in this Report EM-CR-76031, Report No. 4, Edgewood

paper are limited in their applicability to the Arsenal, MD, Nov. 1975.
specified ranges of scaled parameters, and to
other restrictions based on the limitations of 8. W. E. Baker, J. C. Hokanson and R. A.
the tests in ref. 1 and 2. The other restrict- Cervantes, "Model Tests of Industrial Mis-
ions are normal impacts, room temperature of siles," Final Report, SwRI Project 02-9153-
cask, no gap between sheathing and lead, and 001, Southwest Res. Inst., San Antonio, TX,
the specific geometry of the impacted "piston" May 1976.
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FINITE ELEMENT ANALYSIS OF MULTICOMPONENT
STRUCTURES IN RIGID BARRIER IMPACTS

J. K, Gran, L. E. Schwer,

J. D. Colton, and H. E. Lindberg
SRI International

Menlo Park, California

Techniques are presented for the transient analysis of multicomponent
structures impacting rigid barriers using the finite element method.
The analysis considers distortion and failure of joints, multiple im-
pacts, and elastic-plastic material behavior. The models for each
component of an example structure are developed separately, guided by
the results of impact experiments. A comparison of the predictions
of these finite element models with the results of the experiments
demonstrates the applicability and accuracy of the models. The com-
plete structure is then analyzed by combining the component models.
The net result is good correlation of experiment and analytical pre-
diction for the acceleration of a mass on a rather complex structure.

INTRODUCTION model are then develojed and the predictions of
these models are compared with experimental

The structural analyst working in the measurements. Finally, the component models are
fields of crashworthiness, safety analysis, or assembled to analyze the complete structure.
shock isolation is often asked to analyze the
transient response of structures in which sev- STRUCTURAL RESPONSEeral structural components are joined together
with bolts or spot welds. The analysis of such Consider the multicomponent structure shown
multicomponent structures in rigid barrier itr- in Figure 1. It consists mainly of a circular
pacts poses difficult modeling problems, because plate bolted at 300 intervals to the flange of an
joints may fail during the time of interest and L-section circular ring. The web of the ring is
more than one structural member may :#-.ke the attached to a thin cylindrical shell with two
barrier. Standard finite element v-'•-u1ies rows of rivets. In the figure, the shell edge
are generally sufficient for mode. .. e ,a in- is shaded for clarity. The gap between the edge
dividual structural components, b.:, an-aysi, of of the plate and the inside surface of the shell
joint distortion and failure, and , -tsent of is about 8/10 of a bolt diameter. A rigid mass,
multiple impacts require innovative - .niques. representing electronic and mechanical equipment,

is integrally connected to a rectangular mounting
This paper describes the development and pad. The pad is bolted to the plate with four

application of two modeling techniques that can bolts. All structural elements except the high
be incorporated into most finite element pro- strength steel bolts are 6061-T6 aluminum. The
grams for the analysis of multicomponent struc- response of this structure, especially the accel-
tures: a simple method by which shearing bolts eration of the equipment mass, during a lateral
can be modeled and a straightforward method of impact of the shell against a rigid barrier is to
treating multiple impacts against a rigid bar- be determined.
rier during a single simulation. An example
also illustrates the use of experiments to de- An initial set of experiments was conducted
fine the requirements of analytical models and to determine the important response features and
guide their development, the sequence of the response (1]. The structure

drawn in Figure 1 was launched so that it struck
First a multicomponent structure and its side-on into a rigid barrier. In high speed im-

experimentally determined response in rigid pacts (>10 =/see) the shell wall suffers perma- L i
barrier impacts is described. For each con- nent radial deformation locally at the impact I
ponent of the structure, a finite element model point. The ring forms a plastic hinge near the
ic developed, The level of refinerent necessary impact point but otherwise remains elastic. In
to achieve accurate predictions is determined by the impact configuration shown, the bolt nearest N.{ .
comparing the models against experiments designed the impact point shears to failure while plaiii-
to measure the response of a single component. cally deforming the bolt holes in the ring and
The shearing bolt model and the multiple impact plate. Most of the early load to the plate comes
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stiffness is small compared to that of the ring,
f.-.-.-------101.6 mm so the shell can be treated in a simplified way. -K"-". SHELL 09COMPUTATIONAL MODELS

•'-?. ~EQUIPMENT 0.89 mm ••••
EQUIMASS (29g) To analyze the structural response and pre-

I"0.89 MM 'M BO . TS dict the acceleration of the equipment mass, two-
1.27 mm- dimensional finite element models for the plate,

r-1 _11 •ring, and bolts, and an algorithm for multiple ,Z
V .1 %M impacts were first developed separately. The

oRIVETS shell effects were approximated by including a
PLATEnominal length of shell in the ring cross section.

!2 7mm RING" The bolts were modeled with simple beam elements.
For each component an experiment was performed

11.4 mm to determine the mesh refinement necessary in-e,
the model and to verify the accuracy of the pre-
dictions. Then these models were combined to
model the complete structure. The computational
models were developed using a modified version

0. of SUPER,* a three-dimensional general purpose
finite element structural analysis code.

0 \0 Plate Model

The circular plate was modeled with elastic-
plastic constant strain triangular plate ele-

01• ments in plane stress. The element mesh used in
the analysis of the complete structure is shown
in Figure 2. It contains 37 elements and 28
nodes. Near the impact point the element side
lengths are as small as 5 mm so that local plas- S

.. tic response and high strain gradients are cal-
culated accurately. The plasticity model
consists of a Von Mises yield criterion with
linear strain hardening. I

A mesh similar in refinement to the one in
`*ýIMPACT POINT Figure 2, but without nodes at the bolt holes,

was used to analyze the experiment designed to .
S,,/,/,/,.,//// ,,//////////////////////// / measure the response of the plate alone. In the
Fig.; 1 Mlti Srucur inImpctexperiment, a 5.1-am-thick, 99.8-nun-diameter." "•. Fir. I entatic ponen Stuc u e ' jac .B
Fg 1-MOrientation plate was press-fit into a 0.9-man-thick wall

shell. A uniaxial strain gage aligned to
from this bolt and the two neighboring bolts easre radial strain was mounted on each sidefrmthsbotad h.tonegbrigbotof the plate, 25 nun from the impact point. In '

•. The plate then continues its forward motion un- oftepa ,25mfrmheiacpin.I
til t srike th insde f th shll. histhe analysis, all the plate nodes were given antil it strikes the inside of the shell. This initial velocity except the node at the impact

second impact produces plastic strain in the point, which was held fixed.
plate. For about 250 Usec the plate strains
are almost entirely membrane, and it is during
this interval that the peak in-plane acceler- *
ation of the equipmentmass occurs. The only The SUPER code was originally written at the
forces acting on the equipment rc--rc the University of Illinois at Chicago Circle by
equipment mounting bolt forces. Depending on Belytschko et al. [2) for the transient analv-
the mass of the equipment and the impact veloc- sis of three-dimensional space frames. The
ity, these bolts may also break, governing equations are formulated using a

N• finite element technique that incorporates
The value of these initial experiments is rigidly convected or corotational coordinates

twofold. First, they determined the response to treat arbitrary large displacements with
features that must be included in an accurate small strains. Both explicit and implicit
analytical model. These are the plastic hinge solution techniques are included, plus a modal . .."in the ring, bolt failure, plate impact, plate analysis option for determining natural fre-
plasticity, and equipment acceleration due to quencies and corresponding mode shapes. The
bolt forces. Second, the experiments suggested code has since been modified at SRI to expand
a major simpl'fication in the analysis. That is, its range of applicability in structural analy-
even though the structure is three-dimensional sis. In particular, a three-dimensional tri-
the significant response features are all basic- angular plate/shell element as suggested by
ally planar phenomena. Thus, for this problem, Marchertas and Belytschko [31 has been incor-
plate bending and out-of-plane ring bending car porated. The code is still under development
be neglected. Also, by inspection, the shell and no comprehensive documentation is available. /47
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Ring Model
The L-section ring was modeled with straight -i

three-dimensional elastic-plastic beam elements,
constrained to move only in a plane parallel to
the plate. The beam cross-section and the ele-
ment mesh are shown in Figure 4. The mesh con-
sists of six elements, each approximately 25 om
long. The effects of the shell that surrounds
the ring were approximated by including a 33-rn
length of shell in the beam cross-section. This -

length represents twice the decay distance of
edge effects in an axisymnetric shell analysis.

V

INTEGRATION
"POINTS

CENTROIDAL

l I• V NODE

Fig. 2 - Plate Model: constant strain triangle /
element mesh 3W

Figure 3 compares the radial strain pre-
dicted in the SUPER calculation with the radial
membrane strain measured in the experiment. The
calculated strain is from a 10-rn element at the
strain gage location. The measured strain is . .
the average from the gage on each side of the "-L=
plate. The predicted peak strain is in good STRAIN
a agreement with the measurement; the shorter rise GAGE
time in the calculation is due to the ideal- Fig. 4 - Ring Model: beam element mesh and beam ,,• ,"
ization of the impact. In a posttest inspection, cross-section (not to scale)
the plate showed clear signs of plastic flow
within a 4-rm-radius region around the impact The integration points shown in Figure are
point. The calculated plastic zone extended 5 m used to numerically evaluate the nodal forces
from the impact point. The results of an elastic and moments. By using a modified trapezoidal
calculation (not shown) indicated that the effect integration scheme, it is possible to preserve
of this plastic flow is to decrease by about 50Z the exact elastic bending stiffness of the ele-
the radial strains 25 rm away from the impact the bea m cros sectin is dividedeintpoint ment. The beam cross section is divided into
Spoint. strips and across each strip the axial stress is

allowed to vary linearly. The total nodal forces
and moments are then found by adding the contri-
butions of all the strips.

c In the experiment used to test the accuracy

E of the ring model, a ring and shell were riveted
together just as in a complete structure, but a

" plate was not included. One of several strain
-gages, oriented in the circumferential direction,S-I -0 was mounted on the flange of the ring near thegtu< ANALYSIS

X inside rim at 00 (behind the impact point). This
gage is drawn in Figure 4. Cages were also
located 60%, 90, 1200, and 1800 from the impact

-0.2 point. The assembly was launched into a rigid
0 10 20 30 40 50 60 70 80 barrier at 5.2 a/sec.

TIME - psec

Fig. 3 - Measured and Predicted Plate Strains
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In Figure 5, the strain measured at 0* is
compared with the strain calculated at node 1,
integration point 1, in the analysis of the test.
The peak strainsagree well even though they ex-
ceed the elastic limit (0.445%). The rise time
in the calculation is considerably lower than
measured, but again, this is due to the ideal-
ization of the impact in the analysis. Generally,
comparisons of calculated and measured strains
at the 600, 900, 1200, and 1800 locations show
that the calculated strains rise more quickly
and to a greater magnitude than the measured
strains. However, in botn theory and experiment
the peak strain level drops off sharply away
from the impact point, and an accurate prediction y

of these low level strains in the analysis of
the complete structure is of secondary importance. BOLT

0.6

0.4 ANALYSIS

0 0.2
:Rz 0.2 --1 "EXPERIMENT0 1

0 20 40 60 80 100 120 140 160 180 200 Fig. 6 - Quasi-Static Bolt Test Configuration
TIME - psec

Fig. 5 - Measured and Predicted Ring Strains

Bolt Model

In the development of the bolt model,
several quasi-static lap shear tests were per-
formed to determine the combined force-deflection STATIC TEST WITH
properties of the shearing bolts and the dis- STATIC TEST WITH ALUMINUM STRIPS
torting bolt holes. The test configuration is STEEL STRIPS
illustrated in Figure 6. In the first set of 2000
tests, three 25-mm-wide strips of high alloy
steel were bolted together with a single
1.2-mm-diameter high strength steel bolt and nut.
The middle strip was 2.5 mm thick; the outer . rBL

strips were 1.27 mm thick. In an Instron machine, Z 1500 1 BOLT

the outer strips were pulled in one direction, ELEMENT

the inner strip was pulled in the opposite di- DOUBLED

rection, and the resulting force-deflection curve wU
was recorded. The cross-head speed was 0. 5 ma/mmn. ccI
A typical loading force-deflection relation is 0 1000 I
shown by the dashed curve in Figure 7. Since

hole distortion was negligible in these tests,
they provided a direct measure of the energy I ELEMENT

absorbing capacity of the bolts alone.50 /I
In the second set of tests, the steel strips I I

were replaced with 6061-T6 aluminum strips. In
eight tests the breaking force, ranged from 1086 N I
to 1935 N and averaged 1886 N. The breaking dis- 0 I
placement ranged from 0.58 mm to 0.86 mm and 0..5.50
averaged 0.76 =m. A typical loading force-de-
flection relation for these tests is shown by the DISPLACEMENT - mm

heavy solid curve in Figure 7. The force mea- Fig. 7 - Quasi-Static Test Results and Bolt
sured here is twice as great as that required Element Characteristic
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to break one bolt since the bolt was sheared in
two places (between the outer and inner aluminum
strips). In addition, this force-deflection re-
lation represents the combined effects of the d
bolt shearing and the local plasticity in the Vj Mj
aluminum strips. Based on the area under the / ///
two experimental force-deflection curves, the T
energy absorbed through bolt deformation is
about equal to the energy absorbed through hole
distortion in the aluminum strips.I

The technique used to model these character- -
istics uses a lumped stiffness beam element,
with a modification to account for bolt breaking. 0
Consider the shear deformation of the clamped-
clamped beam shown in Figure 8. In the absence -
of axial stiffness, the internal moments M and V1
shear forces V are given by e

I] UNDEFORMED DEFORMED : ,

4]K (i) Fig. 8 - Forces and Displacements for the BoltIi 24 6 j Element

and
eequipment acceleration occurs while the mounting

V -V _ M + (2 bolts are being loaded, experimental unloading
charcteistcs erenot modeled, and the uin-
loading path for this bolt model is the same as

where K is the bending stiffness and £. is the that for loading. Results of impact tests, shown
length. For the particular case of a clamped- below, indicate that for general use the bolt
clamped beam model should include experimental unloading

S=G 0 = n d characteristics.
(The principal advantage of this bolt model

where d is the shear deflection. It follows f:om is that one simple element is used to account for
Eqs. (1) and (2) that both the shearing of the bolt and the plastic

deformation of the bolt holes. The alternative
M = 6 KG (of including a sufficient number of elementsM I m 6 K (4) around the bolt holes to account for the local

and plasticity would make the cost of a numerical
simulation prohibitive. However, the bolt ele-

12KO ment formulation also has limitations. For ex-
. V J. £ ample, in two- or three-dimensional analyses

The shear force F, which is work conjugate with where rotational degrees of freedom are admittedthe shear displacement d, is at the bolt element nodes, spurious internalmoments generated by the bolt elements would
cause additional bending deformation and would ,
alter the force-deformation characteristics of

Combining Eqs. (5) and (6) gives the force- the element.
deformation relation for the bolt element An experiment was performed to check the pre-

12KO dictions of the bolt model (and the multiple
impact model discussed below). The structure
consisted of the standard plate, ring, and shell.

* Choosing t = 0.76 mm and K = 0.106 N-m gives a However, to check the bolt model for the simplest
good approximation to the typical experimental feasible c-S.figuration, the plate was attached
curve representing the combined effects of bolt to the rin, with a single 1.2-mm-diameter high
shearing and bolt hole distortion. A comparison is strength rteel bolt at the 00 location (in line
shown in Figure 7. with the impact point). To hold the assembly

aligned d'ring acceleration, a second bolt was
To model breaking of the bolt, additional installed in a radial slot at the back edge of

logic was introduced in the subroutine that the plate, so that it exerted no force in the
calculates the bolt force. If the absolute value directior of impact. Strain gages were mounted
of the bolt force exceeds a prescribed value, the along the diameter passing through the impact L ,
internal forces are set equal to zero. For the point to measure radial strain on both surfaces
force-deformation curve shown in Figure 7, the of the p .ate, at 15.7 mm from the leading edge.
bolt-breaking force was taken as 943 N, which A contac :-sensing gage (thin films of copper that
occurs at a shear displacement of 0.76 mm. These closed a circuit) was mounted on the inside of
values match the mean results of the quasi-static the shelL at the impact point to sense the impact
shear tests. For simplicity, since the peak of the p Late against the shell. The assembly
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was launched into a rigid barrier at 8.6 m/sec.

Figure 9 shows a comparison of the membranek strain measured in the experiment and the strain I,,,,-

predicted in the corresponding finite element
analys.-. Zero time in this plot is the initial T
barrier contact. The origin in the calculated
curve is shifted along the time axis to the
"point when strains are first measured in the
experiment. Up to about 140 psec, the strains
are due to the single bnlt force; after that
the second impact forces dominate The measured
strain due to the bolt force is matched very
well by the calculation. The dip in the calcu-
lated strain just before the second impact is 0.
caused by the bolt's breaking at a shear dis-
placement of 0.76 mm. There is no corresponding
dip in the experimental strain because in this
particular test the bolt did not fracture. (In f)..
other experiments with different instrumentation
the 0* bolt commonly fractured.)

loop

: L Fig. 10- Illustration of Multiple-Impact Model
I-0.10 - EXPERIMENT \ -

Z The technique of adjusting the nodal dis-
-i -0.15 ANALYSIS placements during a time increment could lead

Cc tc computational instabilities if the increments
S -0.20 - of displacement are too large. However, no in-

stabilities were detected during the example
-0.25 . calculations, and it was not necessary to re-

0 20 40 60 80 100 120 140 160 180 200 duce the time step from that required by theTIME -psecexplicit Integration in the plate model
TIME(0.5 sec).

Fig. 9 - Measured and Predicted Plate Strains

Due to Single Bolt Force and Second The results of the experiment with the
Impact plate and single bolt were used to check the

performance of the multiple impact model.
Multiple Impact Model Figure 9 shows the comparison. The contact gage

sensed the impact of the plate against the
A multiple impact algorithm was developed shell at 126 Usec. However, the gagesthickness

to model the impact of the plate against the is about 0.1 -, and a finite time is required
shell wall. This was accomplished by modifying to develop close mechanical contact and for
the subroutines in which the initial conditions disturbances to propagate to the strain gages.
are specified and the equations of motion are Thus, the measured strains do not show signs of
integrated. In the modified subroutines the the second impact until about 140 lsec. In the
maximum allowable displacement of a given node calculation, the second impact occurs at

in a eiven direction is specified, and the 140 Usec on the scale 'in Figure 9. The level
position of the node is monitored at each time of strain after the second impact is calculated
step. If the explicit integration of the very accurately, although again, because of the
equations of motion produces a displacement idealization of the impact in the calculation,
greater than the specified maximum, the dis- the predicted rise time is less than the
placement is adjusted to equal the specified measured time.
maximum and the new internal forces are camputed
with the node in this position. In the example, ANALYSIS OF COMPLETE STRUCTURE TO PREDICT

the leading node in the plate is allowed a dis- EQUIPMENT MASS ACCELERATION
placement of 0.89 mm before it must stop at thE
shell wall. As long as the calculated force The finite element models developed for the
between the plate and shell is comp'sssive, plate, ring (and shell), bolts, and multiple
the plate and shell remain in contact. As soon impacts were combined to analyze the complete
as this force becomes tensile, the contact is structure drawn in FIgure 1 and to predict the
broken end toe plate is allowed to move away acceleration of the equipment mass in a high
from the shell. This sequence is illustrated speed lateral impact. The bolted equtlment
in Figure 10 mass was modeled as a rigid body connected to
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nodes at the bolt holes in the plate and to processor time on a Burroughs 6700 computer.

weightless rigid links at the interfaces between j-'
beam elements in the ring. This arrangement is
shown in Figure 11. (The bolt elements could
not extend to the centroidal nodes in the ring
because these nodes could not be located at the
bolt holes) 0

"4.- To test the model an experiment was per- --. EXPERIMENT

formed in which the structure was launched into
rigid barrier at 12.3 m/sec. An accelerometer Z -

w a s m o u n t e d o n th e b a c k s id e o f th e e q u i p m e n t _ -5 0 0 0E-T

mass to measure in-plane acceleration. Radially LYSIS
oriented strain gages were mounted in front of ccANALYSISI
the mass on both side4 of the plate. -10,000 I

07 -15,000

0.760mm BL T 0 50 100 150 200 250
ELEMENTTIME- psec

Fig. 12 - Measured and Predicted Equipment Mass
Accelerations

SUMMARY AND CONCLUSIONS

T WIENIG NLE A two-dimensional finite element model was

TWO-DIMENSIONAL used to analyze a multicomponent structure in

rigid barrier impacts producing multiple impacts.

Experiments showed that the model describes the
response of a three-dimensional shell-ring-

plate structure and predicts with good accuracy
the sequence and details of the structural re- K
sponse and the acceleration of bolted equipment.
Furthermore, at each step in the development of
the model, confirmation was made with experi-
ments on the components that make up the con-
plete structure. The type of elements and mesh
sizes required for good agreement with experi-

Fig. U - Bolt Connection Arrangement ment were determined, and this should be useful
information for more general modeling in similar

Figure 12 compares the predicted and impact problems.
measured equipment mass accelerations. Both "
curves begin with a low level plateau correspond- The bolt model and multiple impact model

ing to the period during which the ring deforms developed In this work were demonstrated to be

locally and the front bolts between the plate useful calculational tools that can be incor-
and ring begin to shear. This slows the plate porated into most finite element programs. An -.

slightly and the equipment bolts respond by de- analysis of the local plWst•.ty occurring in
forming slightly. Thus, the equipment mass is bolt hole distortion is avoded with the force-

slightly decelerated. When the second impact deformation bolt model, ann the bolt element

occurs, between the plate and shell, the plate does not reduce the allowable time step in the

slows sharply as its energy is absorbed in calculation from that required by the smallest

plastic deformation at the front edge. The plate elements. The multiple impact model _.O

equipment mass continues forward, producing allows one to perform a single, continuousI.
large deformations in the equipment bolts. Thus, analysis of elastic-plastic impact problems,
its acceleration rises sharply. At the velocity avoiding restarts that require complicated

its cceeraton ise shaply Atthe eloity "initial" conditions for multiple impacts.
of this impact the equipment bolts are sheared "
almost io the breaking point, producing an
equipment acceleration of approxi-ately ACKNOWLEDGMENTS
-13,000 g. When the equipment mass stops its
forward motion, at about 190 lisec, the equip- The authors are grateful to W.J. Coffey and L -:

ment bolts begin to unload. At this time, since the Department of the Army, under whose sponsor-
the unloading characteristic of the bolts were ship this work was performed. The authors also •

thtan theain refereessti of the Shock andViraio
not included in the bolt element, the predicted thank the referees of the Shock and Vibration

and measured equipment accelerations diverge. Bulletin for their helpful coments,

This simulation required 54 minutes of central %
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DISCUSSION

Voice: We use staybolts to mount guns on gun
mount rings, would you mind clarifying or
stating something abcout the clearance between 4

.the bolts and the holes.

Mr. Colton: I can't quantify them. All I can
say it was a tight fit since you have to press
the bolts through the holes. I have also been
thinking about the torque on the nuts. A

Voice: Yes, Battelle has done quite an
extensive study of that and also on the flatness
of the surface between the bolt heads and the
plates; but they haven't gone into the study
that you have. This does enter into it
especially on the buckling of the plate. Also
was there a radius in your L shaped ring?

Mr. Colton: Yes, but it probably wasn't
indicated in the drawing. With regard to the
bolts and quasi-static pull test that we
performed to determine their strength, we
fabricated all of those parts in the same way
that we fabricated the shell structure so that
the tolerances were accounted for in the force
displacement curve that we measured.

Mr. Sierakowski, (University of Florida):
I noticed that all your input into the computer
program for your bolt shear test and your bolt
element characteristics were done statically,
did you do any dynamic testing such as drop
testing?

Mr. Colton: No, and the main reason was that 1.' .,i
the strain rates are higher than you can get
with any testing machine. The closest thing
we did to checking the dynamic deformation of
the bolts was that test in which we mounted
the plate on the ring with a single bolt.
That is essentially a dynamic test, if you look
at it it is a little bit 4ndirect, out it is a
dynamic test; that is if there were some Jynamic
effe ts that were much different than the static
"test they would show up in that experiment.
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BLAST •,:

"TESTING PIPING CONSTRAINT ENERGY ABSORBERS FOR

REACTOR CONTAINMENT APPLICATIONS"•'•;'

R. C. Yaeger and R. C. Chou*

Frdnklin Institute Research Laboratories •• "

Philadelphia, Pennsylvania t-

INTRODUCTION designer to obtain the required performance in
a machine with reasonable overall dimensions. •

The Duke Power Co. o.- Charlotte, North In order to accommodate the great range of per-
Carolina, has developed a design concept for formance which was inherent in the requirements,
durable low cost energy absorbers to be used the machine could be configured to use zero to
as piping constraints in reactor containment twenty strands of one inch diameter bungee cord
structures. Safe secure "constraint for pipe in groups of four strands.
sections which have been damaged in a reactor
containment accident must be assured. In the Close attention to the demands of personnel
extreme accident case, a free moving Dipe sec- safety made it pos.•ible to complete the entire
tion, during a po~t-accident period, could hit program without injury. This versatile test

the containment wall and result in containment machine is described in detai•l in the paper;
rupture; the consequences of such a rupture performance data, photographs, etc., are given.
could be catastrophic.

The instrumentation/data acquisition/data
Duke Power Company needed a population of processing systems used during this program were

experimental data in order to apply their design extensive for tests of this type. Force, velo-
concept to real reactor installations. In con- city, deformation, etc., were recorded in analog •• •
junction with Franklin Institute Research form as a function of time on tape throughout
Laboratories (TIRL) and others, a program of the energy absorption pulses. Data were digi- ,
controlled experiments was developed for this tized and processed in digital form to produce -.
purpose. final results in the form of computer-made plots :

with the following coordinates: ,.
FIRL personnel designed and developed a ' .

special drop test machine to perform the many Strain vs. time 2
tests in this program. Impact velocities as Strain vs. deformation
high as 70 feet per secono are routinely avail- Strain rate vs. deformation• i
able for the lighte.r drop weights. The machine Force transmitted vs. time
is easily calibratable and highly reproducible Deformation vs. time .
as to its performance. Impact velocities with- Force vs. deformation j
in five percent of required values can be guar- .. ¢
anteed. Drop weights are controlled to the Routine checks on the quality of the re-• '']
nearest 10 pounds routinely; lesser values can sults were made by comparing the kinetic energy
be controlled if required. The drop weight can of the impact mass with the energy absorbed (Fdy) ---
be varied from 70 lbs to 7000 pounds. One of and by comparing the mass impact momentum to
the more valuable ,eatures of the machine is the JFdt. It was also possible to compare lvdt with
ability to separate part of the tup mass for measured specimen deformation. This system is
tests requiring small weights. The principal described briefly in the paper.
part of the tup can be stopped by built-in hy-
draulic snubbers while the separated portion The program of tests is discussed; includ-
strikes the test specimen. The separation is ing some of the problems along with their solu-
accomplished with simple foolproof hardware; tions. Typical analog records are shown; oigital •• •

•,•this system functioned smoothly whenever it was plots of the same data are shown.
•,• used during the program.

•;,The original program of simple crush pipe NJ
SThe use of bungee cord assist enabled the specimens was extended to include honeycomb pad

•.• *Mr. Yaeger was the project manager; Mr. Chou designed the drop test machine. •, '
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sections and finally dual pipe sections in- In brief, it was our task to impact a large
stalled at a 90 degree angle with respect to family of weights at controlled velocities on a 4,
each other. number of special short pipe sections like theone shown in Figure 1. and to measure the energy

The bulk of the program data are not pre- absorbed by, and the forces transmitted by, those
sented herein. Samples are shown in this paper short pipe sections in stopping the weights. The
as an aid in describing the test machine and its range of weights extended from a minimum of
use. 31.7 Kg (70 ibs) to a maximum of 3324 Kg (7330

Ibs). The velocities ranged from 305 cm/sec
ACKNOWLEDGEMENT (10 ft/sec) to 2134 cm/sec (70 ft/sec).

It is both an obligation and a pleasure to It was further required that it be possible
acknowledge the fact that this work was the re- to account for any significant amount of the __-_._-

sult of a major team effort at FIRL. Many energy transferred from the impacting weights.
people worked actively on the program; too many A form of energy balance was required so that
to list them ali :n this brief review. The the dissipative effectiveness of the crushing
principals involved, in addition to the writers, pipe sections could be determined during the
were: Dr. G. P. Wachtell (Project Scientist), dynamic tests. t.
Mr. C. T. Davey (Instrumentation) and Mr. E. J.
Dougherty (Data Processing). The Duke Power Co. The great bulk of data to be expected from
was fortunate in having Mr. A. P. Cobb, Jr., a program which involved hundreds of test speci-
available to manage their par. of the prograri" mens demanded some form of automatic data pro-
he always arranged to be on hand when questions cessing. This became a program requirement
arose involving the overall program. early in the design period.

THE PROBLEM With hundreds of specimens in the initialC
program, it was essential that a systematic pro- _-

When the programveds first presented it was gram be established for their processing, care -.

obvious to those that no test equipment handling. This problem .Ias compounded by
available at FIRL could perform these tests. A the later addition of a number of honeycomb pad
familiarity with other equipment available in specimens and some crossed pipe specimens. None
the U.S. convinced us that most potential per- were lost and within the limits of the quanti- A.
forming laboratories would have to build some- ties supplied by the client, no program delays
thing for the job. The FIRL proposal included were recorded for lack of properly prepared
design and fabrication of a new facility, specimens.

n.162
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Not the least of the problems was the need velocity accuracy and only 2 specimens had been q.,
"to keep all proposed costs down on a competi- planned for a given test condition. We had a
tively bid project. small margin for error in the base program,

none in the add-ons.
The resulting drop test machine is not like

the shock test machines used to test equipment It was planned to use a daily bungee cord I .
to existing military specifications. Its range exercise routine both when calibrating the
of impact velocities and load carrying capabili- machine and at the start of every test day.
ty would make it useful for such tests but we This exercise routine, combined with equations
would have to shift the measurement emphasis developed from calibration test data with bun-
"from energy absorption to pulse shapes and peak gee assist permitted us to obtain the desired
deceleration values, repeatability. Appendix A shows these equa-

tions, one of which was developed for the bun-
THE FOUNDATION gee assisted drops and the other which was used

for the gravity drops at the lower velocities.
We started at the bottom with the problem

of measuring the energy and momentum transmitted The success obtained in using bungee cord
by the machine to its mounting base. We liked in this machine was due, in a large way, to the
the idea of having a known, large base mass for manner in which it was used. The cords them-
this purpose mounted on known springs. Wc had selves were all made in one special run with
such an item on hand in a 72562 Kg (160,0)0 lbs) special attention paid, by the manufacturer, to
mass on air springs under the FIRL Seismic Simu- uniformity of product. The machine was designed
lator.* The use of this mass required us to so that no greater than 100% extension was pos-
idle the simulator for a few months (initial sible. Each 25.4 mm (1 in.) diameter cord was
estimates were 2 months -- it eventually made up double length (2 strands per cord) with
stretched to 7 months) but the schedule was not cable thimbles in an eye-splice installed by
crowded and the mass was used for this program. the cord manufacturer. The cords were strung

on the machine frame in the manner shown on
It was possible to achieve some economies Figure 3. The original plan was to measure the

in the design of the machine by using the exist- load an each cord, as stretched, as a method to
ing foundation block. The structure of the control performance uniformity. The cord end
seismic simulator was useful as the main sup- clevises were strain gaged for that purpose.
port for the drop test towers and its slides. The exercise routine proved to be adequate how-
Adequate electrical power was available in that ever and th2 cord load measurement system was
area of the building and a heavy duty bridge abandoned.
crane covered the entire area. This bridge
crane saved the cost of a special hoist for the The moving impact mass picked up each
drop weights When the need for bungee cord double i•ungee strand on a shoulder-shaped steel
assistance appeared, the crane became invalu- structure as it was lifted above the test anvil.
able. Figure 2 is a photograph showing the In the maximum stretch condition (see Figure 4)
general area in which the machine was installed, each strand was pulling downward with a force of
The arches of the seismic simulator, which 454 Kg (1000 lbs). With 20 strands installed at
"served as tower supports, and the outline of the full extension and a moving mass of 680 Kg
"foundation block are clearly seen in this view. (1500 lbs) the total lift was over 9070 Kg
The proposed use of the machine on this founda- (10 tons) on the worst-case drops. With forces_
tion required recording the block motion through- like this around we had to be very strict about
out each test; provision for this was included safety procedures and equipment. We were very

*..., in the measurement system. strict and no technician has been hurt using the
VELOITYREQUREMNTStest equipment to date.

The general design approach used simplified
With the available ceiling height in the equations relating the kinetic energy at impact,

selected FIRL high bay testing area and the the potential energy of elevation, the mass of
"O higher velocities needed, it was tempting to the falling object and the energy which could be

conduct these tests at an outdoor location. As stored in the bungee at a given elevation. The
it turned out we would have been outside between kinetic enerc term was an input for each test
November and May in an extremely bad winter. It using the known mass and the desired impactwould certainly have been a problem. velocity. The spring constant of the bungee •.-,,

came from manufacturers data; with KB known, the
Some form of velocity boost was required; energy stored was a second power term in drop "

a review of available methods narrowed quickly height. The potential energy term involved the
"0. to the use of bungee cord(s) of suitable length. first power of the drop height. Each case in- O

Some apprehension was felt concerning the number volved solution of a simple quadratic; these were
of cords which would be required for the larger run off on a programmable hand calculator. Pre-
masses involved arid for the repeatability of the liminary selections of the number of bungee

* bungee performance. The program required + 5% strands (groups of four were used to preserve

-This fac'i'ty is used normally to qualify Nuclear Power Plant hardware.
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symmetry) were tested on paper for all known hydraulic shock absorbers shown in Figure 7.
cases; nominal drop heights were computed. • .
Tables of such values were used for preliminary MAIN STRUCTURE ,-\
test procedures. In some actual ,,ses, the
number of strands had to be increased when the In order to perform a controlled series of 1-L )
available drop height was exhausted without tests it was necessary to guide the moving
achieving the desired velocitj. weights. It was also necessary to provide sup-

port for the bungee cords, the instrumentation, ,
MOVING WEIGHTS etc. Two square-section hollow steel columns

were erected and fastened securely within the
It was apparent from the beginning, that no seismic simulator framework. The hollow steel

single moving mass structure could satisfy the tubular guide rods were fastened to these
required 100:1 range of impact weight. We columns in a way which permitted their accurate,
finally settled on a concept of three structures parallel alignment. Each tup was used as an
to cover that range; one of them was a part of alignment key by raising It to a number of 4___
one of the others. These structures were called levels above the anvil and checking the slope

" "tups" in this program. and the bearing clearances. Jackscrews at in- -•
tervals permitted the technicians to warp the

We arrived at a heavy structure which guide rods into precise alignment for minimum
weighed approximately 408 Kg (900 lbs); it friction along their length. Additional com-
could be loaded with a family of weights to the ments on the guide rod bearings are given in the
maximum required value. The largest weights next section.
weighed 227 Kg (500 lbs) which further aggra-
vated the safety situation. All such weights An upper structure was assembled to tie the
were fitted with threaded lifting eyes to per- columns together, support the bungee cords and
mit safe easy handling. This so-called heavy permit entry of both the crane hook/block and a
tup was used only for gravity drops down to its purchased quick release hook.Sunloaded weight (see Figure 5). Between the columns, at their lower end,

For the medium weights and for all high was a base (thick steel plate) surmounted by an
velocity drops the so-called light tup was used. anvil structure (see section on instrumentation-:
This had a minimum weight of approximately 245 below). •
Kg (540 lbs); it was used with add-on weights to
a maximum weight of 1075 Kg (2370 lbs). While Near the lower ends of the columns, bungee
the striker face on the heavy tup was Integral rollers were Installed as well as a sturdy safety
with the structure, on the light tup it had a bar which did not permit either tup to strike
variety of forms. In most cases, it consisted the anvil when work was going on at the base of
"of a special structural item bolted to the bat- the columns. An overall view of the machine
tom of the tup core structure. When a large ntructure is shown as Figure 8. The entire
number of weights were required, the striker working area was surrounded with a safety cage
could be changed to a hardened plate fastened to which had to be closed prior to each test drop.
the lowest weight. The light tup is shown in
one of its configurations in Figure 6. TUP BEARINGS

All weights had to be firmly attached to Probably more design time was spent on this
the moving mass structures. Each of the larger detail than on any other. We were concerned A
weights (see Figure 5) was held in place by with friction drag, on the one hand and the pros-
2-1-1/2" d. (3.81 cm) steel studs passing through pect of inadequate guidance on the other. Pres-
the weights and the large tup structure. A cen- sure pad bearings were considered but considera-
tral network of reinforcing mass transmitted tions of cost and delivery caused them to be
forces from these weights directly to the impact dropped. The eventual selection was four plain
surface. Smaller weights were held in place by sleeve bearings, each one of which covered an
1 inch diam. (2.54 cm) copscrews. No weights arc of 2250 around the guide rod perimeter. The
depended on bolt tensions for the transmission 660 bronze bushings had a nominal clearance of •. 2
of direct impact force. All fasteners were 0.0127 cm (0.005 in.) on the 7.62 cm (3 in.)
torqued in place with oversize adjustable diameter guide rods. Two kinds of alignment *

wrenches and extension handles. Technicians were shims were used for basic alignment. For the
selected for their ability to cope with the heavy tup, the shims on one guide rod were elas-
physical requirements of the test equipment. tic material set up so that a slight pressure

was exerted on the other guide rod at all times.
In order to reach the lowest required weight This worked well with the heavy weights; it r *it was necessary to use a carriage which was too would not have been acceptable for the lighter_ i

small to support the main bearings. In those tup. For that structure, rigid shims were used;
cases the so-called slider was used. This was a considerable difficulty was experienced in set-
carriage (Figure 7) which was part of the light ting up these rigid shims.
tup structure at release but which separated

pro cm the ni.he lup s trucwure prior to impact on The bearings were oil lubricated in the
thepemethe imen he light tup was snubbed to a early tests; a light grease was used for the
stop for this condition by means of a pair of latter tests. Lubricant was renewed on the basis
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.4', of a visual inspection, which were used to decrease lateral vibration
had a secondary benefit (see below); they en-

MEASUREMENTS abled the technician to preposition the coretips over the coils. I

The following paragraphs describe briefly, tporhcl
each of the parameters which were medsur-4 and/ Strain gages were attached to each specimen
or controlled at the test site. Combinct ois of and outputs from these were recorded as a func-
these data items are discussed in the new. sec- tion of time. The number of gages varied with
tion on Data Processing. the type of specimens used.

The weight of each impact r -s was a con- During the early tests, temperature of the 1.
trolled parameter. Each basic tup structure specimens at the points of greatest strain was
was weighed prior to assembly on the machine, of interest. A number of these were recorded
Each tup was equipped with d family of weighed as a function of time for these tests. Interest . "
and marked add-on weights in standardized values in temperature as a variable reduced based on
(500 Ibs, 250 lbs, 100 lbs, etc.); fasteners for the early data.
these weights were also carefully weighed. It *

was possible to obtain any required weight in The motion of the foundation biock was re-
this manner. Changing weights was the slowest corded as a displacement vs. time signal from
step in the testing process, therefore, all an LVDT anchored to a fixed point.
tests were arranged in order of increasing
weight to minimize time required for this step. All functions were recorded directly on
The total weights were known to within less than magnetic tape with an accurate time base signal. .*
a pound when normal care was used in selection Special event signals were added to assist the
of the add-on weights. data processing system in handling the data from

a given test. Special data sheets were uscd to
The velocity at impact and for the period make certain that all keying information was

of time immediately following the impact was written down by the technicians at the time of
measured directly. Impact velocity was measured each test.
directly with a light beam/photocell arrangement - .
interrupted by a carefully machined grid. A In order to maintain a high level of confi-
secondary measurement of impact velocity was dence in the value of the data which was recorded
made with d self-generating linear velocity on tape, a quick-lock playback system was in-transducer (LVT). This secondary transducer cluded. Key channels I(force, time base, veloci-also produced a velocity vs. time record through- ty and displacement) were played back immediately

out the impact period. The long magnetic trans- following each test on a multichannel pen-motor
ducer core was installed on each of the tups In recorder. We were fooled a few times by spuri-
turn; we experienced difficulty with these LVT ous high frequency noise on some of the traces.
cores and with the LVDT core on high velocity In general, however, results accepted on the
tests. basis of the quick-lock examination turned out

to be usable data. When the quick-lock was bad,
The force exerted by the crushing pipe on in most cases we were able to repeat the test

its support was measured with quartz thrust immediately.
washers installed under the anvil block. This
provided a continuous force signal throughout SPECIMEN HANDLING
the impact period.

With hundreds of specimens on hand it was
The displacement of the tup with respect to essential ttat care be observed in their handling

the anvil from the moment of initial contact was and processing. These were no ordinary pieces
measured with a linear variable differential of pipe; they were obtained from identifiable
transformer(LVDT). The transformer core was in- mill runs in the same manner as all nuclear grade
stalled on each of the tups in turn. The contact pipe. They were most carefully cut to size anrd
signal was provided when the lower tup surface cleaned free of scale, etc. FIRL personnel set
closed the circuit between two parallel aluminum up a production line for measurement, cleaning, _

foil strips fastened to the top of each specimen marking, strain gaging, etc., of each specimen 0
over a layer of double surfaced insulating tape. prior to the tests. A form of bonded stock was

set up and one man had the responsibility to
The magnetic core for the LVT and the iron account for each specimen at any time. -Photo-

core for the LVDT presented problems (see below) graphs were taken before and after each test and
because of the size of some of the specimens. a post test examination was mandatory for each
We had to allow for measurements on speciments specimen,4
as large as 12 in. diameter. The coils for these
transducers had to be installed in deep holes in DATA PROCESSING ,,
the cement block; a core drill was used to make
these holes at the time of machine assembly. The data processing was performed on a small
Each coil was susoended from a nylon holder which digital computer which had been prograrmted speci-provided a funnel shaped entry for the core. fically to do this task. Analog tape records ,Alignment of the cores with the coil entry was were fed into the computer along with key data

checked prior to each drop. The foam blocks peculiar to that test. The computer digitized
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the data and operated on it in that form. The item became suspect as a result of key parameter
final product from each test was in 'he torm of shift). Some items were recalibrated at the -".
detailed computer-produced listings, a specified start of every test day. The LVDT, for example,
number of X-Y plots, a number of key special was calibrated over its full range daily toK
parameters and digitized data tapes. Filtering nake certain that no sublety caused us to lose
of the final data was minimized to avoid any valuable data. Immediately prior to every test
loss of real data. As a result, some of the single point calibrations were performed on the O.
traces appear to be noisy. Finished 11" x 17" ta)e. These were electrical signals comparable
plots were provided of the following types: to values of force, velocity, etc. Every test

had a mechanical spacer type displacement cali-
Force vs. time bration at 2 points which spanned the expected
Deformation vs. time specimen deformation. Figure 14 shows a sum-
Strain vs. time mary of all of the test drops plotted in terms
Force vs. deformation of the nominal goal impact velocity and the
Strain vs. deformation measured impact velocity error. The overall 0
Strain rate vs. deformation average velocity error was 4.55%. Points on

the figure represents the average error of the
Samples of some of these plots are shown as tests performed at that nominal velocity value.
Figures 9 to 13. Figure 9 is the digitized ., ,
force vs. time plot produced on the computer. PROBLEMS
Figure 10 is a similar plot of deformation vs.
time for the same test. Figure 11 is the cross In spite of all the excellent planning and
plot of force vs. deformation of that data. the built-in checks a minor number of tests had 0
Figure 12 is a typical analog trace forshortened to be rerun. Some of the causes may be of ;,r-
to include the full record. Figures 9-11 show terest as well as the adopted soiutions.
only thE initial pulse. Figure 13 is a digital
playback on a strip chart recorder of the key Deformation and velocity were recorded as
variables. a function of time using sensors of an inductive

type. The deformation sensor was a linear vari-The computer determined the impact energy able differential transformer with the coil sup-
from the impact velocity and the tup weight. ported solidly in the anvil plate and the iron O
It compared this figure with the area under the core, rod suspended from the moving tup. The
force vs. deformation curve and computed the velocity sensor was similar except that the core 15 " _
perceit discrepancy. The computer compared the was a permanent magnet. These cores were"si>
tup impact momentum with the area under the fastened on the end of 6.35 mm (1/4 in.) dia-
force vs. time curve for the duration of the meter aluminum rods; the total length of the
crush and computed percent discrepancy. The rod/core combinations v.as of the order of 61 cm
comparison was also made between the maximum (24 in.). As the test velocities increased
deformation given by LVDT data and the final these long thin structures became a cause for -
measured specimen height. It was also possible concern. The retention system for the LVT mag-
to check displacement against the integral of net had to be revised; the original s-waged tube
velocity vs. time. Differences in these para- proved itself to be completely unsatisfactory.
meters were monitored to detect problems with The 'ider mode of operation introduced a minor

9': the equipment/instrumentation before they became lateral motion of the tup which resulted in ap-
serious. The digital tapes which were obtained preciable vibration of the free end of the rods. 9
luring the processirg were supplied to the client The amplitude of this vibration exceeded the
for his use in further treatment of the data. capability of the coil entrance funnels; several

tests were lost. Tne correction proved itself
P, CALIBRATION to be simple; two rods were tied together with a

Forc calbraion as acomlishd byre- foam spacer shaped as shown in Figure 1:s. The .- '.
Force calibration was accomplished by re- foam disintegrated on impact causing no affect

ferencing the quartz washers against a calibra- on the test itself. This measure was effective
"ted static test machine, in everji case where it was used; it was recom-mended by one of the FIRL technicians w.,ho opera- £0O

0 Displacement calibrations were performed ted the drop test machine.

before every test using measured blocks under te-hedo ts acie

the tup resting on the anvil. The analog c,uick-lock capat 4 lity, which was
used for these tests, was based on a compara-

% The light grid velocity sensor was as good tively low frequency response penmeter type
as the time base signal. The LVT sensor was stripchart vecordt,'. In nearly all instances ,-
calibrated against the grid sensor. this was an acceptaLle syst:,'; i.e., bad tests

were detecteo prior to entering the proces;ing
"Strain gage bridges were calibrated with mill and good tests were verified. In a feu,"

shunt resistors on the tape prior to each test. cases high frequency noise, on the records, :sas
not seen on the stripchart playback. This ýame

a"The basic approach to calibration involved noise played havoc with the digital processing"a tri-level scheuule. The most complete and system. In future tests of this type we will
,) •. accurate calibrations were performed at least use the computer for the quick-lock and use it r.

. every three months (sometimes more often if an on-line full time for the test program.
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Figure 12. Typical Chart Playback of Force, Velocity, Deformation and Strain
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Figure 15. Bungee-Accelerated Light Tup with Slider Showing
Fgr15 Styrofoam X in Place on LVT and LVDT Rods

Original planning for this program assumed same where -

amount of computer time-sharing but that proved l' ,
itself to be impractical. ht V/2g

We experienced a number of analog tape re- Calibration tests were also performed with bun-corder problems, probably at least one instance gee to determine the value of h required to a- / '

of every conceivable type of such a problem. chieve a desired impact velocity (see below).
More time was lost because of these problems
than any other factor. In the future we plan DETERMINATION OF 6hf
to process on-line and record only the digital
information. The traffic in analog tapes, play- It was assumed that friction was due mainly
backs, etc., caused more problems than it solved, to viscous drag in the bearing lubricant, so that

friction force was proportional to instantaneous
velocity. The energy consumed by friction was,

APPENDIX A therefore:

MACHINE PERFORMANCE EQUATIONS ht
SW h f= Const x v dy

Section 5.3 of Ref. 1) o

where v(y) is approximated by its value for .
Calibration tests v'.re performed without frictionless fall through distance y:

bungee to determine the additional drop height,
Shf, to be added to .he theoretical value to a- v -r 2 gy
chieve a desirea i,,;.;ct velocity, V. An addi- 32
tional drop height, 6hr, wac also determined by Therefore, hf is proportional to I/(wht).
calculation, to allow for movement of the reac- /2
tion mass. The travel distance before "contact" Since ht is proportional to V,
for a gravity drop after tup release is h-D, 2where h is the height of the tup face above the ht

t

anvil and D is the specimen diameter. If ht is hf Const x WtV. ; .
the theoretical free-fall distance for a fric- tt
tionless drop with immovable reaction mass

The empirical value of the constant was found to
-- ,; h =ht + D + 6hf + 6hrt f r be approximately 900.

•These equations were developed by Dr. G.P. Wachtell.

180

______;_ .- 4 W, W -W -w -

N.. .5 ~ ' *I



DETERMINATION OF 6hr 2. Although the bungee force is quite ac-
curately proportional to the distance

Since W << W where W tup weight and by which the cord is stretched, this ,-
Wr = reaction masK weight (concrete block), the stretching is not proportional to hd
velocity after impact is approximately (by con- as the bungee is stretched from a "
versation of momentum) shape (small hd) to a "W" shape

(large hd).
,1*Vr = VW/W rX

The approximation is satisfactory, however,
because the number of cords was kept smallwhere Vr is the velocity common to the tup and enuhstatdwsfirylg. ]-

reaction mass after impact. The kinetic energy e s h f.
that remains is appro .iately With these assumptions,

2 W V2 b2 Fh
Wr Vr W WV2  - Whd + Ndb -2g W r 2g T9•K•

r
where N is an integer equal to one fourth the ý.z

This represents an additional energy with which number of bungee cords and Cb and F are constants.
the tup should impact the specimen in order to
deliver the desired energy to the specimen. Empirically, it was found that Cb = 73.6
This l.-ads to and F = 0. Solving for hd leads to:

S- D h W 1 + 4.57 NV2
6h W d T4-•7.2 N -"

r W tThs d 7.N L +.7VWl
This equation was used to determine where to

This is a minor correction. Consequently, in position the tup for each dynamic test in whichcalculating shr, no correction was applied to bungee cords were used. In using this equation F, --'

W for the effect of rotation in reducing the with the slider, W was taken to be the sum of 0

effective value of the reaction mass. (Rotation the tup weight and carriage weight, rather than
occurs because thc dynamic test machine was not the tup weight alone, and the gravitational ef- •"'
located directly over the center of mass of the fect in further accelerating the tup after the
concrete block). That is, the value used for carriage contacted the shock absorbers was ne- " "
Wr was the weight of the concrete block 160,000 glected. The 5% allowable velocity error (from
pounds. Thus, the final height equation was: nominal value) was not exceeded in normal use

h2  of this equation.900 h t W h t L
h = ht +D+ +W-V +60,0 REFERENCE

1. Messrs. C.T. Davey, E.J. Dougherty, G.P.
where h, h and D are in feet, W is in pounds, Wachtell, and R.G. Yaeger, "Crush Pipe-Test
and V is iý fps. Program", Vols. I & II, FIRL Report No.

F-C4568, dated July 22, 1971.
It was possible to keep impact velocities

within 5% of the nominal values by means of this _______

equation. It was applied in all gravity drop
tests.

CALIBRATION TESTS WITH BUNGEE

These calibration tests were performed with
four bungee cords (the minimum number, since the
number of cords is a multiple of 4). To simpli- 0

fy the allowance for friction (which was expected W.
to be negligible) it was assumed that friction
force was constant (rather than proportional to
v). The energy released by the bungee ord was
approximated as being proportional to h, Nwherehd is the drop height, h-D. This is an approxi-
mate assumption rather than a theoretically ac-
curate one for two reasons: 0

1. hd depends on D. Furthermore, the bun-
gee cord is completely relaxed when the fx.*..,
bungee guide is low enough to be disen-
gaged from the bungee.
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PREDICTION OF CONSTRAINED SECONDARY FRAGMENT VELOCITIES

Peter S. Westine .
Southwest Research Institute

San Antonio, Texas

and

John H. Kineke , Jr.

Ballistic Research Laboratories
Aberdeen Proving Grounds i

Aberdeen, Maryland

Two new solutions are presented. One presents a nondimensionalized
solution for estimating the specific impulse imparted to flat surfaces,
cylindrically shaped bodies, and spherically shaped objects in the vicinity
of cylindrical explosive charges. The second solution shows how to esti-
mate the velocity of fragments which had been constrained cantilever and
clamped-clamped beams of any material and cross-sectional area by accounting
for the structural strain energy associated with fracturing these structural
components at their supports.

The applied specific impulse solution from the detonation of line sources
is obtained by performing a model analysis, and curve fitting the resulting
pi terms to experimental test data. Forty-eight tests on a variety of spheres
and cylinders with different orientations, various amounts of explosive, and
numerous standoff distances were subjected to blast waves from line sources

•, and had the impulse imparted to the object determined by measuring velocities.
andFragment velocities for objects which had originally been constrained as

cantilever or clamped-clamped beams were obtained by modifying the impulse-
momentum relationship used in velocity predictions for unconstrained frag- 0
ments. Use of approximate analytical energy solutions for various modes
of failure in brittle as well as ductile materials indicated that the im-S. • pulse term could be reduced by the square root of a structural strain energy

related to toughness (area under the true stress-strain curve) and fragment F •
volume. Sixty observed velocities on 1020 steel, 1095 steel, and 2024-T3
aluminum beams of different sizes and with various applied specific im-
pulses were used to complete empirically this second solution and demon-
strate its validity.

INTRODUCTION the specific impulse imparted to flat, cylindri-
v c o u n i s dcal, or spherical secondary fragments in the

The velocity of an unconstrained secondary vicinity of cylindrical explosive charges; and
fragment is estimated by applying the conserva- the second for estimating the velocity of con-
tion of linL ir momentum principle. The impulse strained beams of any material and cross-

Simparted to the potential fragment by an explo- sectional area which could become secondary
sive detonation is computed, and the velocity fragments because of this impulsive load.
is obtaineo by dividing this impulse by the '

fragment mass. Such an approach assumes that A combined theoretical and experimental
the object, which is about to become a frag- program was conducted which led to Equation (.
ment, is unconstrained or free-standing. In for estimating the specific impulse imparted to
reality, most secondary fragments attain a much a target by the detonation of a line explosive
lower velocity because of the energy that must source, and Equation (2) for estimating the. '-

* be consumed in fracturing the supports, velocity of constrained cantilever beam-like
fragments loaded by a uniform impulse.

The purpose of thi.s paper is to present
approximate engineering procedures for estima- 0.3 0.158
ting secondary fragment velocities when con- i a 1.20
strained objects are exposed to explosiv-e yR \ )RJ
litonations. To do this, teproblem is d..(;

-,d into two parts--the first for estimating (Cont'd)
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standoff distance and line charge geometry using
for - < 5.25 (1-d) Equation (1). Substituting this impulse, beamR -

e properties, and beam geometry into Equation (2)
gives the fragmenh ýelocity. If the quantity
(ib/v_ T) (/ is less than 0.603, the

/ 0.333 /R\u 158Re 7/4 fragment will not break free; hence, its velocity

= 4.16 x i e
An equation similar in format to Equation

(2), but with different coefficients for slope

for - 5and intercept, can also be used for beams withfor > .5(1-b)
*e other boundary or support conditions. Although -

a large quantity of data is not yet available
to demonstrate this observation, enough data
exist on clamped-clamped beams to show that the

i= specific impulse - S/M2  coefficients -0.6498 instead of -0.2369 and
0.4358 instead of 0.3931 work better for this

Re = radius explosive (M) boundary condition.

(1)This paper proceeds by describing EquationsP Ie =length of explosive (M) (1) and (2) in greater detail, showing how these ' _
SR = radius of fragment (M) equations compare with test results, and pre-

s senting derivations.

R = standoff distance (M) Cantilever Bean Fragment Velocities

y= target shape factor (1.0 for flat Constrained secondary fragments will have
surfaces, n/4 for cylinders, and

some velocity less than unconstrained ones whenloaded by a close-ih explosive detonation. To

measure velocities experimentally for a variety
of cantilever beam fragments, technicians placed

ib t )0.3 various size fragments near line explosive
r 0 9 . charges. All fragments were aligned parallel to-0.2369 + 0.3931 b the explosive source, and the majority of the

fragments were cylinders with a diameter of
3.17 mm. Most of these cylindrical beams were

sb 0 3 made of either*1020 or 1095 steel. Their length
for ( - > 0.603 (2-a) to radius ratios varied from 6 to 12 to 18.

The explosive charges were usually 0.1016 m in
diameter although some were 0.0508 and others

V =0 0.0762 m in diameter so a variation would occur
in size of charge relative to size of specimen.

0.3 Standoff distance fro,, the center of the chargeib 1 (2- to the target varied from 0.086 to 0.350 meters
for__P__ •b/0.603 (2-b) so a variety of fragment velocities would beTA ' 2) obtained. A limited number of additional tests

were also conducted using cylindrical beams of ' ,
2024-T3 aluminum and 1095 steel beams with

where square 2.5 by 2.5 mrm cross-sections.

"The important conclusion to be drawn from

V fragment m density (M/ )this test data is that the quantityi f-V,44, can3 0.3.
Ps =fragment mass density (KG/M3 be plotted as a function of (ib/q s) (f/b/)

toughness of fragment material (Pa) Figure 1 is this plot for 53 cantilever beam
data points. For convenience, all 1095 steel

b = loaded width of beam (M) beams are plotted as triangles, all 1020 beams
are plotted as squares, and all 2024-T3 beams

9. = length of bean (M) are plotted with an X. If the symbol is not
shaded in, the /ý 2 ratio equaled 6; if par-

A cross sectional area of beam (M02 tially shaded, the Z/b/ 2 ratio equaled 12; and

i = sperific impulse (N - S/M 2) if completely colored in, the Z/b/ 2 ratio I _0

equaled 18. All tests have a shape factor for Vý-'qv
These equations work !or cantilever beams a cylinder of w/4; except for the 1095 square ' 1

of any material and any cross-sectional area. cross-section beams which have a shape factor of
To estimate the velocity, the specific impulse 1.0, and a triangular symbol pointing to the
i imparted to the beam is estimated from the right.
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Although scatter occurs, the experimental are caused by biaxial states of stress in short n
data appears to follow a straight line on this specimens. If the abscissa is squared and mul-
plot of scaled velocity P, versus scaled tiplied plus divided by Z2, a quantity can be

app d (/2 )0. obtained which is given by (1 2 b 2 ,,!/psAZ)/(TA)).
applied impulse (ib/psTA) b /2) ira- The numerator of this quantity is the time
plications of this observation are that a con- equals "zero plus" kinetic energy attained by
servation of linear momentum law is being fol- the beam from the explosive source. This kine-
lowed by these test results. tic energy goes into strain energy at rupture,

and kinetic energy of the result;-g fragment.
Many data points are presented with a The denominator of the abscissa (TAU) is related

scaled velocity NsV/%Wof either 0 to 0.1. The to the structural strain energy at fracture.
velocities of these fragments were not measured Hence the ratio (i 2 b 2 Z2 /pAU)/(TAZ) represents
in experiments; this data comes from threshold the initial kinetic energy imparted to the stric- t'
"experiments to determine what impulse will just ture by the blast source divided by the strain ,
cause fracture of the support. If the support energy in the structure at fracture.
"does not break, these fragments are plotted as
having a velocity of 0, and if the support If the ordinate to Figure 1 is squared and N
breaks, it is plotted as: a small unmeasured multiplied plus divided by AP, a ratio is ob-
finite scaled velocityv'V/,- of 0.1. tained that is given by PsAZV2 /TAZ. The numer- '' •

ator of this second ratio is the kinetic energy"The nondimensional ratios, or pi terms, in in the reaulting fragment, and the denominator
Figure 1 have physical significance. This sig- is once again the strain energy in the beam at
nificance is better understood if we ignore the fracture. These observations show that the
modification made by the geometric ratio solution which has been developed represents " _
(1/b/) 0 _3 in the abscissa to Figure 1. This energy ratios rplating: (1) the energy imparted P

/Z%• to the beam to strain energy, and (2) the kinetic
term only makes small changes which we believe energy of the fragment to strain energy.

3.5~

-=" "T' SYM MTER;AL __i_2 y
3.0- 0 1020 6 ir/4

0•r• 1020 12 7r14
•"•.- •.• 1020 18 7r/4

a 1095 6 7r1 4

2.5' A 1095 12 r'/4
"A 1095 18 7r14

> 1095 13.5 1.0
x 2024-T3 12 7r1d

2.0-

1.5 A
9 0

0

0.5- 0~

0 2 3 4 5 6 7 8 9
Iib A 0S2 • s 2O

Fig. 1 - Scaled fragment velocities for constrained cantilever beams
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It is interesting to study the limits given do exist on clamped-clamped beams suggest the use ."

by equation for the line in Figure 1. This of the same analysis when the coefficients are
equation was presented in the introduction as changed. J
Equation(2). Very small yet finite values of
scaled velocity, settingv'FVN/T equal to zero, Figure 2 is the plot of scaled fragment
yield the nondimensionalizeg impulse for just velocity versus scaled applied specific
fracturing the specimen. ve 0ssae ppidseiiimpulse (ibh4sA)(i/b/2 ) 0-3 for clamped-

0 03 clamped beams. The number of data points is not
ib 0.603 (3) as numerous; however, the functional format of(1)0.3 the solution is precisely the same as for canti-

lever beams. Test conditions are similar to
to just fracture) those in the cantilever beam experiments except

for the additional support and closer standoff

This rati.. relates the energy imparted to the distances needed to fracture specimens. All

beam to the strain energy to fracture, and is tests were on cylindrical specimens of either M
independent of fragment kinetic energy as it 1020 or 1095 steel, and of a length to radius

S should be. ratio of either 6 or 18.

The other limit to Equation (2) is for
very large values of scaled impulse. Under
these conditions the coefficient 0.2369 be-
comes insignificant and we obtain SYM • • Al'"

2.0 * IN

PVA b/2

1b 0.3931 (4) %

(scaled velocity for very large impulses) 0

This asymptote, if we ignore the geometric
ratio (b/2/!)0-3, is a statement of impulse- Y "

momentum. The limit is independent of struc-
tural strain energy as it should be with most 4 - 4-

of the applied energy going into the kinetic
energy of the fragment. 11(-". -

Because both asymptotes approach reasonable Fig. 2 - Scaled fragment velocities for
values, this graphical solution increases in constrained clamped-clamped
credibility. The major difficulty that will be fragments
encountered in using this solution is speci-
fying the toughness of the beam material. A straight line curve-fitted to these frag-
Toughness as used in this paper is the classi- ment velocities from clamped-clamped baams is
cal definition of area under the true stress given by:
versus the true strain curve for tensile~i' -

specimens taken to fracture. Toughness mea- A \ b/20.3
surements made in this manner only crudely = -0.6498 + 0.4358 (5)
correlate with Izod or Charpy measurements or V 1 %-• 6 1 b I
engineering stress-strain curves. The one "-'.2;
helpful fact is that fragment velocity is not • '
a very sensitive function of material toughness. The same qualitative observations made about the
At very low velocities, the velocity is pro- limits for this clamped-clamped beam solution
portional to the square root of toughness and apply as in the case of cantilever beams. 1%1V"

at high velocities the velocity is independent
of toughness. These observations show that No solution is presented for simply-
"some error in knowing toughness can be toler- supported beams or beams with other support
ated and reasonable answers will still follow, conditions because the data are not available."'•"We believe that the same format could be used,

Constrained Beam With Other Boundary Conditions and that a solution is possible when the data

become available.
Not all potential secondary fragments have

cantilever supports. Other "beam-like" frag- Specific Acquired Impulse
ments can have simple supports or clamped-
clamped supports as possible boundary condi- A generalized solution for determining the
tions. Little data are available on either of impulse per unit projected target area imparted
these two conditions; however, the data which to spheres, right circular cylinders, and flat

A186 
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sources was developed using similitude theo_--, fragment to that impulse which would be imparted *
experimental test data, and empirical observa- to a flat surface, y 1 . Thus by definition, , .
tions. 7he solution considers a long cylindri- Equation (9) can be written from Equation (8). S ,"
cal line explosive source of length Ze, radius
Re, and energy per unit volume e. If this• -i[• -Ree I es I•• •'••
charge is detonated instantaneoubly, a shock -A=(9
wave must be propagated through an atmosphere yRa R e ReR 9

defined by its mass density po, sonic velocity. .
Co, and ambient atmospheric pressure po" Be- Of the parameters in Equation (9), the main•. L ,'
cause secondary fragment velocities depend upon two are the scaled impulse i/yRe ana the scaled 1" P-r,''
the specific impulse imparted to the fragments standoff distance R/Re. The other three parame- •.,>
per unit projected area, we determine the ters (Rs5/R e, e /R e, and Is/Re) are geometric
specific impulse i that would be. imparted to an aspect ratios which usually are secondary effects.S~infinitely large flat plate struck nead-on. If the fragment is always aligned parallel to •• "

SThis impulse, termed specific acquired impulse, the line charge and the line charge is larger"•'%"•,-'tcan depend upon fragment geometry and orionta- than the fragment, the scaled length of frog- i•••
,ion. To make a complete definition, we merit IS/Re should not enter the problem. Exper- •9

- assumed that the fragment geometry could be e
:•/• ~defined by two parameters, such as the radius imental test results on spheres and cylinders ['-2
SRs and length Is in the case of a cylinder. In substantiatel' this observation. The functional

addition, the impulse imparted to the fragment relationship which was curve-fitted to test re-

depends on a nondimensiona3 shape factor y which sults is given by Equation (10) which ass.,,ies • .
accounts for its orientation as well as geometry. that I /Re is insignificant. I"

SEleven different parameters have been used R I••.•
"• ~ to determine specific acquired impulse. In-i = [e £e, e [ -sL _1 0) •'.,lX•• •,-

functional format these parameters are qiven by 7R e ' R e0-R e'-R
Equation (6).L

. i = .e, Ze Re o 0' 0' R, S .s ] (6) Experimental model tests were conducted in

which small spheres and cylinders were placed at
•,..This eleven parameter space of dimensional various standoff distances from the center line
•t•parameters can be reduced to an eight parameter of various size cylindrical explosive Comp B
Sspace of nondimensional numbers by conducting a charges. All cylinders and spheres in these
•"%•model analysis. Results from this analysis are tests were unconstrained. Basically, the test
:%%•given by: procedure was to detonate a cylindrical explo-

S~~sive charge and measure the resulting velocity "
Z-" Poo R R £ ] imparted to these unconstrained fragments.

L'.•' ~~~ -- - =- - Y (7) Cylinders were oriented with this axis parallel
4). PpooR e Po R e) R 0 e Re f. to a line radiating from the explosive as in

t•! Figure 3-a, in which case a flat target surface
To simplify this solution further, we was exposed and the sl- ne factor y equals 1.0. •-•

Swrote a dimensional version of the dimension- In addition, other ,ors were oriented with
less Equation (7). This can be accomplished by their axis perpendiL. .: to line radiating ••-

,•, recognizing that many parameters are essentially from the charge as in Figure 3-b, in which case '
W'•'•invariant and can be treated as constants. The the shape factor y equals Yr/4. The other un- ,~

atmospheric conditions p_, a , and p , for ex- constrained targets were spheres as in Figure • :
• • . u 0 0 ..ample, are under ambiene sea level conditions 3-c which have a shape factor y of 2/3. These ,...-

•"["2 ~with sufficient small variation to treat each shape factors can all be calculated analytically, ",.-__#-
"I"ditoal hmia x although this calculation will not be made in Li'•

plosives have an energy per unit volume e this paper. The velocities of the fragments•-

whic! is almost a constant, 8 x 10+9n./m2. were all measured using sequential flash x-rays.
Treating these four parameters as constant By using conservation of momentum, the average
reduces the eight parameter space given in,"•
Equation (7) to a six parameter space of 2&

t,• 4 ~dimensional ne umbers. '"•

e e e e e
Further reduction of Equation (8) was "ob- ,-1 toE Yr .1' "

trained by applying empirical observations. Two .• .

Sof the parameters in Equation (8), i/Re and y) "..- Flu T-. W" 9.0".4 cylla- 4.) Z...4sph,,t, f."
•;•..,~~Ca ' f.• .,. ,.,- lu. e.[

can be combined to form i/yRe from our d.efinition
of the shape factor. The shape factor y is that,-4•_
numerical constant which is needed to relate ian- g.3 Taetointonor•--I
pulse imparted to a cylinder, impulse impartedunosrietss



§R!ODU6fCED AT GOVERNMENT EXPENSE

4 applied specific impulse is obtained from the The existence of two straight line regions
fraguent mass M, projected area A., and mea- for values of R/Re less than and greater than
sured velocity V. This applied specific 5.25 is apparent in Figure 4. In the near field
impulse i equals MV/Asy. where R/Re is less than 5.25, the slope of the

line in Figure 4 is minuz, 1.0 which means that
The solution was completed empirically by (i/YReff) times (R/Re) equals a constant for in-

first plotting the two principle terms, i/yRe variant Re/R,. This observation means that the
and R/Re, versus each other while different normally reflected specific impulse close to the

and te/Re. Such a plot indicated the existence tum of the explosive products. In other words,
of two different regions to the solution for the impulse close to the charge is caused by
values of R/Re either greater or less than 5.25. adding up the mass times the velocity products
A systematic trend also indicated that although of all the particles from the explosive, casing,
Re/Rs and Xe/Re had a weak influence on scaled and engulfed air. Because the specific impulse
impulse i/yRe. large values of Re/Rs and i is caused by momentum in explosive products,
smaller values of Ee/Re had smaller scaled im- it dissipates with standoff distance inversely

," pulses i/yRe for almost constant values of as the surface area of a cylinder which en-
scaled standoff distance R/Re. These observa- closes the cylindrical source. The surface
tions suggested that for each of the two R/Re area equals 2 tRte; hence, the appearance of an
domains, the scaled standoff distance could be "iR" product close to an explosive line source.
related to the scaled impulse i/yRe, scaled Only as standoff distances grow larger do the
charge aspect ratio le/Re, and scaled radii effects of momentum loss through air drag a.id
ratio Re/Rs through a log linear approximation, gravitational effects reduce this phenomena
After performing a least squares analysis to sufficiently for shock wave phenomena to be-
obtain the coefficients and exponents in each come more important and the slope of the line
of the R/Re realms, we found that in both to change in Figure 4.
domains the terms i/yRe, le/Re, and Re/Rs
could be combined to approximately form the
quantity (i/yRe) (Re/Rs)0"158(Re/1e)0.

3 3 3
. .iX go

The two equations for the two R/Re domains M $" L !. I'.A
which resulted from these efforts were already 0" £ £ 1o 4

presented as Equation. (1) in the introduction A .,: ..
to this paper. The units on i must be N - S/IM., 2,* ,, ,*.,

and on Re must be m, for Equations (la) and 1 16 1

(ib) to be correct. The other ratios in , ,,2
Equation (1a) and (b) are nond imensioal. .,
Figure 4 is a plot showing the functional re- W1

lationships given by Equations (1a) and (Ib) ,..
and all the test data obtained in this program. 10-
Different shaped symbols denote whether tests £

were on a sphere (a circle), a cylinder with a " ""I
cylindrical surface (a three sided triangle),
as in Figure 3-b, or a cylinder with an exposed
flat face (a four sided square), as in Figure
3-c. If the symbol is not darkened, the le/Re
ratio equaled 4.0; otherwise, the darkened
symbols indicate te/9, ratios of 2.0 in flat

- faced encounters or 9.33 in cylindrical encoun-
ters. The direction in which the symbol points 2 5.3$
indicates the Re/Rs ratio (either 4, 12, or 16)
in Figure 4. The test data appear to collapse ,,.1'1 4 \
into a single function in Figure 4, and % -.7
Equations (la) and (Ib) are excellent approxi- 0 o. io
mations to these test results. M W ,()

The ordinate in Figure 4 has a quantity
called Reff in it instead of Re(Le/Re) 0 "3 3 3 .

SThis quantity Reff stands for the effective
radius of the equivalent sphere of explosive
which could be formed from a cylinder of radius
Re and length le- Because Neff is related to Fig. 4 - Specific Acquired Impulse
Re and te through Equation (11), either the
dependent terms in Equations (1a) and (Ib), or Analytical Development of Constrained Fragment
the ordinate to Figure 4 may be used. Eguations

(")0.333 Whenever a secondary fragment in uncon-
I = 0.9086 Re (11) strained, its velocity is estimated by applying

eff the conservation of impulse-momentum. On the
other hand, should a structural constraint

I 4~



resist the motion, the imparted impulse is re- for a rigid, perfectly-plastic bea: the strain Diý
duced by an amount Ist and conservation of energy stored in the beam is given by the
impulse momentum must be rewritten as: moment-curvature relationship.

I - I mV (12)/ 2

where I is the total acquired impulse and m is o Y dx 2

the total mass of the fragment. The impulse
Ist to just break the fragment free of its sup- Substituting the yield stress times the plastic
ports equalsAV/-u as a limiting value, with U section modulus ayZ for the yield moment MY#
the strain energy stored in the fragment at and differentiating Equation (15 twice before
fracture of the supports. The relationship of substituting gives:
Ist to U is obtained by equating the kinetic I
energy imparted to the structure when the sup- w2w a Z x
ports fail to the ultimate structural strain u 0 cos ! dx (17)
energy U as in the following derivation. U f

24£2

SU V21 2= m st st (13) Completing the integration gives:

2 0 2m 2m iraZwI"
"Substituting the square root of Equation (13) 21
in Equation (12) and rearranging algebraicallygives;: But the maximu-m stress emax equals the half

thickness h/2 times the small deformation

_ +mV approximation to the curvature:
/2- mV(14)

•- (19)
The total impulse imparted to a structural MaX 2( dx

element is easily obtained by using Equation (1), axr
and multiplying the specific impulse i by the
projected area to obtain the total impulse. which becomes a maximum at the root of the
The total m is the mass density times the volume cantilever where d2y/dx2 equals 12 wo/4Z2 , and:
of the fragment. This solution is completed 20when procedures are developed for estimating i hw
the strain energy U, and all quantities are C = 8 (20)
substituted in Equation (14). 82

The strain energy U consumed in fracturing Substituting Equation (20) for wO in Equation
a cantilever beam was estimated by assuming a (18) and rearranging terms gives:
deformed shape and substituting Lito the appro- 4ZIU C
priate mechanics relationships for different U (21)
modes of response in both ductile and brittle wh
beams. A number of different solutions resul-
ted; however, enough similarities were noted in Bur the quantity aycmax in a rigid, perfectly-
all solutions to permit important generaliza- plastic ductile material as in this analysis is
tions to be made after these strain energies the area under the stress-strain curve which is
had been determined, called toughness T. Expressing U in terms of

toughness and dividing by toughness times beam
We began by assuming that the deformed volume AL gives the desired result.

shape at fracture for a cantilever beam is U 4 Z
given by: TA-= ?r Ah (22)

y = w Cos (bending solution ductile material)0 Y ~(1c 21It/

where w is the tip deflection. I is the total Next we developed an elastic bending

length of the beam, x is position along the solution for the strain energy in brittle beams.

beam, and y is the deformation at any position by: strain energy in brittle beams

x. Notice that this deformed shape has no
•.i•deformation at the root of the beam, a maximumI

*0 deformation at the tip of the beam, no slope at 2 2d 2
"the root of the beam, a maximum slope at the U =Elf ( I dx (23)
tip of the beam, a maximum elastic moment or J-x
curvature at the root of the beam, and no elas- 0

tic moment or curvature at the tip of the beam.17S•- Because these boundary conditions are the appro- Assuming the same deformed shape as in Equation /

priate ones, this assumed deformed shape is (15) and differentiating twice to substitute
reasonable. If we perform a bending analvsis gives:

#i
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4 TABLE A
Variations In Strain Energy Coefficients U/TM1

U - o Cos2 x dx (24)

32 (24 ir Ductile brittle Ductile rtI
Shape bending bendng Shear Shear

R•Al ýritC 1 2~il 2 rttt t

Or after integrating: Ganoral Solution

w4EIw
2  Circular Solid 0.270 0.125 0.500 0.385

U, 641 3  
(25) itecngular Solid 0.318 0.167 0.500 0.38S

I-beam V.637 %0.500 0.500 0.385

Because we have used the same deformed shape in
this elastic analysis as in the plastic analysis The second major observation is that only
the maximum strain is still related to the peak toughness T appears to be the one mechanical
deformation wo through Equation (20). substi- property of importance. All four solutions
tuting wo from Equation (20) intO Equation (25) conclude that this area under the stress-strain

and gathering terms gives: curve times the volume of the specimen times a
constant, equals the strain energy U expended
in fracturing the specimen.

(26) For analytical purposes, these conclusions2 (2)(N indicate that the mode of failure does not have
to be determined. The solution can proceed by

But ECL./2 is the area under an elastic, assuming that strain energy is given by
brittle, stress-strain curve which is toughness
T. Expressing U in terms of toughness, recog- Equation (30), and that the constant C will be

nizing that I/(h/2) is the elastic section modu- obtained from experimental test results.
lus S, and dividing by TAI gives the desired

result for a bending solution in a brittle U - C(TAI) (30)

material.
The influence of assuming other deformed

shapes has not been discussed. A different
U S deformed shape will not change our conclusions4TAt - A (27) that U is directly proportional to (TA/)j how-

ever, a different shape will result in a
(bending solution brittle material) slightly different numerical proportionality

constant C. Because we are willing to allow C
The strain energy can also be estimated to be determined experimentally, the qualitative

for other modes of failure such as brittle conclusions still can be applied in our develop-
shear and ductile shear. Although we omit the sent of a solution.
details of these calculations from this paper, All four modes of failure were developed
the results for ductile shear are given by for failure in a cantilever beam. Other
Equation (28) and for brittle shear by Equation boundary conditions such as clased-claxped,
(29) where P is Poisson's ratio. simply-supported, etc., will give similar

qualitative resuflts however, the proportionality
coefficient C is a function of support con-

(28) ditions.

The solution for predicting the velocity
(shear solution ductile material) of constrained secondary fragments can now be

completed by substituting into Equation (14).
u 1 If we let the total imulse I equal ibi where

TAt 2(1 + ) (29) b is the loaded wdth,-the total mass of the
fragment equals Ps5 M, and the strain energy U

(shear solution brittle material) be given by Equation (30), then:
Equations (22, 27, 28, and 29) should be 'R

inspected to note the similarities which exist ,2- + (31)
in them. The major observation is that no M
matter what mode of failure is hypothesized,
the strain energy at failure equals (TAM) times Or after reductions
a constant. For some modes of failure, the Vconstant bay be a weak function of the cross- ib -rp
sectional shape of the fragment (a function of 2C+(32)
S/Ah or Z/Ah), but this constant varies very
limited variation in these constants. nondimensional energy ratios. If the term
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%NFiVAf-is squared, this group is the ratio of ference is that the coefficients CO and C1 can

fragment kinetic energy per unit volume tc be different even though strain energy coef-
strain energy expended per unit volume. The ficients as in Table A may be identical for the
square of the term ib/A lsT represents the same mode of response. For cantilever beams
energy per unit length of fragment. This solu- and clamped-clamped beams, the theoretical
tion infers that the constrained secondary strain energy coefficients both equal 4/w(Z/Ah)
fragment velocity is independent of beam length for ductile bending, (S/Ah) for brittle bending,
Z. Experimental test results show that this 0.500 for ductile shear, and 1/2(l + U) for
conclusion is not quite accurate. brittle shear. This observation does not mean

that cantilever and clamped-clamped beams have
The final equation which was developed the same C0 and C1 coefficients in Equation

had a format given by: (33), because clamped-clamped beams can develop
extensional modes of response which cantilever

N beams cannot do. In clamped-clamped beams, the
V N theoretical scaled strain energy coefficient

-= C0 + C1( 2 (33) (U/ALT) for ductile extension is 0.500 and for
0 1 ( WaJ ) brittle extension is 0.375. The limited

amount of test data on clamped-clamped beams

Probably the most confusing point is why test which has already been discussed suggests thatP r ob b l y th e m o s co f us i g p i nt i s h y e stth e se d iffe re n c e s d o e x is t .
results appear to be a function of Z/b/ 2 when

the theoretical energy solution infers that Summary
velocity should be independent of "/b/2 .

Obviously this empirical observation means we Two solutions have been presented--the
are excluding some process from calculations first for predicting the specific impulse im-
which should be considered. Although we can parted to fragments from cylindrical explosive
only conjecture about what effects are entering sources, and the second for predicting the

Sthe fragment fracturing process, our opinion is velocity of constrained fragments. Both
that a biaxial rather than uniaxial state of analyses are combined theoretical and empirical
stress is occurring because of the short stubby solutions. Sufficient quantities of experi-
nature of most constrained specimens. The mental data exist to establish the validity of
parameters Z/b only ranges from 3 to 9. For both the loading solution and the velocity
very long specimens which have not been tested, solution for fragmenting cantilever beams. A
measured velocities might become independent limited amount of clamped-clamped beam data
of the length to width ratio. Equation (33) infers that the solution can be extended to
only combined Th/ A and i/b/2 because of beams with other boundary conditions. ABallistic Research Laboratory contractor's re-
empirical observation on tests of fairly short port, with the same authors and title as this
cantilever beams. paper, will describe this effort in greater

detail and present all test data for those who
A second concern might arise from our ex- are interested.

clusion of rotational kinetic energy in this
analysis for fragment velocity in constrained Acknowledgements
cantilever beams. In spite of the fact that
symmetry is destroyed in a cantilever beam, the This study was funded by PA, A49321M&T
rotational kinetic energy of a fragment can be Project No. 5751264 on Advanced Technology for
ignored because it is small relative to the Suppressive Shielding of Hazardous Production
translational kinetic energy of a fragment. and Supply Operations for the Production Base
For example, in various tests, double flash Modernization and Expansion Programs, under the
x-rays measured rotational velocity as well as direction of Dr. D. Katsanis and Mr. B. Jezek.
translational velocity. These rotational The authors are indebted to them and many
velocities were all less than 251 rad/sec others for their assistance. Mr. Walter G.
for all of these experiments. If one computes Smothers of Ballistic Research-Laboratories
1/21w2 for comparison witl" 1/2MV2 in these painstakingly performed all constrained and
tests, the rotational kinetic energy will be unconstrained fragmentation experiments; Mrs.
found to be less than 1% of the translational Elva Hernandez of Southwest Research Institute
kinetic energy. typed this paper; and Mr. Victor Hernandez of

Southwest Research Institute drew all figures.
Other boundary conditions such as clamped- The cooperation of these individuals and others

clamped beams will also yield a solution with is appreciated.
a format as in Equation (33). The major dif-
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DISCUSSION

Mr_ Sierakosl_(Un,_verity of Florida:)
On one of the slides you phow specific acquired
impulse yet in your discussion you mentioned
specific impulse and total specific impulse
several times. Are there any differences in
all this terminology?

Nr. Westine: Ye.. Total impulse is specific
impulse times some area. It would have units
of force times tinm. A specific impulse Is
total impulse divided by an area; in other
words it is an impulse per unit area and it has
units of force times time divided by length
squared. I tried to be careful with those two.
As far as using the phrase specific impulse
where I meant to say specific acquired impulse,
that was just sloppiness in stringing too many
words together.

4.
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IMPEDANCE TECHNIQUES FOR SCALING AND

FOR PREDICTING STRUCTURE RESPONSE TO AIR BLAST

F.B. Safford
Agbabian Associates, El Segundo, California

R.E. Walker
U.S. Army Waterways Experiment Station

Vicksburg, Mississippi

T.E. Kennedy
Defense Nuclear Agency, Washington, D.C.

Transfer impedances were measured on a 1/12-scale model and on its prototype
structure. The structure was the Perimeter Acquisition Radar Building (PARB)
of the SAFEGUARD ABM System, which measures 125 ft (38 m) in height,
194 ft (59 m) on its front, and 210 ft (64 m) on its side, with exterior walls
3 to 6 ft (0.9 to 1.8 m) thick. The impedance measurements for both struc-
tures were then used with air-blast loads to predict internal acceleration
responses. Predictions for the model were compared to test acceleration
records taken when the model was excited by an air blast generated from a

*• 500-ton (453,550 kg) TNT explosion. The data were scaled for comparison
with prototype responses.

1. INTRODUCTION to the frequencies above 50 HT. The equipment
must be assessed for survivability by determining

Equipment survival is of paramount importance failure, malfunction, and degradation levels (often
in the design of ground-based strategic and tactical referred to as "fragility") in terms of threat
systems against nuclear-weapon effects, and fre- motions, i.e., characteristic acceleration time
quently becomes a driving consideration when the histories expected, rather than simple sine waves,
overall cost of such a system is considered. As saw-tooth shock pulses, or presently used
is to be expected, every effort is made during approximations [1,2,3,41.*
the conceptual and design phases to minimize
system equipment costs while trying to assure a An alternative procedure to determine the
high probability of survival. Historically, this has internal response motions of a protective struc-
entailed a tradeoff between the cost of designing tare, particularly in the higher frequencies, is to
special shock-resistant equipment, and the cost of measure the impedances of the structure from
using unhardened commercial equipment with shock- exterior loading surfaces to internal points of
isolation techniques. However, the expected levels interest. With this method, selected points on the

Sof shock and vibration must be established before structure are vibrated with a fixed-force vi:,rator
techniques to protect the equipment can be decided as the frequency of vibration is smoothly changed
upon. Current computer technology includes over the frequency range of interest. By measur-
long run times, modeling assumptions, and some- tig the structural response at selected points
what awkward structural and air-blast loading inside and on the structure, a quantitative mea-

approximations. Therefore, reliable predictions sure is obtained of the structure response to the
of the shock and vibration environment inside pro- vibratory force. The complex ratio of the output
tective structures are generally limited to about acceleration to the input force (magnitude and
50 Hz. This is not a serious problem for the phase) obtained can be multiplied by an arbitrary
structural designer, since the structural frame input force to predict structural motions. The
generally is loaded by the lower frequencies; how- main limitation on the use and application of this
ever, the internal equipment is generally sensitive technique is that the structural system must be

Numbers in brackets indicate references listed at the end of the paper.
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linear or nearly linear so that the principles of be used for comparisons. Impedance testing was *

superposition apply. The impedances obtained are conducted on both the model and the prototype
nonparametric functions and samples of the dis- structures (see Fig. 1). These data were con-
tributed system. Bandwidth of the measurements volved with air-blast loads to obtain response pre-
is limited by the vibrators used, which for this dictions. The predictions for the model were
study ranged from 30 Hz to 3000 Hz for a model compared to the acceleration records from the
structure and 7 Hz to 300 Hz for a prototype high-explosive test to assess the accuracy of the
structure, method. Subsequently, test data and acceleration

predictions for the model were scaled both geo-
This technique was applied to the evaluation metrically and by impedance methods, for corn-

of the interior shock and vibration environment of perison with the acceleration predictions for the
the Perimeter Acquisition Radar Building (PARB) p.ototype structure.
of the SAFEGUARD ABM System [5,61. The pro-
totype building is a reinforced-concrete protective N.
structure that measures 125 ft (38 m) in height, 2. SYSTEM FUNCTIONS
194 ft (59 m) on "ts front, and 210 ft (64 m)
on its side, with exterior walls 3 to 6 ft
(0.9 to 1. 8 m) thick. In this case, a 500-ton 2. 1 General
(453,550 kg) TNT high-explosive blast load on
a 1/12-scale model cf the bulxding* had produced Dynamic properties of passive systems may
a set of acceleration time-history data that could be represented by a complex ratio of the input

loading to the output response of a system. This Ir_
complex ratio may be presented in the form of

- •magnitude and phase, real and Imaginary, and
M real vs. imaginary, all as a function of frequency.

Inverse transformation provides yet another form
of this ratio in the time domain: the impulse
function. The complex ratios obtained may be
viewed as samples from a continuum both in space

"s and bandwidth, and are nonparametric. These
functions can be determined analytically from a
mathematical model or can be physically mea-
sured. Fig. 2 Illustrates the concept.

(a) 1/12-scale model, Defence Research . IMPEDANCE AS FUNCTION OF FREQUENCY
Establishment, Suffield, Canada I FORCE

Z() " U-IUTVELOCITY N-

"- TRANSFER FUNCTION AS FUNCTION OF FREQUENCY
S•.. T(C) -OUTPUT MOTION OUTPUT FORCE .

"* INPUT MOTION INPUT FORCE

Fig. 2 - Impedance and transfer functions
conceptualized

The response of a vibrated point on a struc-
tare is inversely proportional to the impedance, .

(b) Prototype, North Dakota which will be defined herein for a given frequency .*

as the driving force on the structure divided by
Fig. I - Perimeter Acquisition Radar Building the velocity at a point on the structure. The A,

(PARB) motion of the structure may be recorded as dis-
placement. velocity, or acceleration, and, when V_

DIL AC vet 7,1ratioed with input force, Is defined by the follow- -•*
DIAL PACK Event 17,8) Ing terms.
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"Force = Dynamic available. Impedance tests performed on a 1/12-
SDisplacement Stiffness scale model of a protective structure at the

* D eiDefence R•esearch Establishment, Suffield, Le
Diplceen -Compliance Canada, ranged from 15 to 45 lb jG? to 200 N).
Force An electromagnetic vibrator (MB model PM5O) was {'.

used as an excitation source. Identical impedance
measurements on the prototype structure in North

Velocity Impedance Dakota ranged from 1000 to 5000 lb (4,500 to
22,000 N). For the prototype an electrohydraulic

Vcloc Motl exciter was used (CGS). Nominally, this change
Force = Mobility in force level between the two structures corre-

sponded to the scaled impedance difference of 144.
The shaker used for the prototype building is

Force - Dynamic pictured in Fig. 3.

Acceleration Mass

Acceleration - Inertance ...
Force

Another important function is the ratio of

input motion to output motion or of input force to
.5 output force. This is defined as a transfer func- -

tion. Thus, if the base of a structure is put into
motion by a blast or earthquake, multiplying this
base motion by the transfer function produces the
motion at another part of the structure. The
terms "impedance" and "transfer function" have
been used to simplify the presentation of this
report; and where specific functions are displayed,
as in data plots, these terms are defined.

2.2 Measurements

In the past, the frequency response character-
istics of structures have been measured by quasi-
steady-state methods. One method, referred to as
the slow sine-sweep method, involves varying an -III
input sinusoidal forcing function over the frequency
region of interest and measuring the output
responses. It has been used extensively in

impedance and transfer function testing. Consid-
erable error may occur if steady-state response is
arbitrarily assumed. To minimize such error,
convergence techniques are used in the testing I .
procedures. This involves progressively slower
sweep rates (or time-of-frequency variation) until Fig. 3 - Electrohydrnulic shaker used for
essentially asymptotic response amplitudes are measurements of the prototype PARB
obtained. For the projects reported in this paper, (Waterways Experiment Station) 'r
the slow stne-sweep method was used. On subse-
quent projects, random, rapid sine-sweep (chirp), 2.3 Linearit-
impulse, and pulse-train methods have been used.
Some of these latter excitation methods are very At the onset of testing, a survey was made to
beneficial in the reduction of data processing costs ascertain the linearity of the system by multilevel
and the minimization of noise 19). tests and by reciprocity, and to determine system

symmetry and cross-axis coupling. Quantitative
Iput-force signal levels were set at the high.- information gained at an early stage allows for

est level compatible with test objectives and the reductions in test efforts or provides information
linearity ef the test article, to obtain favorable for alternative procedures. Linear systems will

sina-o-oieratioss. TIls objective ia more provide system functions that are virtual overlays
often limited to the force-generating equipment of each other, although made at several different
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input-force levels. For the Perimeter Aoquisiton accordance with the diagrams in Fig. 4. Recip-
Radar Building (PARE) ý-f the SAFEGUARD system, rocal impedance measurements ýor both buildings
force input of 1000 lb to 7000 L (4,500 to are given in Figs. 5 and 6. Extensive use of I;
31,000 N) demonstrated for this range that essen- reciprocity was made in the prototype building,
tial linearity of the building existed. Reciprocity since it wee much easier to move accelerometers
measurements were made on the PARB model in around the exterior surfaces than to move the
Canada and the prototype PARB in North Dakota in large and heavy vibrator.

, ., ;' . , • , .'IMPEDANCE DRIVER

4W --- V (coal(o)•.

'* . ModdZ P•flT: Direct nmeasurements (b) Prototype PARE: Reciprocity measurements
•(from. surfh.• *o rerponse point) •from response point to surface)

". -- Measux Ž: t methods used on PAR\ model and prototype

-••., oo-2: r'

FROIY ZFREQUENCY, HZ •.',•
(a) Drive point, roof center (T-m); (b) Drive point, roof center (T-y); tmeai +rement point, 5th floor center (1-VT) measurement point, 5th floor center (1-VT)

.4 Fig. 5 - Model PARe data for determinin reciprocity pe

.101

Ti 
* 10214

FREQUENCY. HZ FREQUENCY, HZ

(a) Drive point, o th floor center (1-VT); (b) Dri.e point, 5th floor center (1-VT);measurement point roof center (r-T) measurement point roof center (T-T?)

Fig. 6 - Prototype PARB data for determining reciprocity
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-M N -10 8 - ,,.-4
,. 0_ CROSS-AXIS: NORTH SIDE WALL DRIVE TO

5TH ROOF bRIVE TO 5Th FLOOR VERTICAL 1

~~~~~P -ITO DPV T') T IV)-_ -..

-1I",

FREQUENCY, HZ ••••. -2-

Fig. 7 - Model PARE cross-axis transfer impedances to 5th floor vertical response point:,, C%' ':':

North wall hroizontal drive point compared with roof vertical drive point .t;

2.4 Cross-Axis Coupling
measurement matrix can often be judiciously used. - ..- '

Cross-axis coupling is the motion induced in a For both the model and prototype buildings, sym- •4.% •
test article orthogonal to the direction of input metry was employed about the longitudinal axis. •.•••
force or motion. Fig. 7 overlays cross-axis

coupling impedance on an axially aligned imped- !$:.
ance measurement for the same accelerometer 2.6 System Functions • ,'

location. Accounting for cross-axis coupling was •
not required for response predictions on this Typical system functions of inertance mag'ni- ••.
building. The frequency magnitudes of the exter- tude (X/F[1w]), phase, and impulse functionL are

nal blast loads were very small in the frequency given in Fig. 8 for the scale model and in Fig. 9

portion of the regular impedance measurements, have been digitally processed into final form for•.?,'•€ '

The root sum square for all four walls contributed use in response predictions of the structures. %4,•.:
less than 5% to vertical motion. •••

For a few locations, response predictions • ,.
require a large number of measurements taken L-'- .

2.5 Symmetry over the structure's external surfaces. These • :".,

,~,predictions can also be used to predict responses .-.-- e
Where a test article or structure possesses at additional internal lor-atlons of the building by ,".'-•

geometric symmetry, or at least appears reason- using tronsfer functions. The response prediction :,
ably symmetric, only one-half or one'-quarter of at the first location• is multiplied by a transfer *

•;•the structure (as tue case may be) need be mea- function to another location to obtain the response •

;.•,'.sured, thus shortening the testing. '3,cisions to at the second location. Transfer functions are • •..
•.,}use symmetric measurements should be made by obtained by the complex ratio of the motion at a .'..•

impedance surveys. Where unsymmetric e!ements remote location to the motion at the drive-point % .
,.-,.or components exist, either local measurements, location, as illustrated in Fig. 10. Transfer .,.
:"€'."•substitution, or a strategy of redistribution of the functions are represented as"•"
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equations: 5.o

*11 •51i) •Js" 1) 0 o o • • _••

where (a) Fourier magnitude: inertance ,

5t, (~ ~ X - frqun ) reapone t octis

c 5 a(c ) frequency e caluculalted for accordanc with , ,Wwi

"1 5"5 2 0 30 100 1!0 Me M0 3O 30 400

whectre (arp'lnel• l d ,C) Fourier maniude: inae tance

centr• of the lth floor

T 1/5 (bW )transfer ftflon loalcation I to'

tat floor

a •

I.. . . ', tl a I I"I-BW( 0), (3). -OF••

Mdeasured transfer fanctices to the 4th, 3rd, -0 N -OD 4
sand 2nd floors of both the modal and pxob* MMtyZpe1

aruture ae pesetedin ~(b) Fourier phase: Inertance

Geometric scafll y of the 1/12-seal modee to U
the prot*p Is given by *e following table.

TABLE I
Geometric Scaling

Functioo Prototyp (P) mome (a) 0 141.--

Impedance (E - 11A0 2.5 5.0 7.5 10.0 12. 15.0 17.5 20.0
TIME. SEC X 10-2

mugs /Ac Impulse: Inertance

FtQUUCJ 4. Fig S -Typical model digitized measurement in
I ~final form for computations
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35 a
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(a) Fourier ma-itule t (b) Fourier ptaam

4-.7

AnA

SI I) I I Ir, I

"3."0 2. 5.0 1.5 I it. I M 1" -.5 A
TIm SEC x W

Fig. 9 - Typica prototype dgtized meaf•usmint In find form for oomputo

IMPEDANCE DRIVER

__~~~~~~1 415_1(Q ~lI" I -

4TH FLOOR Th F

MN FLOOR

Fig. 10 - Method of measurummst -it trudaer thactic..
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0 50 100 1502 250 300350 400 O0 5 10 15 20 25 30 J5 40

FREQUENCY, HZ X 101 FREQUENCY, HZ X 10

(a) 5th floor to 4th floor (a) 5th floor to 4th floor

6 1

5 ~25

05010015200250300350400 20 5

FREQUEN~CY, HZ X 101 FREQUENCY, HZ X 101

(b) 5th floor to 2rd floor (c) 5th floor to 2nd floor

3 x 15.0

P,2 --I 1 0. -

5 100 150 200 250 300 350 40D0 5 10 15 20 a5 N B 40.
FREQUENCY, HZ X 10, FREQUENCY. HZ X 101 •••

(b) 5th floor to 3rd floor (b) 5th floor to 3rd floor ;

Fig. 15 - Model PARB: Transfer functon Fig. 125- Prototype PAR: Transfer function

magnitudes (acceleration ratio) for magnitudes (acceleration ratio) for .• n
calculationo response prediction calculation of response prediction • •

A scaling comparison of both magnitude azid for the 5th floor and similarly for each floor. ' ,
frequency was made between representative and Scealing parameters were determined by keying--'.•
paired inertance measurements of the model and corresponding model and prototype functions at
prototype buildings. These function~s, sucth as their peak amplitudes and then iteratively deter-• •
those shown in Figs. 8 and 9, are compared mining amplitude and frequency scale factors

-�2 . -5.0 -



TA13LE 2
Scaling Factors, Model to Prototype, for Geometric and lnertance Measurement Scaling ,*

Scale Factors Dferee

Floor Inertance Geometric (Reference Geometric)

Displacement Frequency Displacement Frequency Displacement Frequency
Factor (a) Factor (b) Factor (i) Factor (A) W% W%

5th 18.4 10.2 12 12 +53 -15

4th 10.5 12.7 12 12 -12 +6

3rd 25.3 14.0 12 12 +111 +17

2nd 34.5 9.7 12 12 +188 -19

for a minimum error difference. The scale air-blest pressure functions, pressure-area zone
factors determined by this procedure are given engulfment, traveling pressure-wave function, and

S~~in Table 2 for each location. transfer functions. _*. ;

3. PREDICTION OF STRUCTURE RESPONSE TO S.1.1 Inertance Functions and AssociatedAIR BLAST Pressure-Area Zoning

The method used to calculate the response The use of Wnortance measurements to predict

accelerations of the !/12-scale model and of the the response of a structural system to blast load-
prototype Perimeter Acquisition Radar Building ing is basically a special application of the impod-
(PARB) is similar for both. Verification or ance technique. An inertance test measures the
checks on the accuracy of the response predictions point acceleration response of a structure due to a

SIs made by comparing the predictions with point force load. Blasts such as the air-pressure
response records of the scale model taken during loads acting on the model PARB structure in the
the DIAL PACK Event [7,81. The DIAL PACK DIAL PACK Event are a continuous forcing func-
Event was a 500-ton (453,550 kg) TNT explo- tion acting on a continuous structure. Thus, the
sion that subjected air-blast and ground-shock sampled impedance information must be summed -z

- loads to several targets. Calculations for both over the structure to obtain the internal point
structures were made for the vertical direction responses of the st-ucture due to loads acting
only; and as such, the traveling air-blast pres- everywhere on the external surfaces of the
sure loading over the roof surface comprises the structure.
external forcing f mnction. Exclusion of the cross-
coupling contributions to structural motions from Each inertance function must be associated
pressure loads on the external four walls is con- with a specific area of the structure upon which
sidered to have minimal effect on the calculated the air-blast pressure acts. This assumes that
responsee. As discussed in Section 2.4, the the inertance function is essentially constant for
rapid roll-off of pressure amplitudes with fre- this area. Finite-element plate models were ini-
quency allowed for this reduction in computational tially used to map the model and to provide,
effort. thereby, preliminary measurement and drive-point

locations. Additional refinement of drive-point
"All data and calculations are internally consis- locations was done during field testing, where

tent and show comparable amplitudes for pres.- quick-look analog impedance measurements veri-
sures, motions, yield, time, and frequency. fled that a reasonable density of measurement
However, the absolute values have been normal- would be acquired for the model structure. The
ized so that this report could be declassified, smooth change in functions obtained when moving

from one area to the next indicated that a reason-
able number of measurements had indeed been ,

3.1 1/12-Scale Model obtained. Potentially, interpolation of the mea-
4 suremants could have been made during computa-

Response predictions use inertance functions, tion, should the need have arisen. Additional
a pressure zone for each inertance function, measurements showed that the structure had a
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high degree of symmetry (see Sec. 2.5), which iO ,

therefore allowed for a higher density of measure- 6
ment per surface area. - 5

Boundaries for local areas of each acceptance -3
measurement were drawn by observation and 4

evaluation of the data. The impedance zone and 22
input pressure zone associated with each of the t I

29 measurements are shown in Fig. 13.

30.0 32.5 35.0 37.5 40.0 42.5 45.0 41.5 50.0
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2 
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_..- . -,-. .o,.,i.

ZONEIT.A6P5 T21 TIME, SEC X I0-2

I @ I 'I

__._0_____ _I.. - -6

-x 7.5- -5 _ ,--"

13a.# a.
To (0) io TW2" 5.0

*PICT~URE GAGE3* IW:EDANCE LOCATIONSA DIRECT
" • IMPEDANCE LOCATION•S RECIPROCITY n 2,.5

'• C IMeD0ANCE ZONE1
Fig. 13 - Zoned roof on PARB modi showingD

impednce zones, air-blast zones, and . . 35.0 37.5 4. 45.0 41.5 5.0

Ap mea TIME, SEC X i12

(c) Air-pressure gage AP53

3.1.2 Prarsure-Input Development 10 TI

the roof were obtained from the DIAL PACK 8_

Event (Figs. 14,15). The aboveground structure 6
perturbs the afr-blast loadin by overexpanding the "4 "
transient air flow, which is particularly observable •-•

as the pressure notch in the time his.ory of i
Fig. 14b and as the perturbation in the frequency i -I "
spectrum of Fig. 15b. Hence, test data rather :
than conventional blast curves (Fi.gs. 14d, la') .1ere used as forcing functions. 0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 33.0

T97z- SEC x 4 x 7

The air-blast zones shown in Fig. 13 were (d) Analytic (Erode)•,:)'""
configured cmz a z, mple geometric basis. The air- ,,
blast functions were considered to be constant Fig. 14 - Air-blast measurements on• --••"
within each air-blast zone. The potential for model PARE roof and conventional ,- -
extrapolation and interpolation ex, qts for this type air-blast representation of
of data. pressure-time histories
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0 ----- a. Peseia'e Area Zones. For a local sur-
face area, Aik, which is associated with one
transfer mertance function, it is necessary to

-.9 20 account for the velocity of the air load as itx traverses the surface. This accounting, as

15 illustrated in Fig. 16, is required to assure a
1l0 proper surface loading.

(a) Air-pressure gage AP51 hI s (o i V)

T 4 ARRIVAL TIME OF
x 0 AIR BLAST

W •V - SHOCK-FRONT VELOCITY

d1I • LENGTH OF SURFACE AREA20h
S50 100 10 39 1 40 Io

FREQUENCY, HZ X 101
(b) Air-pressure gage AP52 Fig. 16 - Moving air load over a local surface

area associated with a transfer
30 inertance function to an internal

25- point in structure

20

Upon arrival of the air blast at time r., the

10 air blast successively loads the surface in Incre-
ments AX where nAX = d|, the length. The

5 incremental loading time is given by Att A•X/V.
This incremental loading subdivides the local sar-

0 0 I 150 200 ao 3 350 WOO face into segments Aik(AX/di). The fineness of

FREQUENCY. HZ X 101 AX is obtaiLed from the At selected and can be

(c) Air-pressure gage AP53 as small as the digitizing rate. Depiction of air-
blast engulfment and the development of an effec-

30 ,tive pressure as seen by a local area is shown in
25 - Fig. 17.

220 A pressure-time history of frontal velocity V.
which is successively translated and sectioned over

E15 the surface Aik of length di equal to n.,X

increments is given by an effective pressure (Pff)

P P(t) + e P ~

06 eff nt -n (
5 (00w)2

FREQUENCY. HZ X 101
(d) Aulytic (Brode) + P t - u t -

Fig. 15 - Air-blast measurements on model PARB
roof aWx conventlcnal representation of.. Pit (n _______ -______

Fourier mnagnitude pressure spectra .V1
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and transformation in the frequency domain gives:

AREA OF SEGMENT

Pef) W P(--) 1 + exp J-A-• + exp ---L tx

eff n k7 1k)

P(6) w ) + exp - W
Fr s... angles ( s ) egl g

(5) X

and the expression of Eq. 5 converges to: by

sin (n -- O A4t

Peff (W) I'Mw [~ exp(~ 2Vl)X~ ~ r 0 ,4C

(6) s n -n -

(a) Three-dimensional view of air-blast engulfment
For small anglesd( sin e ) the engulfing
function of Eq. 6 may be represented by:

LU

4A

lax% . iIn sin(ý2V)IW ý2w

TIME
which is the Si ng function in the frequency t 0 aX

domain, such as represented in Fig. 18a, and an b)Poiefefctv epsurovralclra
approximate boxcar function in the time domain. (b Prflofeeciepsueovraoalra
The cyclic nature of the actual engulfing function Fig. 17 - Depiction of sir-blast engulfment and

(Eq. 6) Is Illustrated in Fig. 18b and implies a development of effective pressure
critical selection of a time step At (dependent on over a local area (exaggerated scale)

involved. Somewhat akin to the Nyquist folding QW1.0
frequency, the engulfing function as shown in M0 0.8
Fig. 18a has a time step At (dependent on mesh 0.6

length/velocity) and a frequency cutoff 1/2 at 0.

(0.1 m sec) for 5 kHz. These values are m ore 0.2- _- - l . , , t -,
than sufficient for the model inertance function, - llnat_ 126

where measurements wert. made to 3 kHz. 1-h

Obviously, serious effects are encountered when (a) Properly selected time step

too large a time step (mesh length/velocity) Is 1.2. ............ ................... '
taken in using a traveling wave, since the results 1.0"N

will ultimately include the effects of the function Y 0.6
as shown in Fig. 18b, where frequency amplitudes 0.
above cutoff are contained in the data or computa- 0.2
tions. Not too obvious in the engulfing functions 0..
is the maximum amplitude in the frequency func- __llt__

tion of unity and the area of the approximate box-
car function in the time domain of unity. Fig. 19 -•,.,
provides, for a traveling load over a surface, the Fig. 18 - Plot of magnitude of engulfing function

maximum mesh length at the folding frequency for for two different time steps

a range of traversing velocities. At = (mesh length/blast velocity)
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METERS

0.1 0.2 0.4 0.60.81 2 4 6 8 10 20 30

10- U SHOCK-FRONT- VELOCITY

0.4

0.2 0.4 0.60.81 2 4 6 8 10 20 40 560 S100

MAXIMIM AESH LENGTH (DIRECTION OF BLAST). FT

Fig. 19 - Traveling air-blast loading on surface; maximum mesh

length in blast direction at folding frequency (f C) for
range of shock-front velocities C

b. TraveZing Wave over a Surface. Somewhat The local areas of the roof are not equal, and
similar to the engulfing function for local areas the foregoing discussion is useful only in under-
(mesh size) is the wave travel over the entire standing the characteristics of the function. The
structure. In this case, the travel distance or unequalness of the local roof areas requires that

time Increment Is from the boundary of one local the function of Eq. 5 be placed in the form
area to the next. Where the boundary distances
are equal and the blast velocity constant, the
traveling wave function would be: 11 + exp(-j-Iw) + exp(-j-r2 w) + exp(-jT3W)

"9 (_ _ ____ +x(- "'"epijr exp(-JyNrlw ) " '•

2 exp (j,(N - 2)At (8) N- 1

[slnAt~ 

+ . x'Jr 0

2(10) ,,.

where where T time of arrival at each local areawhereboundary.

N = number of equal local areas on roof

At = traverse time across local area

3.1.3 Response Prediction at First Location

As before, for small angles 6= s in e , and the clResponse calculations were made in the verti-

efunctioe ofo. s cmaaes: C =sn, tedirection from roof loads of a traveling air
function of Eq. 5 becomes: blast for the center of the 5th floor of the,

*• 1/12-scale model. The method of calculation is 0
given as:[,,.exp(-i ("N -R)estpos Local

[/Response m Inertance)

(rLocal Local Local nt

The traveling wave for the roof is a summa- Area x Pressure x Engulfmet

tion having a maximum amplitude In the frequency Function

wave over the roof). The amplitude of the /Travelinga
approximate boxcar function Is unity and has an WaveS~ area of NAt in the time domain. \Function/
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Computations were performed in the frequency Selection of local impedance zones and pres-
domain as represented by Eq. 11 and transformed sure areas for each inertance function followed the
to the time domain by Eq. 12. methods used for the model. The zones for the

36 impedance measurements selected are shown in o.

Fig. 20. Impedance measurements A-1 and A-29

N [1were used on the basis of symmetry in two other
X(W) = W (w) A• P( S1() exp(-j-rW) locations (Fig. 20), since poor data records were

i=0 obtained in Zones 34 and 36.

(11)

oz
where 0

di(w) - i-th inertance function [X/F(A2)] 6 *.A19 A9(
,*A28 .76() AIR-BLAST

A= i-th local area (mesh) of external (1) no. AIS 1A N

load I PS

P1()-i-th external pressure load - ---

Si 1 (w) = i-th local engulfment function BS~ * 9 AI ST •1 0- - AI.... .

sI n In4[n sin(11)]2

exp(-jT w) = traveling wave function AIR-BLAST

11+ exp(-JT lI ) + exp (-j 2 W) .. ,A29 #A1A

x = arrival time of blast wave at -9.2 (.6 =

local area boundary LEGENI:
a PRESSURE GAGE (SCALED)

Then * IMPEDANCE LOCATIONS, DIRECT
S] (120 IMPEDANCE ZONES

"Fig. 20 - Zoned roof of PARB prototype showing
impedance zones, air-blast zones, and
impedance measurement drive points

3.1.4 Response Predictions at Other Locations (direct and reciprocity)

Response predictions at additional interr.31
locations (i.e., locations in addition to the "first")
of the building are facilitated by use of transfer
functions. The response prediction at the first 3.2.1 Pressure Input Development
location on the 5th floor is multiplied by a trans-
fer function to another location to obtain the Pressure-time histories from the DIAL PACK
response at the second location, as discussed in Event were scaled geometrically for computations
Section 2.6. on the prototype PARB. Pressures for both modeland prototyn. are identical but scaling of charac-

teristic time is required.

3.2 Prototype PARB

Predicting the response of the prototype PARB P p(t) W Pr(t0
follows the same procedure as that used for the
model. Each variable will be discussed, and dif- P() = - Pm(AW) (13)
ferences in procedure will be emphasized. p m
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Effects on waveforms of the DIAL PACK pres- where
sun records by scaling (Reynolds number, pVL/p)
to the prototype were evaluated -to determine A = area (sq ft)
whether serious errors would result. Informa-
tion on transtentr-blast waves interacting with p = prototype
structures is quite limited. Some information
having applicability to the PARB configuration has m = model
been found and evaluated for scale-factor effects.
These data are from shock tubes, water tables, = scale factor (12)
and nose cones.

3.2.2 Air-Blast-Wave Engulfment eDdot

b. Air Blast. The air-blast pressures from
a. Preassue Area Zones. The enufn DIAL PACK are scaled for the prototype where

function developed for the model (Eq. 7) was pressure amplitudes for model and prototype are
applied also for the local pressure areas equivalent, but the time duration is scaled by
(impedance zones) of the prototype. The only A = 12.
change required was a coarser mash, owing to
the lower cutoff frequency of 300 Hz (Fig. 19).

b. TraveZng Wave over a S•rface. The Pp(t) - P
traveling wave function, Eq. 10,. used for the P M
model was applied to the prototype.

P(w) .W Px() (15) N

3.2.3 Response Predictions at First Location,

Response predictions for the prototype were
made with Eqs. 11 and 12 in a manner similar to
that used for the model. c. Inertanoe Functions. Inertance functions

are scaled as given in Table 1.

3.2.4 Response rxedlctlons for Other Locations

Response predictions for the prototype at = W"• ow (16)other locations were made in a maer similar to P T16)
that used for the model.

3.3 Development of Scalinx Rel-tiona• ps; "" d. Ge~zawtiaZy Scaled Response.p••
Scaling relationships for the 1/12-scale model c

calculations and DIAL PACK Event records of the
model PARB are developed In this section. These

. scaling relationships provide for both geometric X(W) [-,2•A, - Pi(AW)
scaling and scaling based an comparison of inert- P iWO X
ance functions from the model and the prototype
from T able 2. S 1( W x ( J Xw M17

.. SIi(A)I exp(-jrl~w$ (17)

3.3.1 Geometric Scaling

#a. Areas. Surface area of the air blast for
the model scaled to the prototype is P(p() - xm(•) (18)

Ap X .2 Am (14) ýp (t) =•1X('A 2  1) t ~~(19)
p mp A MiA
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where b. Inertaice Fwection Scaling. Several not-
to-scale conditions existed between the prototype
and model PARBs. These conditions cannot really

p - prototype be quantitatively established, although discussion
and identification of each is given in Section 4. A

m - model scaling comparison in both magnitude and fre-
quency was made as discussed in Section 2.7.

-• , scale factor The scale factors determined by this procedure
are presented in Tables 2 and 3 for each location.ad. (XL)Of i-th impedance function'•••'.;,

[./Fi (• )]=-ect-i.m n Measured Impedance Scaling (not-to-scale
IXF() effects).

A1 - i-th local area of external
load i=0 [X2b

P. (A•) - i-th static external pressure p
load

Si1 (Xw) - i-th local engulfment function • SiI(A)I exp(-J-rXW) m (20)

np --2 X(b.) (21)
ab

exp (-jr .xw) - traveling wave function
[1 + exp(-jAtAw) + exp(-2jAtw)... W X3 m (22)

T = arrival time of blast wave at
local area boundary

3.4 Prototype Responses Compared with
3.3.2 Sealing by Use of Measured Inertance Responses Scaled from Model

Functions
Acceleration response motions from DIAL

a. Scaling of Areas, Pressures, and Wave PACK records and model calculations are scaled
Engulfnent. Sealing of areas, pressures, and to the prototype calculations and presented in
wave engulfment are geometric, as presented in Figs. 21 through 28. Scaling was made by inert-
Section 3.1. ance function ratios.

TABLE 3
Acceleration Response Scaling, Model to Prototype, of Geometric and

Inertance Measurement Scale "Factors

Acceleration Response Scaling Difference

Floor Inertance Geometric (Reference Geometric)

Fourier Time History and Time History and Fourier Time History and
Magnitude Shock Spectra Shock Spectra Magnitude Shock Spectra
(A3/ab 2) (x3/ab 2) Magnitude (i/A) (%) (%)

1th 1+1 -61.11 11.3 12

1 1 1
4th 0 12 1 12 -2 +3.3

1.98 12.4 12

3rd I-1!+65---0 ;.;, +ss +ý0
2.87 40 12 +

1.88 18.2 12
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Fig. 21 - Comparison of prototype and scaled model PARE acceleration-time histories: 5th floor center •.!
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Fig. 23 - Comparison of prototype and scaled model PARB acceleration-time histories: 3rd floor center
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Fig. 24 - Comparison of prototype and scaled model PARB acceleration-time histories: 2nd floor center
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4. RESULTS AND CONCLUSIONS and dynamically interact with the floors to alter
floor responses substantially.

Overall similarity of scaled DIAL PACK test
records and model calculations to prototype calcu- Scaling of damping as viscous equivalent did
lations is quite good for acceleration-time histo- not appear to be the most appropriate form. Fur-
ries and Fourier magnitude frequency spectra. ther work and investigation need to be undertaken

to scale for material damping.
Deviations noted in the calculated rise and fall

times for time histories involve both data mea- The following conclusions are drawn from the
surements and subsequent processing. Some work discussed in this paper:

improvements in technique were applied to the
prototype talculatins. Differences observable in a The use of impedance testing is a useful
the Fourier transforms, particularly in the 4th and technique for predicting structural
3rd floors, are attributable to not-to-scale effects response and to verify finite element ', -•
in the prototype and to measurement processingmoecauatns

techniques for floor-to-floor transfer functions. md clutn

Scaling the model data geometrically did not • Existing vibration and measurement equip-
menS is capeble of vibrating and measur-

provide a good fit. Several not-to-scale effects megt rsponse of the arges sure

existed in the prototype that had not been or could ing the response of the largest structures,

not be accounted for in the model. These effects e.g., dams and ma sive protetive

included the following:

a. • Computer technology has advanced to such
a. Structre. a level that it is possible to process

impedance measurement data and associa-
Prototype roof--radar base slab ted input loads in large quantities.

Prototype--2nd floor mezzanine

Prototype--utility tunnel * The test technique and experimental appli-
cation briefly outlined in this paper pro-

Model--excessively large base slab vide a basis for the continued improve-
ment of impedance technology. Several

b. Equipment in Prototype Structure. Improvements have been identified to
reduce test time, to increase accuracy, to

Tactical support equipment on shock- reduce noise, and to simplify data
isolated platforms, 2nd floor 365,000-lb processing,
(165,000 kg) sprung weight of 22 plat-
forms, and 3rd floor 203,000-lb & Scaled impedance measurements from a
(92,000 kg) sprung weight of 4 platforms model structure may be used in response

predictions over a wide frequency range
SAFCA communication equipment on and for a range of input loads. From
shock-isolated platforms, 3rd floor these response predictions, shock and
86,126-lb (39,100 Kg) sprung weight of vibration criteria scaled up from the
3 platforms model may be established for internally

mounted equipment prior to construction of
Weapons systems equipment hard mounted prototype s-ructures.
on 3rd floor

o Air-blast loads should be determined for
The radar base slab on the prototype rocf each structure by analytic/computer

stiffens the area covered and adds weight. The methods or experimentally from scaled
2nd floor mezzanine, the utility tunnel of the pro- models in blast simulation. Air-blast
totype, and the extra large base slab in the model sensitivity studies strongly suggest that
contribute to the scaling problem. Equipment simplistic air loads on protective struc-
installed in the prctotype, particularly on the 2nd tures are insufficient to provide threat
and 3rd floors, has a decided effect in altering the criteria for weapons systems equipment.
floor frequency responses. The weapon system
equipment hard mounted to the 3rd floor is mas- * Mesh dimensions (loaded surfaces) of pro-
sive and, in the case of the precise power units, tective structures must be carefully sized
acts as a stiffener. (These power units cuver with respect to air-blast front velocity.
approximately one-third of the 3rd floor area.)
The numerous shock-isolated platforms are * Mode shapes, resonant frequencies, and
dynamically responsive over a wide frequency bandl damping may be" extracted from impedance

213

SW "2 ~ " ;'' • , W : ,a



measurements. Significantly higher Paper No. 730939, Nat'l. Aerospac,3 Eng. and
damping values have been extracted from Manufacturing Meeting, Soc. of Automotive
the PARB structure than are normally Engineers, Los AngeZesa, CA, Oct 16, 1973.
used in finite e'ement models.
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PROBABILISTIC FAILURE ANALYSIS
OF T.INED TUNNELS IN ROCK

David A. Evensen, Jon D. Collins
J. H. Wiggins Company

Redondo Beach, California

A study was performed to develop a methodology for planning of
nuclear underground tests such that the negative impact of the
uncertainty in the free-field weapons effects and the structure
capabilities would be minimiaed. A probabilistic procedure was
developed using a deterministic structural model as a basis to
obtain the fragility curves of the structures. The paper dis-
cusses how to guide the design of the structures to maximize
the acquisition of good data, and the methodology could be
directly applicable to future nuclear tests.

INTRODUCTION the uncertainty is even greater.

single shot nuclear test are (1) that is the capability of the test structure

of scaling the predicted environment to withstand the load. Prediction of
incorrectly or (2) improperly esti- the precise failure level is not pos-
mating the capability of the structure sible because of the difficulty in pre-
that is to be tested. It is not unusual dicting the post-yield behavior and the
to have situations where no useful data structure-media interaction. 4.onse-
were obtained because the environment quently, it would not be unusual to pre-
was too high. Therefore, it is desir- dict an uncertainty factor in the struc-
able to design tests such that the tural capability as large as l... A
probability of obtaining useful data is structural capability uncertainty model
maximized. In the case of many such can be developed using the basic mathe-
tests, survival of the structure matical model utilized to predict ýhe
through the tests is not necessarily nominal failure level. A factor should ' -
the objective, but rather the deter- probably also be added to the model to
mination of the environmental level that account for systematic error rising
causes the structure to fail. There- from inadequacy of the mathematical
fore, it is advantageous for tests to model itself.
be designed such that the structure will
have approximately a 50% chance of Failure of the structure will
failing at the design range from the occur as shown in Figure 1, when the
explosion source, load exceeds the capability (resistance -

of the structure). Load and capability
There -re some significant uncer- are shown by two probability density

tainties ii.volved in the test design. functions and the illustration indicates
The blast source will have an uncer- that for some of the time, the load will
tainty in its yield. The shock wave exceed the resistance and thus produce
from the blast through the surrounding failure. It is significant in the
media also will have considerable uncer- present problem that both distributions
tainty. Data presented in the Air will be very broad due to their large
Force Manual for Design and Anali-sis of uncertainties.
Hardened Structures (Reference 5) in-
dicate that with a known yield there Note, that in Figure 1 the mean
will be an uncertainty factor of ý 2.5 structural capability is L.5 times the

"or the particle velocity in hard rock. most probable free-field stress, and
if the media is soft rock or dry soil, yet, there is a significant probability
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TYPICAL DISTRIBUTION OF TYPICAL DISTRIBUTION OF CYLINDER
FREE-FIELD STRESS IN TUFF FAILURE THRESHOLD (= .05)
(UNCERTAINTY FACTOR A4)

0 .5 1 1.5 2.0 2.5

Figure 1. Distributions of Uncertainty in Free-Field Stress •.
and Structural Capability

of failure (in this case Pf ; .3). Basic to the work is the identifi-
cation and utilization of a valid de-

It is possible from the informa- terministic structural model. If a
tion described above to get an idea of good deterministic model cannot be
the possible range of failure thresh- found, the statistical analysis will
olds which could occur in a test. If suffer accordingly. A statistical
there has been one or more previous procedure is not a remedy for poor
tests that contribute data of limited modeling. Once the model has been
value, it is possible to improve the identified, then it is j-ssible to
test design using a system identifica- determine the characteristic uncer-
tion procedure. If the previous test(s) tainties of the parameters of the model.
were in similar media or if the struc- Then, since failure is what is being
tures were similar, then it could z,. sought in this study, a failure cri-
assumed that the knowledge from these teria must be established (i.e., at
tests would permit revision of some of what level of strain does the struc-
the mean values and reduce the uncer- ture fail?).
tainties in the test plan.

The model, the data uncertainty,In the remaining sections of this and the criteria constitute the basic
paper, procedures are developed and elements of the problem. From these,
demon.••rated which consider these one can develop a statistical model
p-oblems and provide a methodology for which will indicate the probabilistic
optimum test planning with full con- variation in failure occurrence. In
sideration of uncertainty, this study, a Monte Carlo approach is

used which results in the development 4.

GENERAL METHODOLOGY of fragility curves for structural
failure as a function of free-field

The objective of this study wa3 stress.
to identify and quantify all of the
sources of uncertainty assoc±ated with The fragility curve completes the
the testing of butied cylinders ira a single structure analysis. However, inshock environment cr-eated by a nucldar a test, many structures are involved,.-T,•

weapon. A flow diagram for the pro- and it is the desire of the test de-
cedure of the study is given in Figure signer to have the results of the tests
2. straddle the failure thresholds. Failure
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DEVELOP/IDENTIFY II DETERMINISTIC STRUCTURALI ANALYSIS PROCEDURE

IDENTIFY AND QUANTIFY
VARIABLES WITH UNCERTAINTY

ESTABLISH FAILURE CRITERIA

USE DETERMINISTIC MODEL,
UNCERTAINTIES AND FAILURE
CRITERIA IN A STATISTICALi- ___________ MODEL TO DEVELOP STRUCTURAL

IDENTIFY AND QUANTIFY

FREE FIELD PRESSURE, DEVELOP A MODEL TO PREDICT

SUNCERTAINTIES I TEST ENVIRONMENT

MAKE PREDICTIONS OF TEST CONFIGURATION
STRUCTURAL FAILURE

EVALUATE TEST RESULTSI TEST RESULTS71W AND MAKE RECOMMENDATIONS

FOR FUTURE TESTS

Pigure 2. Methodology

of 50% of the structures could be The procedure produces a probability

assumed tc indicate a successful test. density function of the number of struc-
Pd i o h m r sutures failing, the expected number of
Prediction of the number of struc- failures, and the 90% confidence limits. t

tures failing in an actual test re- Then, with the prediction and the test
quires an additional model, which is results, it is possible to evaluate the

r.l presented subsequently. This model, success of the test design and to make
using the structure configuration, the recommendations on future tests of
structure locition, the structure un- similar design.
certainty, the weapon yield, and the
uncertainty in free-field stress must
"predict the most probable range ofnumber of structures which will fail.
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DEVELOPMENT OF A PROBABILISTIC A typical (idealized) lined tunnel in
STRUCTURAL FAILURE MODEL rock is shown in Figure 3.

Background - The development of a
probabilistic structural failure model
is straightforward and is basically
composed of two distinct parts. First,one begins with a deterministic modelfor the failure of the structure. In

the present case, the design procedure k
outlined (for lined tunnels in rock)
in AFWL-TF-74-102 (Ref. 5) and developed GROUT
by Newmark (Ref. 9) was used. This de-
terministic model satisfied a fundamen-
tal requirement that the design pro-
cedure be describable by mathematics,
i.e., that it can be described by flow
charts and computer operations. The
computer model has certain irput para-
meters (i.e., design parameters) and
one or more output parameters (e.g., a
design pressure, a design thickness,
etc.).

The second step in the development
of the probabilistic failure model is
to treat the input parameters as random
variables. This procedure is accom-
plished by establishing a mean value
(of each input parameter), a standard
deviation, and a distribution function
for the random variable. The result
of this approach is that. the output Figure 3. Typical (Idealized) Lined
(design) variable is also random, and Tunnel in Rock
consequently one is able to obtain a
probability of failure (vs. free-field
pressure, say) as opposed to discrete
(one-valued) design piessure which would Non-SymmetrJc Behavior and
be obtained from the deterministic Collapse - The assumptions of axi- • E
procedure. symmetric response of the tunnel and

liner say nothing about the behavior ofDeterministic Model of Tunnel the tunnel near collapse. In fact, the
Failure - The basic design procedures, loading is not perfectly axi-symmetric,
assumptions, and approximations used and the cavE7. does deform as an oval,
are outlined in Ref. 5, the Air Force causing bending of the walls. To re-
Manual for Design and Analysis of sist such bending, the concrete liner
Hardened Structures. In particular, is reinforced with steel bars (i.e.,
the design approach outlined therein re-bar).
was developed for lined tunnels in rock
by Newmark (Ref. 9), who has since pub- The design of the cavity walls to
lished related studies (Ref. 10 and 11). resist bending is somewhat imprecise,
Newmark's basic assumptions and approxi- since the non-symmetry of the loads
mations are listed below and are dis- (which produces the bending) is not
cussed in Ref. 6. well known. It is understood, however, [

that these non-symmetric effects become
The assumptions and approximations increasingly important as the axi-

include symmetric response increases. For ex-
* Quasi-Static Design, Inertia ample, consider a circular ring loaded

Neglected by an axi-symmetric pressure, Po, and
a non-symmetric pressure P2 cos 20.

* An Axi-Symmetric, Plane-Strain Thus, the total pressure load is K
Assumption ____

o Continuity of Stresses and p(e) = Po + P2 cos 20
Strains Assumed The corresponding radial deflection is
Elasto-Plastic Behavior of the given byMaterials

w(e) =wo + w2 cos 20
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where wo is the axi-symmetric response, .06 < c < .08 (4b)
and w2 is the buckling mode. L

were expected to fail, and those for
From the theory of buckling (see wh-ichh

Ref. 13, for example) it can be shown
that w2 has the form .02 < e < .06 (4c)

a P2  were expected to be in a transition
Sw2 - - (1) region. The strain gage readings (from

_• \individual locations on the steel liner)
• - Pc-•r• indicated that the strains measured in. • "the test were somewhat less than the

In other words, as the axi-symmetric designed - for values (see equation 3,pressure p0 approaches the critical above).
(i.e., buckling) pressure Pcr, the Until a better value becomes avail-
non-symmetric response w2 becomes un- able, a (somewhat arbitrary) failurebounded. (In equation 1, the factor strain of a
a is just a constant of proportion-
ality. fail = -05 (5)

It is anticipated that a relation will be chosen for the steel liner.
similar to equation (1) will hold for
the lined tunnels considered herein. U.That is, above a critical axi-symmetric
pressure, Pcr' it is expected that the e fai (6a)steel liner will buckle and the tunnel fail
walls will collapse, then the cylinder will be said to "have

not failed," and when
Specifying Failure in Terms of

the Steel Liner Strain, e - In most C > (
analytical design procedures, it is - fail (6b)
customary to specify the load (in the cylinder is presumed to have failed.
this case the free-field pressure, p.,
say) and then compute the response
(the strain ce in the concrete or in Deve..opment of Tunnel Fragility
the steel liner, say). However, Curves - Newmark's design procedure is
be of the rigid-plastic assump- deterministic. That is, a circumferen-because or the stee l ark aRsf.p- tial strain, e, is assumed, the prop-
tion for the steel, Newmark (Ref. 9) erties of the steel, the concrete, the
found it simplest to specify a certain grout and the rock, etc., are all taken
liner strain (W) and to then compute to be known, and a corresponding free-
the corresponding pressure in the free- field pressure, pc, is computed. Thefield, Pc. Gaibraith (Ref. 7) indi- value of Po determined in this fashion
cated that recent test cylinders were corresponds in a one-to-one fashion with
designed for circumferential strains, the assumed strain, C. This determin-
e, ranging from istic design procedure is outlined in

.005 < e <.08 (2) Ref. 6, and is discussed therein.

and that the strain gage reading showed In the probabilistic approach, how-
strains on the same order as the design ever, Young's modulus for the rock Er,
values. In general is assumed to be normally distributed

with a mean, Er, and a standard devia-
Stest design (3) tion, OEE. In a similar fashion, other

input quantities, like the ultimate
for the strains recorded on the test compressive strength of the rock (ault), M_
cylinders, the unconfined compressive strength of

the concrete (fcv), etc. are taken to be
"The question naturally arises, statistically distributed.

"What is a reasonable value of the •- •-
circumferential strain at failure, When a relationship is known be-
efail?" According to Galbraith (Ref. 7) tween input quantities, the statistical
the cylinders designed for variables are correlated, and only one

quantity is allowed to be independent.
For example, in the case of concrete,

.005 < e < .02 (4a) the empirical relation
were not expected to fail, and those = 57,000 /- Mdesigned for Econcrete
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(where fc' is the unconfined compres- that the input design parameters
sive strength in lb/in2 ) is known tc (Erock' "rock' etc.) are known just
fit the data fairly well (Ref. 12). sra~istically. For example, Young's
Thus, in the probabilistic study, fc' modulus for the rock CEr ) has a
is taken to be independent (with a mean rock
and standard deviation of its own) and mean value (Er) and a standard devia-
the modulus E is taken to be depen- tion (oEr). Based upon experimentalcon
dent (by virtue of equation 7). data for rock and from knowledge of

similar material property data, the
The purpose of the probabilistic assumption is made that Er is normally

approach is to compute a probability distributed. The mean value
of failure, i.e., the probability that lb/in 2,6.0x10 N/rn
the tunnel collapses. Since we have (Er = 0.87 x 106 2 9 2

previously defined failure by c> c l and the standard deviationpreiosl dfied aiur b E> fail (r .07 x 106 Ib/in2), .48 x 109 N/m2

in Equation (6b), the probability of (OE = 1
failure becomes were estimated (Ref. 2 and 7). In a

similar fashion, statistical properties
P(failure) = P(e > £fail) (8) were estimated for all eleven of theinput design parameters. (These re-

that is, the probability that the sults are presented in Table I).
failure strain (efail) is exceeded.
Details of the probabilistic calcula- Returning now to Figure 4, thetin r icse i h aarpsparameter uncertainties are defined •
tions are discussed in the paragraphs (on the left of the Figure) usingTable I. The next step in the Monte

Recall from the Introduction that Carlo procedure is to extract a random
the objective is to generate a "fragil- sample (a set of eleven input design
ity curve" of failure probability (Pf) parameters) from our statistically
vs. the free-field over-pressure in distributed input variables. This
the rock, Po- To generate probability sampling is achieved computationallydata for the fragility curves, a cor- by means of a subroutine which servesdat fr te ragliy crvs, cm-as a random number generator. The•'
putational technique known as a "Monte asuaraomt n generat or The
Carlo" procedure was used. This tech- statistically independent random van-
nique has been made practical with the ables (one for EnD one for v etc.),
advent of the high-speed computer and rock'
it can be briefly described with the and these variables thus define the _____

aid of Figure 4. input design variables for (one cycle

STATISTICAL

UNCRTINTESRADOMY -- MODEL WANEAN
UNCERTAINTIES CALCULATIONS DEVIATION a

HISTOGRAMS

T1I4ES

Figure 4. Monte C .. Io Computational Procedure I-o.

Beginning on the left of Figure 4, of) the Monte Carlo procedure.
note the block labeled "parameter un-
certainties," which represents the fact The eleven (random) input vari-

ables are then used in Newmark's model
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PARAMETER MEAN. ui DISTRIIUTION DESADR JUSTIFICATION FOR VALUES AND DISTRIBUTION
'-I DVIATION.o

CROKE

C.r Young's Modulus .87 x 106 lb/In
2  

Assumed Noral .07 x 106 lb/In
2  

Estimated Ref. Q2] and (7]"for rock and 16.0 x 109 N/,
2
) (.48 . IOP N/n)"• 9~~~~~rout (4 0 /2

vr. PolSSOn's Ratio .2 Assumed Normal .0 Reference E2]. Design used

for roct and
grout vr - .33. according to Ref. [7].

vc. Poissons Ratio .14 Assumed Normal .02 Best Guess. Design Used v " .167 -for concr te

FYIELD

fy. Yield Stress 38 klps/in2  
Normal 2.3 ksi Test data from Steel Coupon$ Reference [7]for the steel (.2 9 . 109 h/.2) (.016 x 109 N/02 and Ref. 12, p. S. 4000 tests.

liner

FCPRIM

fc. Unconfined cw. 5500 lb/in
2 
(static) Normal So 1b/in Includes dynamic strength increase.

opressvetStrenqth (3.81 206 N/I
2
) 1.45. See Ref. (6] end

C ~ 80 Frsi1 lb/is2 (dynoaic) (.5specifications on tests

Dependent 0on- norm for 4
stunt, for Uo D oma o
concrete

XKROIC

ksr. Friction- 11 1.19 Assumed log- r*3 k -, , and # 1 0 varies greatly.
Dependent u Snrafo*
Constant for u * n a o 5/3*( * 1s* * - S* used in design.
Rock

SIGULT

olt.Ultimate 2900 lb/in
2  

Assumed Normal 725 lb/in
2  

Reference [2]. Designeunconfined) (2.0 x 107 N/r
2
) (5.0 x 106 N/.

2
) value used by Merritt ws 1500 lb/in

2
Compressive -oult
Strtnqth for
Rock

HSTEEL

hs. Thickness of the .746 in Assumed Normal .002 in. Estimated. See Ref. [6]
Steel Liner (1.89 cm) (.05 )

"RSUeA
ra. Inside Radius of 24 in. Assumed Normal .125 in. Reference (7] and

the steel liner (61 cm) (.3175 o.) I Specificatibn from drawings

RCNIMX

rcon. Outside radius 29.75 in Assumed Normal .375 in. Reference [7]a*x 0f the concrete (75.56 cm) (.9$ cm.) Specification from drawings • •

Table I. Table of Uncertainties

calculations (for lined tunnels in rock) cussion of the entries in this Table is
to compute a corresponding free-field given in Ref. 6.
pressure. This procedure of random
sampling and design calculation is As was indicated previously,
repeated many times, and it constitutes Newmark's design procedure involves
what is referred to as a "Monte Carlo" choosing a liner strain (e) and then
approach. computing a corresponding free-field

pressure (P). With no uncertainties
Table I, referred to in the pre- in the problem, a curve of free-field

vious paragraphs, contains estimates pressure vs. liner strain is obtainedof the mea-, standard deviation, and such as the line labeled "nominal de- "|type of probability distribution used sign values" in Figure 5.
in the calculations. A detailed dis-
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* A+ +SECTION A-A
CIRCUMFERENTIAL LINER STRAIN, E.
Figure 5. Frequency Distribution (for a given strain, c) for U

Probabilistic Analysis

In the Monte Carlo procedure, it is P(.01 < e < .2) = 1 (9)
still necessary to choose a liner strain - ) " 1+(9
(c), but now for any particular c one There is a different frequencyfinds a distribution of pressures (such distribution (number of occurrencesas shown in Section A-A of Figure 5). vs. 0) for each horizontal cut (e.g.,Thus, for each (fixed) value of e, the Section B-B) through the P vs. c array.procedure is to sample randomly from the For any one cut, the pressure P is cons-
eleven input design variables, and then tant, and the probability of failure (atrepeat the sampling (Monte Carlo) many that pressure) is given by '".7.4 times (enough to reasonably populate the
distribution in Section A-A). Thus, £
one can consider a rectangular array in /( .2fai) f f (10)the P vs.' e plane, as shown in Figure 5. *P(c > f(c)d0

Now, to compute a probability of C=Cfail
failure, first take a horizontal cut
through the P-e array as shown in where f(e) is the frequency distribution
Figure 6, Section B-B. For a cut (sec- involved. In this paper the failure l'
"tion) at constant pressure P in Figure strain efail was set at 0.05 [cf..qua-
6, one has a frequency distribution of tion (5)].the number of occurrences vs. liner
"strain, e. For the calculations dis- e-.2cussed herein, a total of 20 divisions P(£ > .05) - f(e)dc (11) LIP,in c (ranging from .01 S £ < .20) was fused. These frequency distributions C-.05
were each normalized to unity, such that
sthe probability satisfied the relation- or

P(c > .05) - F(.2)-F(.05)
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NOINA•L DESIGN VALUES
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S•" "P-c ARRAY
U, I

CIRCUMFERENTIAL LINER STRAIN, c8

-I ' Si I

II

SECTION B-B ,

Figure 6. Frequency Distribution for a Cut at Constant Pressure
(Probabilistic Analysis)

where F(e) is the cumulative distribu- 6) one has a histogram from which a
tion function defined by probability of failure can be deter-

y mined using

F(y) = P(E < y) = J f(c)dc (12) Pfail = P(C > efail) (13)

This procedure established a one-Equations (10) and (11) represent the to-one relationship between the prob- !

probabilities in terms of area under ability of failure Pf and the free-
the frequency distribution curve (See field pressure, P. The one-to-onx a
Figure 7). relationship (between Pf and P, for a

In actual calculations on the given failure strain £fail) is showncoptr n e a eta ncoulaterioston the* plotted in Figure 8, for a particulari iI' "

since the procedure is to discretize concrete thickness, t,.* Figurecoputer, one encounters hisIogras*p
represents what is commonly called a •

the P vs. e plane, and it is simplest represtons caled a
to work with the cumulative distribu-f-
tion (cf. equation (12)). Thus, for the-art has been to determine such
each cut at constant pressure (Figure fragility curves experimentally, whereas .0

*A histogram is a frequency distribu- *Note -.hat Figure 8 has been nondimen- '. i
tion for a discrete variable (as op- sionalized by dividing the free-fieldposed to a continuou& variable). See stress (P or a) by the design stress, .,

Ref. 1. Go. i
223
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P( AREA NP > efail)
0

FAILURE STRAIN /LINER STRAIN, e

'fail

Figure 7. Probability of Failure Illustrated as an Area

~ l~J1.0

UfT
S.8

'-
U-• 1.6o c 50i.CNRT

THICKNESS (12.7 cm)
9.78 KS4 DESIGN ,0 NS 4-4x10N/rn 2 ),,,.--. J " STRESS (•

LINER SMRAIN efa .05

2
4- L 

ie./

" " 0 ý F I I I I I I 1.. .1

.6 .7 .8 .9 1.0 1.1 1.2 1.3 1.4 1.5 1.6
FREE-FIELD STRESS (/a

DESIGN FREE-FIELD STRESS (a°

Figure 8. Dimensionless Fragility Curve for 5.0 in. Concrete Thickness

Figure 8 has been analytically derived, that the analyst chooses. It is also
as was just discussed. possible to give probabilistic values

to a range of failure strains (E)
Note that the failure criterion and integrate over the corresponding

(e > .05) appears explicitly on the fragility curves. This procedure would
fragility curve. The specification of be more accurate and realistic than
a failure strain (e = efail) is an specifying a discrete failure strain
involved subject which has been touche(like = .05) but was not within theI
on only briefly herein, scope of this study.CA

COMPUTATION OF FAILURE PROBABILITY
It is clear that the selection of

a failure strain is by no means a closed The question now arises, "How
topic, and it is also clear that the
probabilistic design approach outlined doee use the fragiity c av?
herein can treat whatever failure strain (See Fiue 8. ) E a l data

(from several tests) has shown the

*22
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dependence of free-field pressure P0 on given approximately by
0Ithe range, R, and it is now desired to

convert the fragility curves from Pf vs. _ i _ i2y.
P 0  to Pf vs. R. Such a conversion will F .. _ 1 |1 'n _ Io

provide the desired "Pf- maps" similar o p -fj--r a- 2 -an

1.0 I?-1"08 •FACTOR OF 2

UNCERTAINTY IN FREE-FIELD PRESSURE '_-.

u., ~UNCERTAINTY.•
4. i,. - IN FREE-FIELD

S. ~~~PRESSURE ',<..L.2

[, 6 .7 .8 .9 1.0 1.1 1.2 1.3 1.4 1.5 1.6
ACTUAL RANGE/ADESIGN OFNGE 4, NO

Figure 9. Pf- Maps Using Two Different Uncertainty Factors

Regarding the dependence of free- which is a so-called "log-normal" dis- ••
field stress on the range, R, it is tribution (Ref. 1). in equation (15)

cutmr to present instead the "par- Tn-•o is the mean v.alue (of the logarithm •
ticle velocity" V as a function of R. InPo) and varies inversely with the:••
For example, Reference 8 shows that par- square of t~he range R. Thus, the R- f,•
ticle velocity V varies inversely as the dependence in equation (15) is contained
square of the range R. Free-field in rIo-F
pressure is related to particle velocity
by From the theory of probability

(Ref. 1) the expected value of any con-
Pc = PCLV (14) tinuous variable x is given by

where p is the mass density of the E~x] = x f(x)dx (16)
medium (i.e., the tuff), CL is the cor-f

•.•responding longitudinal wave speed, and all x
•-A'•V the particle velocity. Uncertainties
•--•in p and CL cause the scatter in the where ftx) is the probability density
: ;•'4:data for Pc to be greater than the function. Similarly, if a variable g L
•:•scatter for V. The inverse dependence depends upon x, one has
• upon R2 also holds for Pot and'Reference

•-• 8 states that the data have an "uncer-

Stainty factor" of 4, as opposed to a rigWx] f g(x) f(x)dx (17)
Sfactor of 3.5 for velocity V alone.alx

S~~~~It is customary to plot P• (or V) whr istexptdvauofg)
;- against R on log-log papers Qn if the whr ;ji h xetdvleo •)

•'?- fat tht P isstatstiallydisri-Accordingly, for the problem at hand,
:_,.::the above results give.::.:buted (with a mean and standard devia-

'•,•""•tion) is taken into account, then the
,• probability density function for P. is

-22



f The remaining problem is to calculate
E[Pf] =Pf= Pf(Po)f(Po)dPo* (18) E[Pf] which is given by

all P° 00alleP0  E[Pf] f f= Pf(a/%o)f(a/ao)d(a/ao) .'Y

where F

Ff is the expected value of the all Wad (21)
probability of failure, Equation (21) is the non-dimensional

Pf(Po) is the fragility curve(s) analog of equation (18) and the depen-
developed previously, and dence of Pf on the range (R/Ro) shows

f(Po) is the probability density up in equation (20).

function given by equation (15). The integration described by

Note the Pf depends upon the range R equation (21) was performed numerically(parametricahly) by virtsue of the fact using a straightforward FORTRAN IVthe tin-Po is a function of R. computer program. A piecewise-linear
approximation to each fragility curve

In principle, the integration de- was used, and the computer program was
scribed by equation (18) can be done verified by performing one integration
numerically, using the density function on a programmable calculator. The pro-
(16) and a piece-wise linear approxima- cedure used was to select a (non-
tion to the appropriate fragility curve, dimensional) range (R/Ro), calculate the
i.e., Pf(Po). In practice, however, it corresponding value E[Pf], and thenwas simplest to non-dimensionalize the repeat the integration for as many
problem and then perform the numerical values of (R/o) as desired. This inte-
integration. gration procedure was performed for each

of four fragility curves, corresponding
For example, let a be the free- to four concrete thicknesses: 2.5, 5.0,

field stress in rock (i.e., the over- 10, and 15 inches thick.
pressure) and ay be the design value of The resulting Pf - map is shown in
over-pressure. similarly, let R be the Figure 9, which applies for all four
range from the point of detonation, and thicknesses. What has happened is that
Ro the design range. Then a plot of0/Go) vs. (R/Ro) appears as shown in by non-dimensionalizing the fragilityFigure 10. Note that curves and then performing the smoothing

process of integration, the differences
in-a/) = -2 ln(R/Ro) (19) between 2.5, 5.0, 10, and 15 inch thick-

nesses are removed. Note that if the
data had not been non-dimensionalized,

from Figure 10, and the bounds on the one would have obtained a separate curve
data in the figure relate to the fact (Pf-map) for each concrete thickness.
that (0/Go) is statistically distribu- Since the non-dimensional fragility
ted. When expressed in non-dimensional curves have some slight differences,
form, equation (15) gives the four integrations (for t = 2.5,

5.0, etc.) were slightly different when
f(C1/a plotted on Figure 9, but the differences

0( ) (/) k2- were on the order of 0.02 (in Pf) which0a is approximately the size of the circle

around each data point.

(ltln(a/ao) +2 in(R/Ro)}2 The dashed line in Figure 9 wasx exp - 0- k determined using "'," "

(20) k n 0.7073 (22)

where k is a measure of the breadth of in equation (20), which corresponds to
the distribution, and where equation an uncertainty factor of 4 in the pres-
(19) has been used for ln(/oo) . sure vs. range relationship. If the

uncertainty were somehow reduced to a
factor of 2 (instead of 4) then the F
corresponding constant becomes

*See Reference 3 for the derivation
equating the result in equation (18) k = _ = 3536 (23)
with the (related) procedure using the
difference or two probability density
functions.
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10.

FREE-FIELD STRESS
UNCERTAINTY FACTOR)

x4 ~\ REFERENCE 8 P

\j I

"" \

.1 1. lO.

ACTUAL. RANGE (R! )
DESIGN RANGE R)

Figure 10. Dimensionless Plot of Free-Field Stress Variation
with Range

in equation (20), and the resulting reads off the corresponding value of
Pf-map is shown as a solid line in Pf using Figure 9.

,, Figure 9. The results of this procedure are

TEST PREDICTIONS AND EVALUATION given in Table II, Column (A), which
"shows the ex ected value of probability

Once the structural details are of failure (Pf) vs. structure number.*
known, it is a fairly straight-forward Note that the failure probabilities
procedure to calculate the correspond- -f in Column (A) were computed assuming
ing expected value of failure prob- a factor of four uncertainty in the
ability, Pf. For example, knowing the free-field pressure vs. range character-tunnel dimensions, steel thickness, istics.
concrete thickness, etc., one can
compute a free-field design stress, 00o When the uncertainty factor is
for the structure, using a design liner reduced to 1.1, the results are shown
strain.* Having the free-field stress in Column (B) on Table II. The data of
0 one then uses a predicted curve of Column (B) were determined by essential-

stress vs. range (for the test event) ly performing the numerically integra- ^"N
to read off a design range, Ro. The tion (described previously, eqdation 21)

-- '• location of the particular tunnel de- using a factor hi'.
termines the actual range, R. Then, oneS~~simply computes the ratio (R/Ro) and in 1 . 015(4)•

k - 0n01.1 (24)
_1.96 008

s l m s rt / a*The structures are simply arranged in

,= .05 was used herein. the order of increasing Pf.
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STRUC.•URE NUMBER FAILURE PROBABILITIEE

(A) FACTOR OF 4 (B) FAL9-OR OF 1.1
UNCERTAINTY tUCERTAINTY

1 .1 .005
2 .12 .005
3d2 .0054 .40 .005 . ' :
5 .44 .03
6 .44 .03
7 .45 .10
8 .47 .12
9 .49 .28

10 .56 .75
11 .63 .86
12 .63 .86
13 .70 .99
14 .74 .99

Table II. Failure Probabilities

in the log-normal distribution (20). M MM'
For such a relatively small uncertainty, P(2) kl i (fla/ac) in equation (20) behaves much P(I PjPk 11(1l i

like a Dirac delta-function* and this = (12c)
fact enabled the integration -o be done for all i # j # k (
by hand.

Table II describes 14 independent M M H
tests (i.e., "events" in the termin- P. (3) 'V- M
ology of probability theory) each with ( = pjPkPt -
a corresponding prokability. (That is, j=l =i= 1 2
the ith structure has a probability of for all i j k 12d
failure Pf , etc.) Given M independent
events eacl with a different probabil-
ity Pi, Collins (Ref. 4) has computed M
the probability of exactly one failure, P(M) Pi (12e)
exactly two failures, etc. The results i1
are a series of summat" •, and products
described mathematicalj Li 24 p

P(N of M in A) = P(s) (12f)
P(O) = (1-pi) (12a) S=N i ii=l

where P(O) is the probability of ex-
SM actly 0 failures, P(l) the probability

of exactly 1 failure, etc.P(1) =jl= il (1-Pi)

j (12b) These summations involve a very

large number of terms (e.g., like 14 -
factorial) and reduce to the binomial
theorem when all events have identical
probabilities. The large number of
terms precluded the possibility of
evaluating the summations algebraically,
but they were amenable to evaluation by
a computer simulation technique. The

*pA narrow, highly peaked function with results of the calculations are shown
an area of unity. in Figure 11, for a factor of 1.1
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HISTOGRAM
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NUMBER OF STRUCTURES WHICH FAIL

Figure 11. Frequency Distribution (Histogram) for Actual Test
(Factor of 1.1 Uncertainty)

uncertainty in the free-field pressure. analytical result is in agreement with
* Fiure11 how theproabiitythe actual test, in which four* (4)

SFigure 11 shows the probability cylinders failed.
distribution (histogram) for the actual
test, assuming a factor of 1.1 uncer- CONCLUSIONS
tainty as just discussed.

inthias nstncue, theprobabilityThe major conclusions drawn from
In this instance, the probability the results of this study are:

of havinAg Uxdutly 5 failures is quite
large, about 0.45. Similarly, the * The work developed analytical
probability of exactly 4 or exactly 6 fragility curves, whereas they
failures is about 0.2 and 0.25, respec- are customerily determined
tively. From the corresponding cumula- experimentally.
tive distribution, one can readily ___-,___

determine that the number of expected
failures lies between 4 and 6, within shearing failures do not include one

90 per-cent confidence limits. This geological fault. w

W W. -229

• .• .• • • • .•-, • ... '• - • 1 > -,- Ar" _'W.-• -W • i



* The analysis successfully Scott Butters of Terra Tek,
predicted the number.of Dr. Peter Dai and Norman Lipner
failures in an actual test, of TRW
within statistical bounds. Harvey Haynes of NCEL, Port Hueneme

and
In addition, the study demon- Coy Vincent of Physics International

strated a general methodology which
can be applied to other tests and other Helpful discussions with these col-
structures. Furthermore, it appears leagues aie gratefully acknowledged.
that Newmark's design procedure, when
coupled with statistical modeling, is
adequate for the design of lined REFERENCES
tunnels in rock, despite the simpli-
fications and assumptions inherent in 1. Benjamin, J.R. and Cornell, C.A.,
the procedure. Probability, Statistics and De-

cisions for Civil Engineers,
Regarding the limitations of the McGraw-Hill, New York, 1970.

present study, recall that it is based
on a failure strain which was assumed. 2. Butters, Scott, Terra Tek, Saltas efail = 0.05. Perhaps a better Lake City, Utah (private com-

procedure would have been to allow munication).
£fail to be randomly distributed as 3. Collins, Jon D., "Structural
well (with a mean of .05, say) but System Failure Analysis in a High
this refinement was beyond th& scope Load Environment," ASCE Struc-
of the present study. If efail had tural Division Conference, Univer-

0 fai hadsity of Wisconsin, Madison,
been treated randomly, the limits onsiyfWsonnaio,

the number of expected failures would Wisconsin, August 23-26, 1976.
have been widened somewhat. 4. Collins, Jon D., and Kennedy, B.,

"MX-Fast Computer Program Descrip-Another limitation of this study tion," Technical Report No.
is that the 14 structures were all 7-0-, Jehn Wiggin Com

treaed ndepndetlywit no or-75-3031-1, J.H. Wiggins Company,
treated independently, with no cot- under Contract F04701-72-C0147 to
relation cmong them. Future studies Air Force Weapons Laboratory,
should include the effects of cor- Kirtland AFB, July 3. 1975.
relation, as discussed in Ref. 6.
Finally, recall that the analysis is 5. Crawford, R.E., Higgins, C.J.,
dependent on Newmark's design pro- and Bultmann, E.H., The Air
cedure, which assumes aki-symmetry. A Force Manual for Design and
further refinement would be to in- Analusi fHrden Su rclude nonsymmetric behavior in the Anlsi f Hardened structures,
design equations. Report AFWL-TR-74-102, Air Force

Weapons Lab., Kirtland AFB, N.M.,
October 1974.

6. Evensen, D.A., and Collins, J.D.,
"Test Planning with Uncertainty,"
Report No. 76-1270, J.H. Wiggins
Company, on Contract No. DNAACKNOWLEDGMENTS 001-76-C-0282, for Defense Nuclear

SThis study was sponsored by the Agency, Washington, D.C., August
20, 1976 (also available as DNAStrategic Structures Division of DNA Report No. 4099F).

with Dr. Kent Goering as Technical "
Monitor; his support, comments, and 7. Galbraith, F., and Merritt CASES,
constructive criticism are gratefully Redlands, California (private
acknowledged. Bruce Kennedy of the
J.H. Wiggins Company was responsible comn ication).
for much of the computer implementation 8. Lipner, N., Anderson, D.C., and
and Monte Carlo procedures. Dai, P.K., "Ground Motion

Engineers at several other DNA Environments for Generic SiteEngieer at eveal oherDNAConditions," Final Report on
contractors were responsive to our
requests for test details and design Contract DNA 001-74-C-0249, TRW
uncertainties. The late Frank Galbraith Systems Group, December 31, 1975.
of Meritt CASES was particularly heip-
ful in this regard. Others who con-
tributed necessary information include:
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9. Newmark, N.M., PDesign of Rock Pf Probability of failure
Silo and Rock Cavity Linings," P Mean value of probability of
Report for Space and Missile failure
Systems Organizaticn, Norton AFB,
California, August, 1969. PO Free-field pressure, stress

10. Newmark, N.M., "Design Studies Po' P2  Applied (radial) pressure
of Tunr el and Pipe Seals (TAPS)," acting on a ring in theof Tnre an Pie Sels TAP),"zeroth and second harmonics,
Final Report to Test Command DASA, respectively
October 5, 1970. (For Official
Use Only) t Concrete thickness

11. Newmark, N.M., "Design Studies R Range (from point of detona-
for Lined Tunnels and Capsules," tion)
Final Report to Test Command, Ro Design range, range at which
DASA, April 19, 1971. (For the structure is designed to
Official Use Only) fail

12. Norris, C.H., et al, Structural V Particle velocity
Design for Dynamic Loads, McGraw- Wo, w2  Radial response of the ring,
Hill, New York, 1959. in the zeroth and second

harmonic, respectively
13. Timoshenko, S.P., and Gere, J.M., e

Theory of Elastic Stability, fail The circumferential strain
2nd Editio:, McGraw-Hill, at failure
New York, 1961. C, ce Circumferential strain

EStandard deviation for
NOTATION r Young's ao>-ilus of rock

oult Ultimate crimpressive strength
CL Logitudinal wave speed (e.g., of the rock

in rock) (a/a0) Free-field stress in rock,

Er, Econ Young's modulus for rock and non-dimensionalized on the
c concrete, respectively design stress, ao; Er Mean value of E.rln Standard deviation of the

E[ Expected value of ] inp logarithm of the free-field
E[Pf] Expected value of the prob- pressure

ability of failure; mean e Circumferential coordinate
value (radians)

Ex Bending stiffness (of the Vrock Poisson's ratio for rocktunnel wall)

fc' Unconfined compressivestrength of the concrete

f(x) Probability density function,
of a continuous variable, x

f(c) Probability density function,
expressed in terms of strain,

F(e) Cumulative distribution

* funct4glxW An faý%.-crary) function of x .}

9 mean value of g(x)
k A constant

lnP0  Natural logarithm of the
free-field pressure, P0 0

UTT --- Mean value of the logarithm,

•cr Critical pressure; bucklingP.•j pressure
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